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Lay Summary

In mathematics, numbers play a pivotal role, serving as fundamental entities
that constitute the very foundation of the discipline. The numbers are abstract
entities used to represent quantities, measurements, or values. They can be broadly
classified into rational and irrational numbers. Rational numbers are those that
can be expressed as a fraction of two integers p/q, a numerator p, and a non-zero
denominator ¢, resulting in either repeating or terminating decimal expansions.
In contrast, irrational numbers cannot be represented as such and always have
non-repeating, non-terminating decimal expansions.

Beyond the domain of rational numbers, numbers can also be classified as
transcendental and algebraic. Algebraic numbers are solutions to polynomial
equations with rational coefficients, while transcendental numbers, such as 7 and e,
defy such algebraic representations. These distinctions highlight the intricate nature
of mathematical entities, paving the way for deeper explorations.

Further, in the world of mathematics, there is something called ¢-series, a domain
pioneered by mathematicians such as Euler, Gauss, Ramanujan, and others. The
field of ¢-series involves infinite series with a variable ¢, playing a vital role in modular
forms and related areas. Here, our primary object is to discover mathematical
counterparts that behave as the original object as ¢ approaches 1. This exploration
leads us to the fascinating realm of g-analogues, offering new perspectives on classical
functions through the lens of these specialized series.

Moreover, there exists another significant domain known as p-adic theory,
presenting an alternative perspective on number systems. The p-adic number
system, developed for any prime number p, transcends the conventional framework
of rational numbers in a unique manner. In this system, the concept of “closeness”
is determined uniquely: two p-adic numbers are considered close if their difference
can be divided by a high power of p. This prompts an investigation into the p-adic
analogues of classical functions, opening doors to a distinctive understanding of
transcendence and irrationality in this context.

Our thesis focuses on a detailed examination of the transcendental and irrational
attributes embedded in the g-analogues and p-adic analogues of classical functions.
Through a careful analysis of these specialized mathematical structures, we aim
to contribute novel insights to the broader field of number theory, unraveling the
intricacies that define the transcendental and irrational characteristics within the

g-series and p-adic landscapes.
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Abstract

In this thesis, we explore the complex world of mathematics, uncovering a
collection of results about the g-analogues of various zeta functions and their
interesting properties. Our study is motivated by the remarkable works of Kurokawa
and Wakayama in 2003, which introduced a g-variant of the Riemann zeta function,
leading to a thorough exploration of these “q” variations.

Our exploration begins with a detailed examination of the foundational
g-analogue of the Riemann zeta function, represented as (,(s), defined for ¢ > 1
and R(s) > 1. This function exhibits meromorphic behaviour across the complex
plane. Its Laurent series expansion around s = 1 is a main focus of our investigation

and it takes the following form:

g—1 1

- logg s —1 +70(q) + 1) (s = 1) +72(q)(s = 1)* +v3(q) (s = 1)° + - - - .

Cq(s)

The coefficients 7x(¢) in this expansion, referred to as g-analogue of the k-th
Stieltjes constants, become the building blocks for the subsequent mathematical
attempts. The closed-form of these coefficients is derived via intricate formulas,
involving Stirling numbers of the first kind, polynomials, and other combinatorial
entities, revealing the complexity that underlies their nature. Building upon this
foundation, we introduce some results. Few theorems demonstrate the linear

independence of the following set of numbers:

{170 (d), 7% (@), - 5@}

where r,q € Z such that » > 1, ¢ > 1, and also involves g-analogue of the Euler’s
constant. This leads to a significant improvement on the results by Kurokawa and
Wakayama. The transcendence of infinite series involving g-analogue of the first
Stieltjes constant, v;(2), is also established, answering a question posed by Erdds
in 1948 regarding the arithmetic nature of the infinite series ) | ., o1(n)/t", for any
integer t > 1. )

Continuing further, we delve into g¢-analogues of multiple zeta functions,
exploring their behaviour and interrelations. In particular, we calculate a
mathematical expression for 7 (q), which serves as a “q” version of Euler’s constant
with a height of 2. It represents the constant term in the Laurent series expansion
of ¢g-version of the double zeta function when centered at s; = 1 and sy = 1.
Furthermore, we establish results related to linear independence of numbers linked
to v (q"), where 1 <4 < r, for any integer r > 1. We also investigate the irrationality
of numbers associated with 70(2). Further, as we compare the behaviour of the

g-double zeta function when the variables s; — 0 and s, — 0 with their classical
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counterpart, we gain valuable insights into the similarities and distinctions between
these functions. Our exploration then advances to introducing several ¢-variants
of the double zeta function, examining their algebraic identities, and uncovering
connections among them. These results open new avenues for understanding the
intricate relationships between these variants. Taking our research a step further,
we turn our attention towards the multi-variable world, introducing a g-variant of
the Mordell-Tornheim r-ple zeta function. Furthermore, we also investigate the
coefficients of the Laurent series expansion of the g-analogue of the Hurwitz zeta
function, which was introduced by Kurokawa and Wakayama in 2003.

In the last part, we present a comprehensive study of p-adic analysis, building
upon the seminal work of Chatterjee and Gun as a foundational framework. In 2014,
Chatterjee and Gun investigated the transcendental nature of special values of the
p-adic digamma function, denoted as ¢, (r/p") + 7,, for any integer n > 1. Our
objective is to extend and generalize these results concerning the transcendental
properties of p-adic digamma values. We commence by revisiting a fundamental
theorem proposed by them, assert constraints on algebraic elements within a specific
set, and highlight the distinctiveness of certain p-adic digamma values. Our research
seeks to expand upon this theorem for distinct prime powers and explore the
transcendental nature of the p-adic digamma values, with at most one exception. We
define and explore various sets, incorporating different prime numbers and scenarios.
These theorems establish the transcendental nature of the elements within these sets,
with only a limited number of exceptions. Our exploration extends to the realm
of composite numbers, specifically focusing on cases, where ¢ = 2 (mod 4). The
subsequent theorems shed light on the transcendental properties of p-adic digamma

values in this distinct scenario.

Keywords: Digamma  function, FEuler’s constant, FEulerian numbers,
Mordell-Tornheim zeta function, Multiple zeta functions, Nesterenko’s theorem,
Riemann zeta function, Stieltjes constants, Stirling numbers of the first kind, p-adic

theory, g-series.

2020 Mathematics Subject Classification: 33D05, 11J81, 11J72, 11M06, 11M32,
11B65, 11E95, 11J86, 11J91.



XV

List of Publications

. 'T. Chatterjee and S. Garg, On q-analogue of Fuler-Stieltjes constants, Proc.
Amer. Math. Soc., 151 (2023), 2011-2022.

. T.Chatterjee and S.Garg, On arithmetic nature of a q-FEuler-double zeta
values, Proc. Amer. Math. Soc., 152 (2024), 1661-1672.

. T.Chatterjee and S.Garg, Algebraic identities among q-analogue of Fuler

double zeta values (submitted).

. T.Chatterjee and S. Garg, Transcendental nature of p-adic digamma values
(submitted).

. T.Chatterjee and S.Garg, On arithmetic nature of q-analogue of the

generalized Stieltjes constants (submitted).

. T.Chatterjee and §S.Garg, Linear independence of q-analogue of the

generalized Stieltjes constants over number fields (submitted).



xvi




Contents

Declaration

Acknowledgement

Certificate

Lay Summary

Abstract

List of Publications

List of Symbols

1 Introduction

2

1.1 The Riemann zeta function . . . . . . . . ... ... ... ... ...
1.2 Generalizations of the Euler’s constant . . . . . . .. ... ... ...
1.3 g-series . . . . ..o
1.4 p-adic theory . . . . . . . ...
1.5 Mainresults . . . . . . ..o
1.6  Organization of thesis . . . . . . ... .. ... ... ... ... ...,
Preliminaries
2.1 g-analogues . . . . ..o
2.2 Certain results from analysis . . . . .. ... ... ... ...
2.2.1 Analytic function . . . . ... ... oL
222 Taylorseries . . . . . . . .
2.2.3 Laurent series . . . . . . . . ...
224 Big Onotation . . .. . ... ... L
2.3 Fundamentals of p-adic theory . . . . . . . .. ... ...
2.4 Miscellaneous results . . . . . . . . ... L
2.4.1 Arithmeticresults. . . . . . . .. ... L.
2.4.2  Stirling numbers of the first kind . . . . ... ...
2.4.3 FEulerian numbers triangle . . . .. . ... ...
2.5 Notations . . . . . . . . .

vii

ix

xi

xiii

XV

xix

12
17
28



xviii Contents
3 A g¢-analogue of Euler-Stieltjes Constants 47
3.1 Imtroduction . . . . . . . ... 47
3.2 g-analogue of the Euler-Stieltjes constants . . . . . . . ... ... .. 48
3.3 Arithmetic results concerning 7o(¢q) and y1(2) . . . . .. .. ... .. 55
3.4 Concluding remarks . . . . . . . ... Lo 58
4 Generalizations of g-Riemann Zeta Function 61
4.1 Introduction . . . . . . . ... 61
4.2  g-Euler-Stieltjes constant of height 2 . . . . .. .. .. ... ... .. 63
4.3 Arithmetic results regarding 7((¢) and 700(2) . . . . . .. ... ... 67
4.4 g-Hurwitz zeta function . . . . . . . . ... ... L. 70
4.5 Concluding remarks . . . . . .. ... oo 73
5 Algebraic Identities among ¢-Euler Double Zeta Values 75
5.1 Imtroduction . . . . . . . . .. 75
5.2 Asymptotic behaviour of (,(s1,82) . . . . . ..o 7
5.3 Algebraic identities . . . . . .. ... 79
5.4 g-Mordell-Tornheim r-ple zeta function . . . . . . .. ... ... ... 85
5.5 Concluding remarks . . . . . . . ... o o 88
6 Transcendence of p-adic Digamma Values 89
6.1 Introduction . . . . . . . ... 89

6.2 Transcendental nature of special values of the p-adic digamma
function for distinct prime powers . . . . . . .. ... L. 92

6.3 Transcendental nature of special values of the p-adic digamma
function for product of primes . . . . .. ... 95
6.4 Transcendence when ¢ =2(mod 4) . . . .. ... ... ... ... .. 102
6.5 Concluding remarks . . . . . . . . .. ... 103
References 105

Curriculum Vitae 111



List of Symbols

No
7+

ZSO

(=}

o = O

The set of natural numbers

The ring of integers

The set of all non-negative integers

The set of positive integers

The set of all non-positive integers

The field of rational numbers

The field of algebraic numbers

The field of real numbers

The field of complex numbers

The ring of p-adic integers

The ring of p-adic integers having p-adic norm exactly 1
The p-adic completion of Q

The completion of algebraic closure of Q,
The multiplicative group of complex numbers
Euler’s constant

g-analogue of the Euler’s constant

Real part of a complex number z

Imaginary part of a complex number z
Fractional part of a real number x

Greatest integer less than or equal to x

Smallest integer greater than or equal to x

vp(x) p-adic valuation of z

logx Natural logarithm of a positive real number x

XIiX



XX

List of Symbols

log, z p-adic logarithm of x

(a;q)n, The g-Pochhammer symbol

(n,m) The greatest common divisor of n and m
H,  n-th Harmonic number

f™  The n-th derivative of the function f
O(-) The Big O notation

A(n,m) Eulerian number

oo(n) Number of divisors of n

s(n, k) Stirling numbers of the first kind

P Set of rational primes

€ Belongs to

¢ Does not belongs to

U Union



Chapter 1

Introduction

In the ever-expanding domain of number theory, both the Riemann zeta function
and ¢-series stand as an enduring enigma, captivating mathematicians for ages.
These have been the subject of extensive exploration by numerous researchers across
diverse scientific disciplines. The far-reaching consequences of these investigations
have resulted in a vast mathematical literature. Moreover, over the last century, the
emergence of p-adic numbers and p-adic analysis has significantly shaped modern
number theory. In this chapter, a concise overview of the fundamental concepts
with their respective results will be detailed, with the intent of delving into notable

discussions in later chapters.

1.1 The Riemann zeta function

The harmonic series is a famous mathematical series that diverges and is defined
as the sum of the reciprocals of positive integers. In other words, it is given as:

11 1
Hy=14 -4+ 4.
n=l4o ot

When the number of terms, represented by n, approaches infinity, lim, .., H,
becomes infinite. This specific illustration has held significant importance for
mathematicians, particularly those in the field of number theory, for a long time.
A Swiss mathematician, Leonhard Euler was intrigued by the special values of a
closely related function, known as the Riemann zeta function, denoted by ((s).

This function is a generalization of the harmonic series and is defined as follows:

Definition 1.1.1. For a complex number s satisfying R(s) > 1, the Riemann zeta

function, ((s), is defined as:
() =Y (1)

Inspired by the celebrated Basel problem [4], which computes the exact value of
¢(2), Euler considered the function ((s), where s is any real number greater than 1.
His achievements went beyond the Basel problem, as he not only provided its solution

but also extended it to compute ((2k), for every natural number £ in ref. [28]. The



2 Chapter 1. Introduction

relationship between the harmonic series and the Riemann zeta function is a classic
example of how seemingly simple series can lead to more profound and complex
mathematical concepts and problems. Later, Bernhard Riemann, in his memoir of
1859 [59], made significant advancements in the study of Euler’s ((s). He did so
by examining the function ((s) on the complex plane and established some of the
most remarkable findings concerning the distribution of prime numbers. Specifically,
using the principle of analytic continuation he proved the meromorphic continuation
of ((s) on the whole complex plane except at the point s = 1, where it has a simple
pole with residue 1. This indicates that the unique Laurent series expansion of

function ((s) around the point s = 1 is given as:

C(s) = 5 £y <_/<;1!) (s — 1)F. (12)

k>0

The following asymptotic representation of the constants 7, was first shown in
1885 by Stieltjes in ref. [10]:

Definition 1.1.2. In the Laurent series expansion of the Riemann zeta function at

the point s = 1, the k-th coefficient, ~;, is expressed as:

N k k+1
1 logh! N
= lim <§ o 08 ) (1.3)

N—oo n k’“‘l

n=1

The constant ~y is known as the k-th Euler-Stieltjes constant (or classical Stieltjes
constant). Here, note that vy = -, which is the classical Euler’s constant. The
constant v comes ahead with several distinct generalizations that may be found in
the mathematical arena. The aforementioned asymptotic representation is one of the
natural generalizations of Euler’s constant . The coefficients in the Laurent series
expansion of various generalizations of the Riemann zeta function are perhaps the
key ideas that will form the major part of our thesis. Indeed, it is evident that one
can acquire generalizations of these coefficients by studying suitable generalizations
of the Riemann zeta function. Specifically, we are interested in exploring some
generalizations of the Riemann zeta function within the realm of g-series. The

upcoming sections of this chapter are dedicated to elucidating these ideas in detail.

1.2 Generalizations of the Euler’s constant

In this specific section, we delve more into this topic by investigating various
generalizations of Euler’s constant. We have already considered one of the natural

generalizations: the Euler-Stieltjes constants. Another notable generalization of the
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Riemann zeta function leads to the generalized Stieltjes constants. These constants
appear as coefficients in the Laurent series expansion of a generalization, namely,
the Hurwitz zeta function which was introduced by a German mathematician, Adolf

Hurwitz in 1882 in ref. [41]. The following describes the Hurwitz zeta function:

Definition 1.2.1. For a > 0 and s € C such that £(s) > 1, the Hurwitz zeta

function is defined as:

((s,a) = (; (1.4)

= (n +a)s

It is apparent that ((s,1) = ((s), indicating that it is a generalization of the
Riemann zeta function. Hurwitz demonstrated that akin to the Riemann zeta
function, the Hurwitz zeta function also satisfies the functional equation and has a
simple pole at s = 1 with a residue 1 [2]. As a result, the function ((s,a) exhibits

the following unique Laurent series expansion centered at the point s = 1:

(o) = ¢ S EU

s—1

where the constants vj(a) are known as generalized Stieltjes constants. In 1972,
Berndt [7, Theorem 1] inferred the following asymptotic representation for these

constants:

Definition 1.2.2. (Generalized Stieltjes constants) For a¢ > 0 and a

non-negative integer k£, we have:

(@) = lim (Zlog (n+a) log + (N+a)> .

N—oo n-+a kE+1

Concerning these constants in general, very little information is currently
available in the literature. Nevertheless, a closed-form expression for the first
generalized Stieltjes constant, denoted as 7i(a), when a is a rational number, has

been recently provided by Blagouchine in 2015 [8, Equation 50].

Theorem 1.2.1. Forr,q € N, where 1 < r < q we have:

q—1
2 l " l
" (g) =y —vlog2q — 5 (7 + log 27q) cot < ) + Z cos (0, —)

q

2mrl l 2mrl ml
+ sin ~log " <—) + (v + log 2mq cos - log sin ( )
Z g () + (v +1og )lzl - logsin | -

1
—log?2 —log?2 - log mq — 3 log?q,
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where ¢ is the second order derivative of the Hurwitz zeta function ((s,a) and T' is

the classical Gamma function.
Further, Briggs in ref. [10] examined the constants v(r, ¢) linked with arithmetic

progressions defined by:

11
v(r,q) = lim > ———logz |,

0<n<lzx
n = r(mod q)

where 1 < r < ¢. Clearly, v(1,1) = . These constants were further investigated by
Lehmer in 1975 [48] using discrete Fourier transforms and some basic mathematical
tools. He referred to them as Euler-Briggs-Lehmer constants. Additionally, he
deduced many properties of the constants v(r, ¢) and presented a basic proof of the
well-known Gauss theorem on the digamma function ¢(z) at rational arguments.
Further, Lehmer [48] established a correlation between ~y(r, ¢) and the class numbers
of quadratic fields Q(1/£q), as well as certain infinite series. Moreover, Knopfmacher
in ref. [46] and later Dilcher in ref. [23] examined the Euler-Briggs-Lehmer constant

of higher order which is given by the following form:

Z loghn  loghttx

pu— l.
’7k<r7 Q) 1n n (](k‘—f—l)

T—r00

n<x
n = r(mod q)
Evidently, we can observe that vo(1,1) =, 70(r,q) = v(r,q), and ~(1,1) = 4.
Furthermore, in 2008, Diamond and Ford [21] examined the constants (), which
is another interesting generalization of the Euler’s constant, pertaining to a finite

set of prime numbers p in the following manner:

1
v(p) = lim Z — —d,logx |,

T—r00 n
n<x
(n,Py)=1
where
[Ip, ifp#0
Pgo — pEYP (]_ . 5)
1, otherwise

and



Chapter 1. Introduction 5

I1 (1—%), if p#10

0y, = { PEP

(1.6)
1, otherwise.

Apparently, substituting o = 0, we get v(()) = 7. One of their initial findings
concerning these constants is the closed-form expression for v(p) (see Proposition 1
in ref. [21]).

Theorem 1.2.2. Let o be any finite set of primes. Then,

m:H(l—}j) (wzﬁﬁ).

peEP pEP

Also, Murty and Saradha in ref. [54] established various results related to the
arithmetic nature of the constants y(r, ¢). In particular [54, Theorem 1], an identity
derived from Lehmer’s work [48, Theorem 1] and Baker’s theory of linear forms in
logarithms of algebraic numbers demonstrate that, in the infinite set X = {v(r,q) :
1 <r <gq,q > 2}, at most one element can be algebraic. Consequently, if v is an
algebraic number, then v(2,4) stands as the sole algebraic element in the set X,
since v(2,4) equals /4. For further study into the arithmetic properties of v(r, q)
and its generalizations, one can refer to [35,36]. In ref.[36], Gun, Saha, and Sinha

considered the following generalizations of these constants:

Definition 1.2.3. For 1 < r < ¢ and a set g consisting of finitely many primes,
define:

_ 15,
v(p,r,q) = lim ; — — Plogz |,

(n,P;)zl
n=r mod q

where P, and J,, are given by Equations 1.5 and 1.6, respectively.

Then, Chatterjee and Khurana [20] indulged in the examination of generalization
of these constants and studied the behaviour of the Laurent Stieltjes constants vx(xo)
for a principal Dirichlet character xo. The asymptotic form for (o) is given as

follows:
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Definition 1.2.4. For £ > 0 and the Dirichlet character xo modulo ¢

) log® n 1\ log"tz
(xo) = lim > - 11 | (1 - 5) el E
q

n<x plrad(
(n,rad(q))=1

where rad(q) denotes the radical of q.

Later, Chatterjee and Khurana [19] introduced the constants 74(p,r,¢) and
explored their connections with the special values of some well-known functions.

The constants are given in the following form:

Definition 1.2.5. For any integer £ > 0 and a given set @ containing finitely many

primes, denote the limit:

log® n dp loght!
n q k+1

Y

(7, q) = lim ;
(n,P;):l
n=r mod q

where P, and 9, are given by Equations 1.5 and 1.6, respectively.

These constants (g, r, ¢) may be viewed as a generalization of various constants

discussed so far. To be more precise, the following relationship holds:
L. 70(97717 Q> - 7(T7 Q)7
2. ’}/k(@,r, Q) = rYk(T7 Q)u

3. (. q) =v(p, 7, q).

In other directions, several authors, such as Diamond in ref.[22], Murty and
Saradha in ref.[53], and Chatterjee and Gun in ref.[18], have delved into the
exploration of p-adic counterparts of these constants. In addition to this, another
well-known generalization is the g-analogue of these constants. In this thesis, we
indulge in the investigation of the arithmetic properties of the g-analogues of Euler’s
constant, presenting a closed-form expression for the g-analogues of Euler-Stieltjes
constants. Additionally, the g-analogue of the Euler-Briggs-Lehmer constants will

be analyzed. The next section is dedicated to the exploration of the ¢-series.

1.3 ¢-series

In the domain of g¢-series, our primary object is to discover mathematical

counterparts that behave as the original object when we have ¢ — 1. As a result, a



Chapter 1. Introduction 7

substantial amount of mathematical literature has been produced, making it tedious
to cover comprehensively in this context. For a systematic and detailed introduction
to this area of study, readers are encouraged to consult the works presented in
ref. [27,32]. Now, we proceed to examine some of the notable contributions made
by various mathematicians in this field. The origins of this field can be traced
back to the 18" century, with Euler’s initial introduction of the variable ¢ in his
publication ‘Introductio in analysin infinitorum’ (Introduction to the Analysis of the
Infinite) [29] in the tracks of Newton’s infinite series. In the 1740s, he pioneered the
theory of partitions, commonly known as additive analytic number theory, marking
the inception of g-analysis. In the field of number theory, a partition of a positive
integer n is a method for expressing n as a sum of positive integers, up to the order
of summands. The partition function, denoted by p(n), is the possible number of
partitions of n. To demonstrate the emergence of p(n) within a g-series, let us
examine a formal series expansion of the infinite product (¢; ¢)2! in terms of powers

of ¢, as outlined below:

(o) =] -

k>0

_ YTy gt

k120 k2>0

=> p(n)q",

n>0

where 0 < |q| < 1, n = ky + 2ko + -+ - + nk,, p(0) = 1, and

1, ifn=0

(a; q)n = B )
(1—a)(l—aq)---(1—ag"™"), ifn=1,2,...

is the g-shifted factorial. In 1829, Jacobi [45] introduced a triple product identity,
often referred to as the Gauss-Jacobi triple product identity, along with 6 and elliptic

functions. This triple product identity is defined as follows:

Definition 1.3.1. For complex numbers x and y, with |z| < 1 and y # 0, the triple

product identity is given as:

2m—1

[T -2+ (1+I )z Sy

2
m>1 Y

By substituting z = ¢,/q and y? = —4/4, the above identity becomes:

o

[[Ta-q¢m= E:(—lﬁq&%g

m>1 n=—o00
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These developments are essentially connected to the fundamentals of g-analysis.
They have applications in proving identities of the Rogers-Ramanujan type,
representing theta functions as infinite products, and verifying identities related to
integer partitions. Further, continuing in this direction, Gauss in 1812, introduced
hypergeometric series and their corresponding contiguity relations. The series

denoted by 2 Fi(a, b; c|q; ¢%), can be expressed as follows:

ab ala+1)b(b+1) 5,  ala+1)(a+2)bb+1)(b+ 2)23 4

14+ —
N 1!cZ+ 2lc(c+1) : 3le(c+1)(c+2)

as a function of a, b, ¢, z, where it is assumed that ¢ # 0, —1, -2, ..., to ensure that
there are no occurrences of zero factors in the denominators of the series terms. He
also proved that the series is absolutely convergent for |z| < 1. Subsequently, he

introduced the g-binomial coefficients in ref. [33].

Definition 1.3.2. The Gaussian ¢-binomial coefficients are defined by:

n (L;q)n
= , k=0,1,...,n
(/f)q (L @)k (1; @)ni

and

(a) Bt La-B+1q)e F(a+1)
8) = LatLgn LT UGa-ArL)

for complex numbers o and g, if 0 < |¢| < 1.

Additionally, he established an identity for these coefficients, which serves as the
foundation for g-analysis. After almost 30 years, in 1846, Heine [38,39] introduced

the g-analogue of the Gauss series which is stated as follows:

Definition 1.3.3. For |¢| < 1, Heine introduced the following ¢-hypergeometric

series as a generalization of the hypergeometric series:

(1-¢(1—=¢")_ , (1=¢)1=¢""H1-¢"1-¢"") ,

¢ CL,b,Cq,Z:1+ Z+ 2“4+ ..
2l bl 2) 1-g)(1—q) (1=q)(1 = ¢*)(1 =g )(L —gt)

= Lan(Ggn
where ¢ # 0, —1,—2, ... and this series is absolutely convergent for |z| < 1.

7

In the notation s¢1(a,b;c|q;z), the parameters to the left of “|” represent

exponents, while to the right of “|” is the basis ¢ and the function value z. It

is important to highlight that Heine’s series can be regarded as a g-analogue of

Gauss’ series. This is evident from the fact that ¢, approaches o F} as g approaches
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1. This notable transition is facilitated by a simple observation made by Heine,
specifically, lim,;[(1 — ¢*/(1 — q)] = a. The field of g-series gained its significance
when Heine transformed this straightforward observation into a structured theory of
201 g-hypergeometric series (or basic hypergeometric series), akin to Gauss’ theory
of o F; hypergeometric series. He also deduced the following transformation formulas

using continued fractions:
Theorem 1.3.1. For |z| <1 and |b| < 1,

(b, az;q)oo

Thomae, a student of Heine, in 1869 [62,63], introduced the concept of g-integral,
defined as:

2¢1(a, b; clg; z) = ¢1(c/b, z;az|q; b).

Definition 1.3.4. For 0 < ¢ < 1 and f is continuous on [0, 1],

| rwdg ==X s

n>0

He also concluded that the Heine transformation for 2¢4(a, b; c|q; z) represented
a g-analogue of the Euler beta integral, expressed as a quotient of the g-gamma
function. Euler and Heine employed different forms of the g-derivatives and finally

a real ¢g-derivative was pioneered by Jackson in 1908 [43] as follows:

Definition 1.3.5. Let ¢ be a continuous real function. Then, the ¢-derivative is

given by:
dadan) it g e C\ {1}z #0
(Dg)(z) = { 2(x), ifg=1
(0, if 2 =0.

The limit as ¢ tends to 1 corresponds to the derivative

lim(D,0)(x) = 52,

q—1 dx

if ¢ is differentiable at z. Also, in 1910, Jackson [44] introduced the following general
g-integral:

Definition 1.3.6. For a,b € R and 0 < |¢| < 1, ¢g-integral is given by:

/abf(t,q)dqt = /Obf(t,q)dqt - /Oa F(t, q)d,t.
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where

/Oa F(t,q)dgt = a(l—q) Y f(ag", q)q"

n>0

Other than this, Jackson [42,44] established the following g-analogue of the

gamma function:

(¢;Q)o(1 — )" "
(¢®: @)oo

Ly(z) = , for 0O0<g<l1 (1.7)

and

¢& g g N lg — 1)

= ;_1> ,  for ¢>1. (1.8)

He explicitly worked with the expression I'j(z)I',(1 — x) and showed that

[Ty (1/2)]”
r,(z)l'y(l1—z) =—7-"-.
Q(‘r) q( ZL’) O'q(ZL‘)
Furthermore, Ramanujan (see ref.[37]) determined the following bilateral

summation formula:

(g,b/a,az,q/az; ¢) oo

b _
11/}1<(l, 1 q, Z) <b, Q/G,Z,b/az;(ﬁoo )

where (ay, as,. .., 0m; oo = (a1;9)00{A2; @)oo * * * (Am; @)oo and |b/a] < |z| < 1. This
formula is an extension of the g-binomial formula. Following a similar path, the
mathematician Askey [3] established various connections of the g-binomial theorem
and Ramanujan’s bilateral summation formula with ¢-gamma and g-beta functions.
Lastly, he provided a proof for the g-Bohr-Mollerup theorem, which is stated as

follows:

Theorem 1.3.2. The Iy function is the only function that meets the following three

conditions for x > 0:

flz+1)=f(x), 0<qg<]l,

x — log f(z) s conver.

Further, continuing in this direction, in 2001, Alzer presented an inequality result
related to the ¢g-gamma function. The statement of this result is given by the

following theorem:
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Theorem 1.3.3. Let 0 < g # 1 and s € (0,1) be real numbers. Then, the following

inequalities:
1-s 1-s
1 _ q$+04(q75) Fq(x + ]_) 1 — qx"’_ﬁ((bs)
— <L ——
l1—gq Loz + s) l—gq

hold for all positive real numbers x with the best possible values

log (=07
a<q’ 8) — log q )
s/2, if ¢>1,

if 0<qg<1

and
1

log {1 — (1 —q)(Ty(s))*—
log g

B(q,s) =

Further, in 2003, Kurokawa and Wakayama in ref. [47] studied the following

g-variant of the Riemann zeta function:

Gls) =" [Q’W R(s) > 1, (1.9)

T if g #1
where [n], = 1 is the g-analogue of n. They also introduced
n, if g=1

g-analogue of the Euler’s constant, denoted by 79(q), by expanding the above series
around s = 1. In particular, they provided proof of the irrationality of v¢(2). In
addition to this, they explored the two ¢-variants of the Hurwitz zeta function and
the limit formula of Lerch for the gamma function. In case ¢ > 1, the two versions

of the g-analogue of the Hurwitz zeta function defined by them are expressed as

follows:
Gyls,x) = ; [nq:]g, R(s) > 1 (1.10)
and
Gsim) =) o +1 e R(s) > 0, (1.11)

where x ¢ Z<,. In 2005, Bradley [9] explored the generalization of g-analogue of
the Riemann zeta function, namely, ¢-multiple zeta functions. This is the most
investigated ¢-variant of the multiple zeta functions in literature and it is given as

follows:
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Definition 1.3.7. For s; > 1 and s; > 1, where 2 < j < m, g-analogue of the

multiple zeta functions are defined as:

C[Slysg,...’sm]: Z

. SJ
k1> >k, >0 j=1 [ J]‘l

m q(sj_l)kj

It is worth emphasizing that every function can have numerous g-analogues
and each of them highlights specific aspects of the function’s characteristics. For
instance, in 2012, Ohno, Okuda, and Zudilin [56] conducted a study on a different
g-variant of the multiple zeta functions. This variant is given by the following

expression:

k1
B q
3q(517...75m>— Z (1_qk1>51...(1_qknz)5m.

k1> >k >0

It was further investigated by Medina, Ebrahimi-Fard, and Manchon in ref. [51].
In addition to this, many mathematicians have undertaken various studies related
to different forms of g-analogues of the multiple zeta functions (see ref. [5,25,61,66]).
In Chapters 3, 4, and 5, we will thoroughly explore Kurokawa and Wakayama’s

g-variant of the Riemann zeta function and its generalization in detail.

1.4 p-adic theory

In the preceding sections, we investigated the domains of the Riemann
zeta function, extended Euler’s constant, and the intricate universe of g-series.
Progressing towards the subsequent phase of our inquiry, we shall initiate a
distinctive mathematical odyssey into the realm of p-adic numbers. While the
previous sections focused on the real and complex analysis, p-adic numbers introduce
an entirely different perspective. The term “p-adic” comes from the fact that these
numbers are associated with a prime number ‘p’. Such numbers were first introduced
by German mathematician, Kurt Hensel in his paper in 1897 [40], focusing on the
development of algebraic numbers in power series. The primary motivation behind
their introduction was an attempt to bring the ideas and techniques of power series
methods into number theory. Hensel suggested a connection between the familiar
domain of complex polynomials and the recently introduced p-adic numbers (for
details, refer to [34]).

The p-adic number system for any prime number p expands upon the
conventional arithmetic of rational numbers distinctively. Here, we measure
“closeness” in a unique way: two p-adic numbers are close when their difference

can be divided by a higher power of ‘p’. The higher the power of ‘p’ that divides
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their difference, the closer the numbers are considered to be. As one transitions
from Q to R, by considering the completion of Q with respect to the usual norm, it

essentially fills in the gaps that exist. So, this poses the following question:
Question 1.4.1. In how many ways one can define a norm on Q¢

The answer to this question was provided by Ostrowski in 1916 [57]. The

following result is known as the Ostrowski’s theorem:

Theorem 1.4.2. Every nontrivial norm on Q is equivalent to one of the norm | - |,,

where either p is a prime number or p = oo (i.e., the usual norm).

Now, to understand the definition of the p-adic norm, it is valuable to explore
another crucial concept: the p-adic valuation, denoted as 1,. This valuation is

established as follows:
Definition 1.4.1. The p-adic valuation, v, : Q — Z U {00} is defined by:
max{r:p'lz}, ifxeZ
vpla) —vp(b), ifz=¢€Q.
So, the p-adic norm is stated as follows:
Definition 1.4.2. The p-adic norm of x is defined as:

p @ if x40
0, if =0,

’$|p =

where z(# 0) € Q can be represented in the form z = p*»®) . 2 such that v,(z), n

€ Z, m is a positive integer, p is a fixed prime, (p,m) =1, and (p,n) = 1.

Note that the set of rational numbers, Q, is not a complete space when equipped
with the standard norm. Its completion yields the real numbers, denoted as R.

Consequently, this leads to the emergence of two fundamental questions.
Question 1.4.3. Is Q complete with respect to the p-adic norm?
If so,

Question 1.4.4. Is the completion of Q with respect to the p-adic norm also the set

of real numbers?

The answer to both of these questions is ‘no’. In fact, the completion of QQ

with respect to the p-adic norm results in an entirely distinct mathematical space,
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namely, p-adic numbers. This space is denoted by Q,. An element a € QQ, possesses

a unique representation as follows:

n
a= anp

where a_,,, # 0 and a,, € {0,1,2,...,p — 1} for n > —m. Analogously, the space of
p-adic integers, denoted by Z, can be visualized as the completion of Z with respect
to the p-adic norm. In fact, the ring of p-adic integers can be thought of as the unit
disc within Q,, centered at 0, which implies Z, = {a € Q, : |a|, < 1}. Its canonical

expansion contains only non-negative powers of p, implying:

Z,={ Y ap 1<a <p-1}.

i>0

Having laid the foundation by introducing the concepts of p-adic norm, p-adic
numbers, and p-adic integers, we now shift our focus in a direction aligned with our
research objectives. This direction involves the investigation of the arithmetic nature
of p-adic analogues of classical functions. Let us commence with the definition of the
p-adic analogue of the gamma function. In 1975, Morita [6] introduced the p-adic
analogue of the gamma function, denoted as I'p, for all the natural numbers. It is

defined as follows:

Definition 1.4.3. The p-adic analogue of the gamma function for all natural

numbers is given by the expression:

1<t<n
pit
Furthermore, Morita extended this definition to establish a continuous function
on the set of p-adic integers, denoted as Z,. Much like its classical counterpart, the
p-adic gamma function also adheres to the following functional equation and Euler’s
reflection formula:
r+1) —x, ifx€Z;

[y() -1

Lp(@)Tp(1 = 2) = (=1)*,

, itz e pZ,,

where Z) = {z € Q, : |z, = 1} and =, is the first digit in the p-adic expansion
of x, unless x € pZ,, where z; = p rather than 0. Further, in 1977, Diamond
[22] made significant contributions to the field by introducing the p-adic analogues

of the digamma function and the logI'(x). These p-adic analogues exhibit several
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properties akin to their classical counterparts. Diamond also explored two distinct
approaches to the p-adic analogue of the logT'(x). One approach involves modifying

the functional equation, which is given as:

pF—1
Gp(z) = klgilop— Z x+n)log, (v +n)— (z+n),
n=0

while the other is to construct a sequence of functions, denoted by Hpy. These
functions are locally holomorphic on C, (the p-adic complex numbers) and are

defined as follows:
Hy(z hm—Zfo—l—n for N=1,2,...,

where

rlog(z) —x, if y(z) <N
0, if v,(x) > N,

and v,(z) is the p-adic valuation. Each of the function fy is locally analytic on C,,
making each Hy locally analytic on C,. Furthermore, Hy satisfies the following

relationship:

Hy(x) +1log(x), if py(z) < N
Hy (), if v,(x) > N.

The p-adic counterpart of the derivative of the log I'(z) function is referred to as the

p-adic digamma function and is represented as v,(x). It is defined as:

,(z) = lim 1 Z log,(z +n),

k—o0 pk

for any = € C,. Additionally, similar to the classical case, the p-adic analogue of

Gauss’ theorem in C, is given as:

f-1
Up(r/f) = —log f =+ Y _ " log,(1— ("), (1.12)
a=1

where 7, is p-adic Euler’s constant, r, f € Z*, r < f, and v,(r/f) < 0. However,
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for v,(r/f) > 0 and any u such that:
p" = 1(mod f*), where f = p*f* with (p, f*) = 1, (1.13)

we have the following relation:

e f-1
pf_ CH(r/f) = —log f =+ >_ (" log,(1 - ¢*).
a=1

Moreover, the following theorem by Diamond [22] also plays a crucial role in
connecting various p-adic analogues and serves as essential components for proving

our results:

Theorem 1.4.5. If ¢ > 1 and (; is a primitive g-th root of unity, then

q—1
Q@) =% — > ¢ log, (1= ¢).

a=1

These developments expand our understanding of p-adic analogues of these
essential mathematical functions. In 2008, Murty and Saradha [53] made substantial
contributions to the subject by presenting a series of results related to the p-adic
analogues of generalized Fuler’s constants and the p-adic digamma function.

Specifically, both gave proofs of the following theorems:

Theorem 1.4.6. Let q be prime. Then, at most one of the numbers

Tos (1 0), 1 <7 < g,
1$ algebraic.
Theorem 1.4.7. Let q be prime.
e If g =p, then the numbers 1,(r/q) + v, are transcendental for 1 <r < q.
o Ifq#p and N satisfy the congruence p™ = 1(mod q), then the numbers

pN

pN—_le/v(T'/Q) + Y

are transcendental for 1 <r < q.

The aforementioned results were further developed by Chatterjee and Gun in
2014 in ref. [18], which led to the following theorems:
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Theorem 1.4.8. Let P denote the set of prime numbers in N. At most one number

in the following set:

{wru{n(ra:qeP 1<r<q/2}
15 algebraic.

Theorem 1.4.9. Fix an integer n > 1. At most one element of the following set:

{p(r/p") +p : 1 <71 <p", (r,p) =1}

is algebraic. Moreover, 1,(r/p) + 7, are distinct, when 1 <r < p/2.

1.5 Main results

This section is dedicated to an introductory overview of our thesis, shedding
light on the motivations driving our research and introducing the primary outcomes
we have achieved. The subsequent chapters will subject these crucial findings to
rigorous and detailed examination. Our initial set of results draws inspiration from
Kurokawa and Wakayama’s work on a g-variant of the Riemann zeta function. In
their work, they introduced g-analogue of the Euler’s constant, which is the constant
term in the Laurent series expansion of the ¢g-Riemann zeta function, (,(s), around
s = 1. This prompted us to investigate the other coefficients of this expansion,
which led to the Theorem 1.5.1. Before we proceed further, it is essential to revisit
the g-analogue of the Riemann zeta function, which Kurokawa and Wakayama
introduced in their work [47]. This serves as the foundation for our subsequent

discussions.

Definition 1.5.1. For ¢ > 1, the g-variant of the Riemann zeta function is defined

as follows:

n

Cols) =) [Z?? R(s) > 1. (1.14)

n>1 q

This function exhibits meromorphic behaviour for s € C and has simple poles at
points in the set {1 +i(27b)/(logq) : b € Z} U {a + i(2wb)/(logq) : a,b € Z,a <
0,b # 0}, with s = 1 being a simple pole with residue (¢ — 1)/(log ¢). Now, we can

proceed to present the theorem which gives the closed-form of all the coefficients.

Theorem 1.5.1. The g-analogue of the Riemann zeta function given by Equation

1.14 is meromorphic for s € C and its Laurent series expansion around s = 1 is
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given by:
Cols) = ?O;;-S i T +70(9) + (@) (s = 1) +(a)(s = 1)° +s(a)(s = 1)° + -+

with

as s(n+1,4) \ log" (g — 1
,Yk(Q):;((n%:l ([n]qn' )> E(gkz+1(zz)' ))

k k—(3—1) . . . i C(i—1)—
1y s(n+1,i)q" A (j — 1,4) log’ ¢ | log* V=V (g — 1)
o X (S ) )
~(g=1Dlogf(g—1) | (¢—1)log" (g —1)
2(k!) (k+ 1)!loggq
N c (1) (¢ — 1)log” ' qlog"~ V(g — 1) (1.15)

B(i)(k — (2i — 1)) !

i=1

where s(n+ 1,4) are the unsigned Stirling numbers of the first kind, Ay (j —1,7) is
the polynomial in ¢ of degree (j — 1) and coefficients from the j-th row in Eulerian
numbers triangle, B(i) is the demominator of mon-zero coefficients in the series
expansion around zero of %COt(ZB/Q) disregarding the first term, and [x| denotes

the smallest integer greater than or equal to x.

These coefficients are referred to as g-analogue of the Stieltjes constants.
The next theorem emphasizes the linear independence of certain numbers that
incorporate g-analogue of the Euler’s constant. It is worth noting that this
theorem serves as an improvement of the result initially presented by Kurokawa
and Wakayama (see Theorem 2.4 in ref. [47]). For better understanding, we first

introduce the normalized g-analogue of the Euler’s constant as follows:

(g —1)log(q —1)
log g

Y (q) = Y0(q) —

Now, we can proceed to state the theorem, which reads as follows:

Theorem 1.5.2. For integers r > 1 and q > 1, the following set of numbers:

{1,% @), 7% (@), % (@), ..., (")} (1.16)

1s linearly independent over Q.

Another result in this direction concerns the transcendence nature of some
infinite series involving the g-analogue of the first Stieltjes constant. However, before

delving into this, we will first address two lemmas that play a crucial role in proving
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Theorem 1.5.5. Notably, Lemma 1.5.3 resolves a question posed by Erdds in 1948

in ref. [26].

Lemma 1.5.3. For every integer q > 1, Z Ul(ﬂ”)
n>1 q

where o1(n) is the sum of the divisors of n.

1s a transcendental number,

" o1(n)
L 1.5.4. F t t>1, — .
emma or every integer Z e Z m

n>1 n>1

Theorem 1.5.5. Let k=1 and g = 2. Then,

1 H,
2 _
log2<%< ) ;2n—1>

1s a transcendental number, where H,, is the n-th harmonic number.

For the subsequent results, we begin by presenting a g-analogue of multiple zeta
functions. This variant is studied in ref. [14] and serves as a generalization of the

g-Riemann zeta function defined in Equation 1.14.

Definition 1.5.2. A g-analogue of the multiple zeta functions for ¢ > 1 is defined

as follows:

Cq(ShSQa s 73m) =

k1>-->kmn>0 5= 1

Specifically, a g-double zeta function is defined by the following series:

qn1 +ng qn2

ol 32) = Z [n1 + nalg’ [na]g* (117)

ni,n2>0

where s;, 59 are complex numbers with R(s;) > 1 and R(sz) > 1. (4(s1,52) is
meromorphic for s;, s, € C and has a simple pole for s; € {1 + i(27b)/(logq) :
beZt U {a+i2rb)/(logq) : a,b € Z,a < 0,b # 0} or s1 + s2 € {a+ i .

logq

a,beZ,a <0, b#O} U {a+zh2)gbq a= 1,2,662}. Let us now proceed with the

statement of the theorems related to the g-analogue of the double zeta function. The

first theorem addresses the coefficients in the Laurent series expansion of (,(s1, s2)
around s; = 1 and s, = 1. The subsequent theorem examines the arithmetic nature

of the numbers involving ~((gq).

Theorem 1.5.6. The g-analogue of the double zeta function given by Equation 1.17
1s meromorphic for si,so, € C and its Laurent series expansion around s; = 1 and

s9 =1 is presented by:

(51 —=1)(s1+s2—2) \ logg s1+s2 —2) 2logg
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(¢—1) (—1)* longq(Sl )2k
(s1+s2-2) & Bk
EEn P OICEE I DR GICER N CE Ve
k>0 k1,k2>0
(1.18)
with

@=Ly > T oy r

70,0 n n k: [n]2

k>1 n>1 n>1 q

(g —1)log(qg —1) 1 (g—1logl¢g—1)

and v,(q) = (1ogq>7k( ), where y(q) is given by Equation 1.15 and B(k) is the
denominator of non-zero coefficients in the Taylor series expansion of %cot(%)

around zero, disregarding the first term.

Theorem 1.5.7. Let ¢ > 2 be an integer. Then,

logq (¢q—1)log(q —1)
1'70( )_ 1
q— 0g ¢

is an irrational number. In particular, log 2(~}(2)) is irrational.

To continue, let us define the term ~{*(¢q) as follows:

oy logq (g —1)log(q —1)
Y (¢) = = [ola) — og ¢ : (1.20)

After that, we have the following result about the linear independence of a set

of numbers:

Theorem 1.5.8. For integers r > 1 and q > 1, the set of numbers

{176 (@), 76 (@) 76 (@), - - 767 (a")}

is linearly independent over Q.

By using Theorem 1.5.6, we finally establish the irrationality of the number
involving the 2-double Euler-Stieltjes constant (y0,0(2)).

Theorem 1.5.9. Let ¢ = 2. Then,

Yo0( Z Z 2n+k —1)

k>1 n>1
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1s an rrational number.

Establishing along this path, the upcoming finding examines a g-analogue of the
Hurwitz zeta function. Prior to that, let us revisit one of the versions of g-analogue
of the Hurwitz zeta function, as investigated by Kurokawa and Wakayama in ref. [47].

Here is the definition.

Definition 1.5.3. For ¢ > 1, a g-analogue of the Hurwitz zeta function is described
as follows:
qn—l—x

CEEA 2

Cq(s>$) = Z

n>0

where x ¢ Z<.

Similar to the g-analogue of the Riemann zeta function, ¢,(s,x) is meromorphic

for s € C and possesses simple poles located at points in the set {1 442

logq
Z} U {a+iligz ca,beZ,a<0,b# 0}. Specifically, at s = 1, there is a simple pole
with a residue of %. The theorem associated to this function may be expressed as
follows:

Theorem 1.5.10. The g-analogue of the Hurwitz zeta function given by Equation

1.21 is meromorphic for s € C and its Laurent series expansion around s = 1 is

given by:

g—1 1 2 3
Cols, @) = TR— + (g, 2) + n1lq,2)(s = 1) +72(q,2)(s = 1)" + (g 2)(s = 1)" + -+,
with

n(l—x) o o o _
(g, 7) = ; a o 4 1)1(1)ggq(q D _4 > L g-—2) (122

and

n(l—x) _ o _ _
%(%@Z(Zq ] ylazDosla— D) g 1+(q—1)(1—x)>10g(q—1)

e [n 2logq 2
-1 1+ (¢" = 1a)g"—=) —1)(1 -
I e Gl iy L (- 1)(A -z log: ¢
12 n>1 [nlq(q" — 1) 2

n(l—x)
q s(n+1,2)

1.23
P (1.23)

where s(n+ 1,4) are the unsigned Stirling numbers of the first kind.
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Our next objective is to examine the asymptotic behaviour of the g-analogue
of the double zeta function as the variables s; — 0 and s — 0 and to compare
this behaviour with that of the classical double zeta function. In addition, we will
explore various g-variants of the double zeta function and obtain the relationships
between them. To facilitate this endeavor, we now proceed to examine the following

definition:

Definition 1.5.4. For ¢ > 1 and s1,s, € C with R(s;) > 1 and R(sy) > 1, we

define several g-variants of the double zeta function as follows:

1. g-analogue of the double zeta function:

k1 k1+ka ko

Cols1,s2) = ) I P (1.24)

ooy gt kol 4= [k o+ ol [Ral®

2. g-analogue of the double zeta star function:

qq
(51, 82) = — (1.25)
o ,ﬂ;N [k1]q! [Rale®
3. Another ¢-variant and its star variant:
o qnl qn1+n2
C <817 52) = —_—— s — .
! m§21 [na]g' [na]g? mmzpo [n1 + no]g! [n2]?

ni

Crsnsa) = Y a—

(1.26)
o sy Imlg! 2]y

We thus obtain the following theorem on the asymptotic behaviour:

Theorem 1.5.11. Let nq, ny be two integers. Consider the q-double zeta function
Cy(s1,82) defined in Equation 1.24. We define the following limits:

Cq(nb n2) = 8111_%1“ 5211_{17112 Cq(sla 52)

and

R 1 .
Cq (n1,m2) = 8211_{17112 8111_{171“ Cq(sla 52),

whenever they exist. Then, we have:

. B 5 R . R B 1_
gl_rg(q(0,0)—ﬁ—C(0,0) and lgng(o,o)_g_g(o,o),
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where

C(ni,ne) = lim lim ((s1, s2)
S§1—N1 S2—N2

and

¢f(n1,me) = lim lim ((s1,59).
S2—N92 S1—N1

Also, note that ((s1,s2) is the classical double zeta function.

We make further progress towards the next goal, which involves the establishment
of a range of algebraic identities concerning the several g-variants of the double zeta

function. In this context, the following set of theorems is presented:

Theorem 1.5.12. The following identities hold:

G(3,1) = Go(4) = G(2,2) + (¢ = 1)¢,(3) = (¢4(2))* = 3¢4(2,2),
G4 1) = (5) = G4(2,3) = G4(3,2) + (¢ — 1)¢,(4)

= (q(2)¢(3) — 2¢4(2,3) —2¢4(3,2),
G (5,1) = o(6) = G4(3,3) = G4(4,2) — (4(2,4) + (¢ — 1)¢4(5)

= (Cq(?’))2 - SCq(?” 3) - Cq<4a 2) - Cq(274)
(2)Cq(4) — G4(3,3) — 2G4(4,2) — 2¢,(2,4),
(Cq(3))2 - 2Cq(3a 3) = <q(2)Cq(4) - Cq(Qv 4) - Cq(4v 2)-

Theorem 1.5.13. For s > 3, Theorem 1.5.12 can be generalized as follows:

G (s,1) = (s +1) Z@S—l—l + (g — 1)¢y(s)-

Further, depending on the parity of s, we have:
Case 1: If s is odd, then either

Gls.1) = (G(2E)) a6 (S 22 - S g i—i
=2
i¢3-§1

or
Co(8,1) = Co(r)C(r') = 2G4 (r, ") — 28, (', 7) Z C(s+1—1,1) (1.27)
z;ﬁrr

where r > 2, 1" > 2, and r+71' = s+ 1. Hence, for Equation 1.27, there exist <%

possible configurations. Consequently, the total number of ways to erpress Cg(s, 1)

is (55))
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Case 2: If s is even, then

s—1

C;(S’ 1) = Cq(t)Cq(t/> B QCq(t>tl) - QCq(t/7t) - Z Cq(s +1—1, i)» (1'28>

wheret > 2, t > 2, and t +t' = s+ 1. Therefore, the number of possible expressions
for (¢ (s,1) in Equation 1.28 is (ﬂ>

2

Proposition 1.5.14. For s > 3, we have the following identities:

Ss—

1
(s, 1) = sGu(s +1) = Y Cils+1—i,0) + (s — 1)(g — 1)¢(9).
=2
Further, depending on the parity of s, we have:

Case 1: If s is odd, then either

G5 = (6G(T)) =36 (o ) (s DG + 1) + (g - 1)syfs)

2 7 2
s—1
=) s+ 1—1i,i)
2

or

G (5,1) = Golr)Ge(r') = 265 (r, ") = 2G5 (r',r) + (s + 1)Ge(s + 1) + (g — 1)sG4(s)

s—1

= Gls+1—4,0), (1.29)
=2
i#r,r!

where v > 2, " > 2, and r + 1" = s+ 1. Thus, there exists (%) possible

configurations for Equation 1.29. Consequently, the total number of ways to express
% (s, 1) is <ﬂ>

q 2
Case 2: If s is even, then

C;*(Sa 1) = Cq(t)Cq(t/) - 2(;(75’25/) - 2(;‘(5, )+ (s +1)C(s + 1) + (g — 1)s¢y(s)

s—1
=) Gs+1—1i,i), (1.30)
i=2

1=
i#t,t

where t > 2, ' > 2, and t +t = s+ 1. Hence, the number of possible ways to

represent (2*(s, 1) in Equation 1.30 is (%)

To have a thorough understanding of the next theorem, it is necessary to study

the definition of the multi-variable version of the Mordell-Tornheim zeta function,
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as introduced by Matsumoto in ref. [49,50].

Definition 1.5.5. For sq,...,s,41 € C,

1
51,82,...,5r, S
CMT( 1,52, )y Sry r+1 E E : . msr ml + . +mr)5r+l

mi1>1 mr>1

and the series converges absolutely when R(s;) > 1 (1 < j <r) and R(s,41) > 0.

Matsumoto referred to it as the Mordell-Tornheim r-ple zeta function and
demonstrated its meromorphic continuation over the entire C"! space. It exhibits

singularities only on subsets of C"™! defined by equations like:

Sj—i_STJrl:l_l (1§j§T,lENO),
Sjp+ S+ S =2—1 (1 <s;, <s;, <rleNy,
5j1+"'5jr,1+5r+1:r_1_l <1§Sj1<"'<SjT71§T,l€N0),

S+ S+ Spyp1 =T

where Ny denotes the set of non-negative integers. Now, we introduce g-variant of

the Mordell-Tornheim r-ple zeta function, denoted as:

my4-+my
g™

CMT,q(Sh 892, ...y Sp; S'r’—i—l Z Z ]ST [ml T mr]sr“ )

mi>1 me >1

where s1,...,s.41 € C and ¢ > 1. We refer to it as the g-Mordell-Tornheim r-ple

zeta function. For r = 2, we have

R
Currg(81, 823 83) = Z Z . (1.31)

= A Imalg [malg [ma + molg?

This g-variant of the Mordell-Tornheim r-ple zeta function is eventually the subject

of the following theorem:

Theorem 1.5.15. Let s > 2 and r > 3 be any two integers. Then, we have the
following identity:

Ca(8,7) = (4(8)[Ce(r) + (g — 1)(y(r — 1)] ZCMTq —1,j+1;5—7),

where (4(s) is the g-analogue of the Riemann zeta function given by Equation 1.14.

In the concluding section of the thesis, we delve into results related to p-adic

analysis, which serves as an extension and generalization of the research conducted
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by Chatterjee and Gun in their notable work [18]. To pave the way for our
contributions in the context of the transcendental properties of p-adic digamma
values, we first revisit the theorem put forth by Chatterjee and Gun that served as

our initial motivation. The theorem is stated as follows:

Theorem 1.5.16. Fix an integer n > 1. At most one element of the following set:

{wp(r/p”) + 1 <r<p, (r,p) =1}
is algebraic. Moreover, ¥, (r/p) + 7, are distinct, when 1 <1 < p/2.

Now, we are ready to state our final set of results, which serve as an extension
of the aforementioned theorem. Let P be the set of rational primes. We have the

following theorem in this regard:

Theorem 1.5.17. Let p be a prime and n > 1 be an integer. Consider the sets Sy

and Sy, where

S1=A{Yy(r/p") + 7, : 1 <r<p" (r,p) =1} and

p#
Sy =
N

and i as defined in Equation 1.13. Then, all the elements of Sy U Sy are
transcendental with at most one exception. Moreover, the numbers pfilHL(r/q)+7p
are distinct, when 1 <r < q/2 and q € P.

HL(T/q”)Jer:1§r<q"7(7’,Q)=1,q#p7q€7’}7

Continuing, we move on to derive the result for the product of two different
primes, provided that these primes meet the criteria outlined in “Property II”.
This property can be summarized as follows:

Property I: Let m be a natural number such that m = pi"p5* with
(a1, 0(p3?)) = 1 = (g, d(p]")), where py, py are odd primes, ag, s € N, and

satisfies the following:

1. p1 = p2 = 3 (mod 4) : p; and py are semi-primitive roots (mod p5?) and

(mod p{"), respectively, or
2. p1, po are primitive roots mod p5? and mod pJ*, respectively.

Property II: Let M be a finite set of odd natural numbers with |M| = n,
containing pairwise co-prime integers m;, where 1 < ¢ < n such that m, satisfies

Property I. Let us assume

b ¢
m; =p;*q;",
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where p; and ¢; are odd primes for all 1 <i <n.
Let J consists of prime factors of {m;};, where m; € M. The theorems are

then stated as follows:

Theorem 1.5.18. Let p, g € J be any two primes such that m = pq € M. Then,

the elements of the following set:

S = {Up(r/pq) + v : 1 <7 < pq, (r,pq) = 1}

are transcendental with at most one exception. Moreover, the numbers 1,(r/pq) +,

are distinct, when 1 <r < pq/2 and (r,pq) = 1.

Theorem 1.5.19. Let p be a prime. Then, the elements of the following set:

n
342{ Mp 1H;(r/mi)+7p:1§r<mi, 1<i<n, (r,m;)=1,ptm,, mie/\/l},
p —

where p as defined in Equation 1.13, are transcendental with at most one exception.

An essential consequence is derived from the results of Theorem 1.5.18 and

Theorem 1.5.19, which can be phrased as the following corollary:

Corollary 1.5.20. All the elements of S3U Sy are transcendental with at most one

exception.

We have thoroughly investigated the scenario concerning composite numbers,
particularly when ¢ # 2(mod 4). Now, we direct our focus to the situation where
q = 2(mod4), making use of the insightful proposition presented by Chatterjee and

Dhillon in ref. [12]. The statement of the proposition is given as:

Proposition 1.5.21. For any composite number ¢ = 2(mod 4), the system

= }
L (h,q)=1,1<h<q/2

1—¢

15 multiplicatively independent if and only if q satisfies one of the following

conditions:
1. q = 2p", where p is an odd prime,
2. q = 2m, where m satisfies the following conditions:
o m = p'py?; and

— When p1 = ps =3 (mod 4): py is a semi-primitive root mod py* and

po 1S a semi-primitive root mod pit, or vice versa.
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— Otherwise: p; and ps are primitive root mod py*> and mod pi'
respectively.
o m=pyipyrst
—p=p=p3 =3 (modd): (pP —1)/2 (1 <i<3) are co-prime to
each other; and
— p1,p2, and ps are primitive root mod p5*, mod ps3®, and mod p{!,
respectively and semi-primitive root mod p3®, mod pi", and mod

P52, respectively.

Following that, the theorem is articulated as follows, delving into this alternative

scenario:

Theorem 1.5.22. Let p be any prime and q be an element of H, where elements of

H satisfy conditions of Proposition 1.5.21. Then, we have the following statements:

1. If p| q, then the set of elements

55:{%(7”/Q)+’Yp11 §T<Q7(T7Q):1}

are transcendental with at most one exception.

2. If p1q, then the set of elements

p#
Se = {pu_lH;(T/@—i_%’ 1<r<gq,(rq) = 1}

are transcendental with at most one exception.

1.6 Organization of thesis

For the convenience of the reader, we provide a concise summary of the content

covered in each chapter.

e Chapter 1: In this chapter, we give a brief study of the Euler-Stieltjes
constants and their generalizations. Additionally, we provide a concise
overview of g¢-series and p-adic theory. In order to provide motivation,
we include a discussion on classical background as well as contemporary

observations that have contributed to the development of this research.

e Chapter 2: In this chapter, we provide the essential prerequisites that are
vital for comprehending the results statement and their proofs. Additionally,
we revisit recent contributions by other researchers that were incorporated to

make our discussion more detailed and worthy.
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e Chapter 3: In this chapter, we improve the results of Kurokawa and
Wakayama [47] related to g-analogue of the Euler’s constant and the
irrationality of certain numbers involving ¢-Euler constant. We derive the
closed-form of a g-analogue of the k-th Fuler-Stieltjes constant, 7x(¢) and
establish a linear independence result involving g¢-analogue of the Euler’s
constant. Further, we use a result of Nesterenko to resolve a question posed by
Erdés regarding the arithmetic nature of the infinite series ) | -, o1(n)/t", for
any integer ¢t > 1. Finally, we study the transcendence nature of some infinite

series involving =, (2).

e Chapter 4: In this chapter, we derive a closed-form expression for a
g-analogues of Euler’s constant of height 2 (y90(gq)), which is the constant
term in the Laurent series expansion of a g-analogue of the double zeta function
around s; = 1 and s, = 1. Moreover, we examine the linear independence of a
set of numbers involving the constant 7 (¢"), where 1 <4 < r for any integer
r > 1 and discuss the irrationality of certain numbers involving a 2-double

Euler-Stieltjes constant (70,0(2)).

Additionally, we examine a specific variant of g-analogue of the Hurwitz zeta
function, as initially presented by Kurokawa and Wakayama in ref. [47]. Our
goal is to extend their findings, particularly the coefficients in the Laurent
series expansion of a g-analogue of the Hurwitz zeta function in the vicinity of
s =1.

e Chapter 5: In this chapter, we use a g-analogue of the Nielsen Reflexion
Formula for ¢ > 1 and apply it to explore identities involving different versions
of g-analogues of the Riemann zeta function and the double-zeta function. We
also investigate the limiting values of (,(s1,s2) as s — 0 and so — 0, and
compare these limits to those of the classical double-zeta function. Finally, the
g-analogue of the Mordell-Tornheim r-ple zeta function and its relation with

the g-double zeta function was made a part of the discussion.

e Chapter 6: In this chapter, we generalize the results of Chatterjee and Gun
[18] concerning the special values of the p-adic digamma function, denoted as
Yy (r/p)+7,, for distinct prime powers. With one exception, we also investigate
the transcendental nature of the p-adic digamma values. Additionally, we
examine the multiplicative independence of cyclotomic numbers satisfying
certain conditions. Using this, we study the transcendental nature of p-adic

digamma values corresponding to v, (r/pq)+7,, where p, ¢ are distinct primes.
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Chapter 2

Preliminaries

To provide a comprehensive foundation for our upcoming discussions, we will
recall fundamental definitions and related results that will serve as building blocks
for the main chapters. Additionally, we provide specific notations that will be
consistently used throughout the thesis. We will refer to the works of [1,27,34,60]
for most of the definitions introduced in this chapter. This will ensure that our

exploration remains self-contained and coherent.

2.1 g-analogues

In this particular section, we recall various notations and definitions associated
with g-analogues. To facilitate this exploration, we commence with a set of necessary

definitions, followed by a list of necessary theorems.

Definition 2.1.1. Let a be a complex number. The g-analogue of a is given by:

la], = , q# 1.

Definition 2.1.2. The ¢-factorial is articulated as:

¢—1 ¢-1 ¢ -1
[n]q!:[1]q'[2]q"'[n_1]q'[n]q:q_l' q—1 q—1

Definition 2.1.3. The expression for g-shifted factorial of a is as follows:

n—1

(@qo=1 (aq.=][0-ag™), n=12...
m=0
(@3 @)oo = lim (a;¢)n = [T = ag™.
n>0

Remark 2.1.1. The g-analogue of numbers satisfies the following identities:

[—aly = —q "[al, and [a], =g~ [a],.

Q=



32 Chapter 2. Preliminaries

Definition 2.1.4. (¢-gamma function) The g-analogue of the gamma function

which was introduced by Jackson in ref. [44] is described as follows:

(¢; Q)1 =)' "

, for 0<g<1
(0% 4) o

Fq(x) =

and

T

¢& (g (g — 1)

Falr) = (% ¢ oo

, for ¢ > 1.

Definition 2.1.5. (¢-digamma function) The g-analogue of the digamma function
is defined as the logarithmic derivative of g-analogue of the gamma function. As a

result, we have:

bule) = L logTy(2).

dx
Hence,
anr:p
¢q(x):_log(1—q)+logq;m, for 0<q<1
and
1 qfnfm
YPy(z) = —log(qg — 1) +logq| v — = — S
n>0
J— q—na:
= —log(q—1)+logq|lz— - — ,  for ¢>1.
2 n>1 L—gm

Definition 2.1.6. The Nielsen Reflexion Formula is given by the following

expression:
C(s)¢(s") = C(s,8") + C(s'8) + (s +57),
where s, s" > 2.

Definition 2.1.7. A g-analogue of the Nielsen Reflexion Formula for ¢ > 1

corresponding to Equations 1.24 and 1.25, respectively, can be stated as:

Cq(s)Cq(Sl) = (y(s, s') + Cq(slv s) + Cq(s +5') + (¢ — 1)@1(3 +s —1)
=G (5,8) + (8 8) = (s +8) = (@ = 1)¢(s + 5 = 1), (2.1)

where s, s" > 2.
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Next, we give a partial fraction expression that plays a crucial role in proving

Theorems 1.5.12 and 1.5.13. The expression is defined as follows:

—_

1 1 5= N
(1—w)(1—w) (A—u)(l—v) (1= 0+ (1 — wv)s’ (2.2)

)

Il
=)

where u, v € R.

In Chapter 1, we established the definition of g-analogue of the Riemann
zeta function and g-analogue of the Hurwitz zeta function, which serves as the
foundational framework for our current exploration. We revisit these definitions to

reinforce their significance.

Definition 2.1.8. For ¢ > 1, a ¢g-variant of the Riemann zeta function is defined as

follows:

G(s) = Z [31]5’ for R(s) > 1. (2.3)

n>1

Definition 2.1.9. For ¢ > 1, a g-analogue of the Hurwitz zeta function is given by:

n-+x

G(s,2) = Z [nq+ i for R(s) > 1, (2.4)

n>0 q

where z ¢ Z<y.

Further, we bring into focus the critical results that have been thoroughly
studied. These results, carefully introduced here, are poised to play a pivotal role
in the forthcoming discussions and analyses within the realms of Chapters 3, 4, and
5. The initial result, articulated by Kurokawa and Wakayama in 2003, pertains to

the analytic characteristics of (,(s). The theorem is outlined as follows:
Theorem 2.1.1. Suppose q > 1. Then, the following statements hold:
1. (,(s) is meromorphic for s € C.
2. Around s = 1, we have the Laurent expansion

g—1 1

Cqls) = logq s — 1

+7(0) +alg)(s = 1) + -+

with

7<Q)_Z 1 +((]_1)10g((]_1) q_l'

1 [nlq log g 2

Proof. For the proof, see Theorem 2.1 in ref. [47]. O
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The authors of ref.[47] also conducted research on the analytical properties
of g-analogue of the Hurwitz zeta function. This investigation resulted in the

formulation of the following theorem:
Theorem 2.1.2. Let ¢ > 1. Then, (,(s,x) is meromorphic for s € C.

Proof. Using classical binomial expansion, we have:

>l
(s, ) =
' n>0 [n + ZE]Z
=(q— 1)) "™ (" -1
n>0
—= (q _ 1)5 Z qn—i-z(l—s)(l _ q_(n_l’_x))_s
n>1
= —1)° n+a(l-s) =S —1)* —(n+az)k
(q ) Zq Z L ( ) q
n>1 k>0
_ S5 1) (s+k—1) ) srhot)
—a-1) Kl >
k=0 n>1
_ =S5+ 1) (sHk—1) g2tk
= (q - 1) Z k! 1 q*(s+k71)
k>0
o= S(s+1)---(s+k—1)glsthk-D0-2)
- (q a 1) Z kj' qs+k—1 -1 .
k>0

Thus, it is evident that (,(s,x) exhibits meromorphic behaviour for s € C. The

set of points comprising {1 —1—2'1(2);2 b e Z} U {a + i% ca,b€eZ,a<0,b# O}
constitutes the locations of simple poles, with s = 1 being a simple pole with residue
q—1 n
logq”

Further, the theorem by Nesterenko in ref. [55] about the algebraic independence
of the Eisenstein series holds significant importance in proving some of our results.

Below, we present the formal statement of this crucial theorem.

Theorem 2.1.3. For any q with | q |< 1, the transcendence degree of the field

Q(q, E2(q), Ea(q), Es(q))

is at least 3. Thus, for q algebraic, E3(q), E4(q), and Eg(q) are algebraically

independent and hence transcendental.

In addition to this, the work of Duverney and Tachiya, as documented in ref. [24],
represents a noteworthy refinement of the methods originally proposed by Chowla

and Erdos, particularly in the context of establishing the irrationality of Lambert



Chapter 2. Preliminaries 35

series. They proved the following theorem on linear independence for various types

of Lambert series:

Theorem 2.1.4. Let og(n) be the divisor function and {a,},>1 be a sequence of
non-zero integers satisfying log|a,| = O(loglogn). Then, for every integer h > 1,

the following numbers:

1, Z UO(;)%’Z UOE]ZBL%? o ’Z UOE]ZT)L%

n>1 n>1 n>1

are linearly independent over Q.

2.2 Certain results from analysis

In this section, we revisit and elucidate essential principles and findings stemming

from the domains of real and complex analysis.

2.2.1 Analytic function

Consider a non-empty connected open subset of the complex plane, commonly

known as a region, and denote it as €.

Definition 2.2.1. Let f be a complex function defined in the region €2. For zg € €2,

consider the following limit

f(l)(ZO) — lim f(z) — f(zo)'

220 Z— 2

Then, f is said to be analytic in Q if f is single valued and f()(z,) exists for every

zo € ). It is referred to as the derivative of f at z.
Remark 2.2.1. A function is entire if it is analytic in the whole complex plane.

Definition 2.2.2. A locally analytic function is a complex function that is

analytic in a neighbourhood of each point in its domain.

2.2.2 Taylor series

Consider a complex number zy and let D(zg;r) represent the set {z € C : |z —
2p| < r}. Utilizing the Cauchy integral formula and principles from the theory of

analytic functions, one can establish the following significant outcome:
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Theorem 2.2.1. Let f be an analytic function on an open set A € C and a be
any point of A. Then, all derivatives ™ (a) exist, and f can be represented by the

following convergent power series:

in every disc D(a; R), whose closure lies in A. Moreover, for every n > 0, we have:

() = 2 /c S g, (2.5)

C2mi Jo (2 —a)n

where C is any positively oriented circular path with center at a and radius r;y < R <

r.

Proof. For the proof see ref. [1, Theorem 16.20]. ]

2.2.3 Laurent series

Consider a complex number 2, along with non-negative real values r; and 7.

We can denote the set A(zp;71,72) as:
A(zp;r1,me) = {2 € C:m < |z — 29| < 1o}

The set A(zo;71,72) is commonly referred to as an annulus.

Theorem 2.2.2. Let f be an analytic function on an annulus A(a;ry, o) for some

fixed a € C. Then, for every interior point z of this annulus, we have:

f(2) = f1(2) + fa(2),

where

and

o =— | —1 g, (2.6)
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where C is any positively oriented circular path with center at a and radius r, with
ry < r < ry. The function fi is analytic on the disk B(a;ry). The function fs is
analytic outside the closure of the disk B(a;r).

Proof. For the proof see ref. [1, Theorem 16.31]. O

The function f; is called the regular part of f at a while the function f, is called
the principal part of f at a.
Remark 2.2.2. 1t is evident that the Taylor series expansion and the Laurent series
expansion of a function f centered at a point a possess uniqueness, due to the

existence of formulas given by Equations 2.5 and 2.6, respectively.

2.2.4 Big O notation

The Big O notation, denoted as O(-), is a mathematical notation used to describe

the upper bound or asymptotic behaviour of a function.

Definition 2.2.3. Let f(z) be a real or complex-valued function and g(x) be a
positive real-valued function. Then, f(z) = O(g(x)) (read as “f(z) is Big O of
g(x)”), if there exists a positive real number M and a real number x, such that
|f(x)] < Mg(x), for all z > xq.

2.3 Fundamentals of p-adic theory

The purpose of this section is to investigate thoroughly the definitions and
theorems related to p-adic theory that serve as an essential component for the
results in Chapter 6. In our pursuit, we will begin by revisiting basic definitions
and subsequently introduce a series of theorems that have direct relevance to our

research outcomes.

Definition 2.3.1. The p-adic logarithm of x € U, is defined as follows:

log, (z) = log, (1 + (e — 1)) = 3 (~pyrnt =

n
n>1

where Uy = B(1,1) ={z € C, : |[x — 1|, < 1}.

Definition 2.3.2. The p-adic digamma function 1, (z) is given by the following

expression:
pF—1
Pp(x) = kh_}rgo o ZO log,(z +n)

for any x € C,.
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The theorem introduced by Diamond in ref. [22] holds the utmost importance in
supporting our research outcomes. It is fundamental to our endeavours to establish
the results that we are aiming to convey. Here is the statement of this essential

theorem:
Theorem 2.3.1. If ¢ > 1 and (; is a primitive g-th root of unity, then

q—1
qVp(r,q) = 7p — Z ¢, " log, (1 —¢7).
a=1
Further, our conclusions are supported by the p-adic counterpart of Gauss’

theorem in C, which is presented as:

F-1
Up(r/f) =—log f — 7, + > _ ¢ log, (1 — (),
a=1
where r, f € ZT, r < f, and v,(r/f) < 0. However, for cases where v,(r/f) > 0 and
for any u such that p* = 1(mod f*), where f = p*f* with (p, f*) = 1, we have the

following relation:

-1

pupi 1HL(r/f) =—logf—,+ ZC*‘" log, (1 —¢“).

a=1

In the classical context, Baker’s theorem assumes a crucial role in formulating
assertions concerning the logarithms of algebraic numbers. This significance becomes

apparent through the following statement:

Theorem 2.3.2. (Baker’s theorem) If ay,aq,...,a, are non-zero algebraic
numbers such that log oy, . . . ,log a,, are linearly independent over the field of rational
numbers, then 1,1og aq, ..., log a,, are linearly independent over the field of algebraic
numbers.

Similarly, in p-adic theory, the theorem put forth by R. Kaufman stands out to

be of significant importance.

Theorem 2.3.3. (R. Kaufman) Let ay, s, . .., a,, be fized algebraic numbers that
are multiplicatively independent over Q with height at most h. Let By, 581, ..., Bm be
arbitrary algebraic numbers with height at most H (assumed greater than 1) and
Bo # 0. There exists a constant ¢ > 0 which depends only on the degree of the
number field generated by a1, oo, . .., G, Bo, B, - - ., B Such that the following holds:
Let K = Q(aq, az, ...y &y o, Brs - - -5 Bm) and o —1|, < p=, for1 <i < m. Then,

|BO + B logp ar+ -+ Bm logp am|p > p—clong7
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where ¢ is a constant depending only on p, h, m, and [K : Q.

As a consequence of this theorem, the following conclusion was drawn by Murty
and Saradha in ref. [53]:

Theorem 2.3.4. Suppose that oy, s, ..., ap, are non-zero algebraic numbers that
are multiplicatively independent over Q and [y, Pa, ..., Bm are arbitrary algebraic

numbers (not all zero). Further, suppose that
|, —1],<p ¢ for 1<i<m,

where ¢ s a constant that depends only on the degree of the number field generated

by 0,0, . .. Jam7ﬂ17527 T Jﬁm' Then,
51 ]'ngal + e + ﬁmlogpam
18 transcendental.

The theorems presented in Chapter 6 rely strongly on the forthcoming
propositions and lemmas. The initial proposition of this nature pertains to the
multiplicative independence of cyclotomic numbers, as established by Chatterjee
and Gun in ref. [18].

Proposition 2.3.5. Let P be the set of rational primes. For p; € P, let ¢; = p;",
where m; € N and ¢, be a primitive g;-th root of unity. Then, for any finite subset
IC of P, the numbers

aj

1 — (g, 1:%’ where 1 < a; < %, (a;,q;) =1, and p; € K
a

are multiplicatively independent.

Moreover, by employing Theorem 2.3.4 and Proposition 2.3.5, they derived these

two significant lemmas:

Lemma 2.3.6. Let IC be any finite subset of P. Forq e K and 1 < a < q/2, let s,,
tg be arbitrary algebraic numbers, not all zero. Further, let ty be not all zero when
p € K. Then,

S sglog,(1-C)+ Y tilog, G :%)
q

qeER qeR,
1<a<q/2

18 transcendental.
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Lemma 2.3.7. Let qq, qo be two distinct prime numbers and 1 < r; < q;, fori =1,2.
Then,

g2—1 q1—1

D G log, (1= ¢h) = > ¢t log, (1 — (1)
b=1 a=1

18 transcendental.

In 1980, Pei and Feng [58] introduced a crucial finding concerning a necessary
and sufficient condition for the multiplicative independence of cyclotomic units
involving prime powers and a product of distinct primes. The following constitutes

the statement of the result:

Proposition 2.3.8. For a composite number ¢ # 2(mod4), the following system:

1-¢
{1—Cq :(h,q):1,2§h<q/2}

of cyclotomic units of the field Q((,) is independent if and only if one of the following

conditions are satisfied (here ag > 3; oy, g, a3 > 15 py,p2, p3 are odd primes):
1. ¢ =4p7*; and
e 21is a primitive root mod pJ*'; or
e 21is a semi-primitive root mod p]* and p; = 3(mod 4).
2. q=2%p; the order of pi(mod 2%0) 4s 202 29073y, % —1(mod 2%), and

e 2 s a primitive root mod pit; or

e 2 s a semi-primitive root mod pi* and p; = 3(mod 4).
3. q=p*p5?; and

e when p; = py = 3(mod 4): py is a semi-primitive root mod py? and ps

is a semi-primitive root mod pi*, or vice versa.
e otherwise: p; and py are primitive root mod psy? and mod pi*,
respectively.

4. q=4p7"py*; (p1 — L,pa — 1) =2 and

e when p1 = ps = 3(mod 4): 2 is a primitive root for one p and a
semi-primitive root for another p; py is primitive root mod 2p5? and py

is a semi-primitive root mod 2pi" or vice versa.
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e when p; = 1,ps = 3(mod 4): 2 is a primitive root mod p3?; p; and ps

are primitive root mod py? and mod p{', respectively.

5. q=ppy?ps?; pr = p2 = p3 = 3(mod 4): (p'—1)/2 (1 <i < 3) are co-prime
to each other; and

® p1,p2,p3 are primitive root mod py*, mod ps®, mod pit, respectively

and semi-primitive root mod p5*, mod pi", mod p3?, respectively.

Property I: Let m be a natural number such that m = pi"p5* with
(Oél7¢(pg2)) =1= (@2,¢<p?1)), where b1, p2 are odd primesa o1, Qg € N7 and

satisfies the following:

a2

1. p1 = p2 =3 (mod 4) : p; and p, are semi-primitive roots mod p3* and mod

p1t, respectively or
2. p1, pe are primitive roots mod p5? and mod p{*, respectively.

Property II: Let M be a finite set of natural numbers with |M| = n, containing
pairwise co-prime integers m;, where 1 < i < n such that m,; satisfies Property I.

Let us assume

b; c;
=Dp;'q;",

where p; and ¢; are odd primes, for all 1 <i <n.
Following this, Proposition 2.3.5 was extended by Chatterjee and Dhillon (see
ref. [11]) in 2020 with the help of the aforementioned properties. The formulation of

the result is presented below as Proposition 2.3.9.

Proposition 2.3.9. Assuming Property II and let (,,, be a primitive m;-th root

of unity. Then, the numbers

az

1-— Cpm qu’ C

mq

50, with (a;,m;) = 1 and 1 <4 < n are multiplicatively independent.

where 1 < a; <

In another article [12], Chatterjee and Dhillon provided the requisite condition,
both necessary and sufficient, for the multiplicative independence of cyclotomic

numbers when ¢ = 2 (mod 4). The outcome is stated as follows:

Proposition 2.3.10. For any composite number ¢ = 2 (mod 4), the system

1 ¢h
=, :(hyg) =1,1<h<q/2
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15 multiplicatively independent if and only if q satisfies one of the following

conditions:
1. ¢ =2p", where p is an odd prime,

2. q = 2m, where m satisfies condition III and V in Proposition 2.5.8.

2.4 Miscellaneous results

In this section, we present pivotal findings and noteworthy observations that hold
significant importance in the context of our work. These results serve as integral

components, shaping and influencing the outcomes explored in our study.

2.4.1 Arithmetic results

Definition 2.4.1. An arithmetic function is a complex or real-valued function

defined on the set of natural numbers.

Definition 2.4.2. For any two arithmetic functions f and g, the Dirichlet

convolution of f and g is denoted by f * g and is defined as:

(fxg)m) =D f(d)g (%)

din

Definition 2.4.3. For any real or complex «, the divisor functions o,(n) is an

arithmetic function that can be expressed as follows:

oa(n) = Z -,

d|n

for all n € N.
It is essential to note the following significant points:
e When o = 0, 0¢(n) is the number of divisors of n.
e When o = 1, oy(n) is the sum of divisors of n.

Definition 2.4.4. A number n is defined as a primitive root mod ¢, if the order
of n(mod q) is ¢(q).

Definition 2.4.5. A number n is defined as a semi-primitive root mod ¢, if the
order of n(mod q) is ¢(q)/2.
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Theorem 2.4.1. For g > 1, prove that

Proof. Consider

3 1 1( 1 >
nzlq 1 n>1q 1 n
+

Now, substituting nk = m and using Dirichlet convolution, we obtain:

1 oo(m
ey (m)

o1 4 q

where gg(m) = Z 1 is the number of divisors of m. O
dlm
2.4.2 Stirling numbers of the first kind

Definition 2.4.6. The Stirling numbers of the first kind count permutations
according to their number of cycles (counting fixed points as cycles of length one).

The number of permutations on n elements with k cycles is denoted by s(n, k).

For example, consider a symmetric group with 4 objects. So, we are interested
in finding the number of permutations for these 4 objects with 2 cycles, that is, we

have n = 4 and k = 2. We can observe the following:
e There are 3 permutations of the form (ee)(ee) with 2 orbits, each of size 2.

e Additionally, there are 8 permutations of the form (e e @)(e) with 1 orbit of

size 3 and 1 orbit of size 1.

Thus, in this case s(4,2) = 11.

These values also adhere to the recurrence relation presented below

s(n+1,k) =ns(n, k) + s(n, k —1).
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Below is a table illustrating the initial values of s(n, k) for the first few values of n
and k.

11 6 1
24 20 35 10 1
120 | 274 | 225 | 8 | 15 | 1
720 | 1764 | 1624 | 735 | 175 | 21 | 1

N O | O =W NN~ O
S|l o|Oo|Oo|lOo| OO+

2.4.3 Eulerian numbers triangle

Definition 2.4.7. The classical Eulerian number A(n,m) is the number of
permutations of the set of numbers {1,...,n} in which exactly m elements are

greater than the previous element.

For example, for n = 1, 2, 3, we have:

n (| m Permutations A(n,m)
0 id A(1,0) =

Nk id A(2,0)= 1
1 (12) A21) =1
0 id A(3,0)= 1

s 1] @2, @13), 23,132 AB1) =4
2 (123) A(3.2)=1

When dealing with larger values of n, A(n,m) can be computed using the

following recursive relation:
An,m)=(n—m)A(n—1,m—1)+ (m+1)A(n — 1,m).

Consequently, this leads to the creation of an Euler’s number triangle for some

values of n and m.
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4 1
11 11 1
26 66 26 1
o7 | 302 302 57 1

120 | 1191 | 2416 1191 120 1
247 | 4293 | 15619 | 15619 | 4293 247 1
502 | 14608 | 88234 | 156190 | 88234 | 14608 | 502 | 1

OO0 ||| =W N~
)RR~ |R|FR]|~]|~

2.5 Notations

10.

. The classical Pochhammer symbol (s), is given by: (s); =

. The symbol <n) represents the value
m

s(s—l—l)---(s—i—t)'

(t+1)!
. The g-Pochhammer symbol (a; q),, is given as:
n—1
(a;q)n = [J(1 —ad®) = (1 —a)(1 — ag)(1 — ag®)--- (1 — ag"™").
k=0

n!
m!(n —m)!’

. Notations ((s), ¥(s), and ((s,z) denote the Riemann zeta function, the

digamma function, and the Hurwitz zeta function, respectively.

. Notations (4(s), ¥4(s), and (,(s,z) denote g-analogues of the Riemann zeta

function, the digamma function, and the Hurwitz zeta function, respectively.

. Notations I'y(z), ¥,(s), and log,(r) denote p-adic analogue of the gamma

function, the digamma function, and the logarithm function, respectively.

. The p-adic valuation in C, is denoted by v,(x) with v,(p) = 1.
. The p-adic norm is represented as | - |, and [p|, = 1/p.

. 2y ={x € Qp : |z|, = 1} denotes the ring of p-adic integers with norm equal

to 1.

Uy =B(1,1) ={x € C, : |xr — 1|, < 1} denotes the open unit ball centred at
1 in p-adic theory.
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11

12.

13.

14.

15.

16.

17.

18.

19.

20.

The numbers s(n+1,7) denotes the unsigned Stirling numbers of the first kind.

For ¢ > 1, A;n(j — 1, 7) represents the polynomial in ¢ of degree (j — 1) and

coefficients from the j-th row in Eulerian numbers triangle.

The symbol B(i) is the denominator of non-zero coefficients in the series

expansion around zero of $ cot(z/2) disregarding the first term.

For any real number z, {z} represent the fractional part of z, |x| denote the
greatest integer less than or equal to x, and [z]| denote the smallest integer

greater than or equal to x.

The n-th harmonic number, denoted as H,, is given by the following

expression: L .
Hy=14-4-+4+—.
n=ltg oot

A sequence s = (sq, 89, ..., Sg) is said to be admissible sequence, if s; > 1.

O(-) denotes the Big O notation.

For a positive integer m, the symbol (,, denotes the complex m-th root of
unity e Tt is easy to verify that

if m|n

S = {m
a=1

0, otherwise.

For any finite set S, the cardinality of S is given by |S|.

To facilitate ease of use, the below table provides a reference for the symbols

frequently employed in our discussion.

H No. H Symbol ‘ Reference in the text H

1 Y:(q) Equation 1.15

2 Cy(s) Definition 1.5.1
3 Cy(s1,82) Definition 1.5.4
4 (o (s1,52) Definition 1.5.4
5 (g (51, 52) Definition 1.5.4
6 Co*(s1,82) Definition 1.5.4
7 Curq(S1,52;83) | Equation 1.31




Chapter 3

A g-analogue of Euler-Stieltjes

Constants

In this chapter, we formulate a closed-form expression for a g-analogue of the
Euler-Stieltjes constants. These constants serve as coefficients in the Laurent series
expansion of the g-analogue of the Riemann zeta function which was introduced by
Kurokawa and Wakayama in 2003 [47]. Additionally, we indulge in the discussion
on the linear independence of a set of numbers related to the g-analogue of Euler’s
constant, thereby extending the findings of Kurokawa and Wakayama. Finally,
we establish the transcendental nature of a specific number associated with the
2-analogue of the first Euler-Stieltjes constant. The work present in this chapter is

published and accessible in ref. [13].

3.1 Introduction

In the classical number theory, the Riemann zeta function has been generalized in
many different ways, with each generalization becoming a focal point of investigation
in the realm of mathematics. The Laurent series expansion for each of these
generalizations gives rise to corresponding generalizations of the Euler-Stieltjes
constants, which are the coefficients in the Laurent series expansion of the
Riemann zeta function. Here, we explore the Laurent series expansion of one such
generalization known as the g-analogue of the Riemann zeta function. To assist the
reader, let us revisit key definitions from Chapters 1 and 2 that will be useful in

laying the groundwork for our results.

Definition 3.1.1. (Riemann zeta function) For a complex number s satisfying

R(s) > 1, the Riemann zeta function, ((s), is defined as:

) =3

n>1

It is extended to the whole complex plane except at a point s = 1, where it has

a simple pole with residue 1. So, the Laurent series expansion at s = 1 is given as
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follows:

1\
()= ——+ 3 E -1,

k!
k>0
where vy is the Euler-Stieltjes constant and is given by:

N k k+1
. log"n  log" N
=1 — )
T NI—I>IC1>O<Z n k+1 )

n=1

Then, Kurokawa and Wakayama in 2003 introduced the following g-analogue of

the Riemann zeta function:

Definition 3.1.2. (¢-Riemann zeta function) For ¢ > 1, a ¢-variant of the

Riemann zeta function is defined as follows:

W) =D nm RS

n>1

They introduced a g¢-analogue of the FEuler’s constant by expanding the
aforementioned series around s = 1 and established some irrationality results related
to them. We further extend their results and study other coefficients in the Laurent

series expansion of the g-analogue of the Riemann zeta function defined above.

3.2 g-analogue of the Euler-Stieltjes constants

In ref. [47], Kurokawa and Wakayama gave the following theorem for the

g-Riemann zeta function given in Definition 3.1.2.
Theorem 3.2.1. Suppose q > 1. Then, the following statements hold:
1. (,4(s) is meromorphic for s € C.

2. Around s = 1, we have the Laurent expansion

q—1 1
~logg 's—1

Gq(5) +9(q) +e(g)(s—1)+---

with

1 —1)log(q—1 ~1
7<q>:z[n]q+(q )loggq(q ) q2_

Consequently, we further extend Theorem 3.2.1 by establishing the following

result for the aforementioned ¢-Riemann zeta function:
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Theorem 3.2.2. The g-analogue of the Riemann zeta function is meromorphic for

s € C and its Laurent series expansion around s =1 is given by:

Gu(5) = g 30() + ()5 = 1)+ 0) s = D+ 5ala)(s — 17+
with
B ol s(n+1,1) \ log"™ (g — 1)
”’“(Q)_;«; ]! ) (k+1—9) )
k k—(3-1) . . . ; (i 1)—i
v s(n+1,i)q" A (j — 1, 5) log ¢ | log* =0 ~D"(q — 1)
o ”( 2 (Z - ) = G-D -0
C(g=Dlog"(g=1)  (¢—1)log" (g 1)
2(k!) (k+ 1)!logq

i1 (@ — D log? ! qlogh= (g — 1)
B)(k— (2i—1))! ’

+) (=1

where s(n+1,1) are the unsigned Stirling numbers of the first kind, Agn(j —1,7) is
the polynomial in q" of degree (j — 1) and coefficients from the j-th row in Eulerian
numbers triangle, B(i) is the denominator of non-zero coefficients in the series
expansion around zero of 5 cot(x/2) disregarding the first term, and [x] denotes

the smallest integer greater than or equal to x.

Proof. The binomial expansion of the ¢-Riemann zeta function yields the expression:

Gls)=(q=1)*Y q"(¢"—1)~*

n>1
_ (q _ 1)5 an(l—s)(l - q—n)—s

n>1

—s —S -n

=(g—-1P) ¢y ( h )(—1)"@ -

n>1 k>0

s s(s+1)---(s+k—1 (st
£>0 n>1

:(q_l)szs(s—l—l)---(s—i-k—l) 1 . (3.1)

| s+k—1 __
= k! q 1

Then, from Theorem 3.2.1, we see that (,(s) is meromorphic for s € C and has simple
poles at points in the set {1—1—@'% b e Z} U {a—i—i% ca,beZ,a <0,b# 0},
with s = 1 being a simple pole with residue %. Now expanding Equation 3.1, we

get:

)



50 Chapter 3. A g-analogue of Euler-Stieltjes Constants

—(g—1)°

Note that around s = 1, we have:

(4= 1" = (g = 1) + (g~ D)loalg — D}(s 1) + 5 (g~ 1 log*(g — 1)}

(5= 1)+ g~ Dlog(g — D}(s — 1)+

1 1 11 1
— 5+ 5 logg(s — 1) — o~ log*q(s — 1)°

¢ 1—1 logg(s—1) 2 ' 12 720
1
—— log® — 1)+ ...
+ gogp 108 a5 =17+
1 1 (g —1—qlogq) qlogq
S = + s—1 —1—{—
r-1 G0 o UV oy
21 2 21 2
(¢ +¢°)log Q}($_1)2+{(Q+Q)qu
2(¢ — 1) 2(q—1)3
+4¢* + ¢*) log®
_ (g+4¢ + ¢°)log Q}( NI
6(q —1)*
1) 1 1 - 2 9¢%1
s(s+1) 3+ 3q q qu(s—l)

9 qs+1_1:q2_1+ 2(¢2 — 1)

9.2 4 A 2 9.4 2752 41002

1 —2¢*+q" +3q°logq — 3¢" log g + ¢* log™ q + ¢" log q(s—1)2
2(¢* —1)°

+

A similar expansion of the other terms in Equation 3.2 leads to the following

expression:
Cols) = [(q =1 +{(g—1loglg = }(s —1) + %{(q —1)log*(¢ = 1)}(s — 1)

1 1 n 1+ 1 . 1
loggs — 1 2 qg—1 ¢-1

+ 2l 1)log g~ D} s~ 1)* -

1 1 log q 1 3 11
—1)°
te-1 o1t >(S )+<12 +{q—1+2l(q2—1)+3!(q3—1)

qlogqg  ¢’logqg = ¢’logq 1
4oy — + + S [CE | N p g——
} {@—4% SRR TE R\ FreEsy
N 6 N 35 R qlogq 3¢%log q 11¢3logq
3¢ —1)  4l(¢* - 1) (¢—1)2% 2(¢2—1)2 3l(¢*—1)3
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2(q —1)3 2(¢> —1)3 2(¢® —1)3

N _log3q+ 1, 8 B
720 g2 —1)  4l(¢*—1) 5l¢®>—1)

6g°logq  35¢*logq g(g +Dlog®q  3¢*(¢° +1)log’q
(g2 —1)3  4l(¢* —1)? 2(q—1)3 2x2!(¢? —1)3

11q3(q3+1)10g2q+m} B {Q(q2+4q+1)log3q ¢*(¢" +4¢° +1)log’q

+1)log”q  A(a*+1)log’q | ¢*(q* +1)log’
+{q(q Jog"q | gl +1log"q (e +Dlog7q L) 4y

2% 3!(g® —1)3 3l(g —1)* 3(g? — 1)*
3( /6 3 3
¢*(¢" +4¢° +1)log”q 3
-1
+ 3 — 1) + (s—1)°+

B [@_1)2%@”(9’_1)(5_1)“] [@sil <__+Zq —1>
log q s(n—|—1,2) q" log q S(n—i—l,?))
+<?+n221n!(q”—1) _ZW><S_1)+(ZW

n>2

1,2)¢"1 "(g" + 1) log? log®
_Z s(n + qoqur Q(q+)0gq(s_1)2+ _log”q
n!(gm —1)? (g» —1)3 2l 720

n>1

N Z s(n+1,4) Z s(n+1,3)¢" logq N Z s(n+1,2)¢"(q" + 1) logq

= nl(gn —1)2 = 2(gn —1)3 n!

oy ¢"(¢*" +4¢" + 1) 1og3q) (s—1)°+ (Z s(n+1,5) 3 s(n+1,4)q" logg

n _ 1)4 n _ n _ 1)2
= (=1 3! = nlg" =1 L nllgn-1)
Z s(n+1,3)q"(q" + 1) log® ¢ B Z s(n+1,2)g"(¢>" + 4¢" + 1) log® ¢
= 2(¢q" —1)3 n! = 6(¢g" —1)4 n!

3n 2n
q"(q +11q +11¢" + 1) log* ¢ 4
+) @ 1 il LR AR (3.3)
n>1

Therefore, we have:

Csy= =11 +[_q—1+(q—1)log(q—1)
‘ 2

1
—1
logg s —1 log q +(4 ){q—1+q2—1

REETY B S SR BRI SN
1 2 T =1 -1 g1 A

+

P R
¢—-1 q¢'-1

—1)log?(g — 1 1 —1—gql
+--~}log(q—1)+<q ) log™(g )+(q_1){ogq+q qlogq

2logq 12 (g—1)2

-3+ 3¢ — 2¢%1 —11+ 11¢% — 64°1
¢° —2¢°logg ¢ =6q7losq Uy

1
2(¢* - 1) 6(¢® — 1) 2= Y
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1 1 1 1 1 (q—1)log*(g — 1)
_Z : v Sloe? (g —1
{ s ittt sttt }Og(q )+ 6log g

+(g—1) log ¢ 4 q—1—gqlogqg —3+3¢>—2¢°logqg —11+11¢*> —6¢loggq
12 (q—1)2 2(¢> —1)2 6(q> — 1)2

o Yita- - of - gt

N 1 —2¢% + ¢* + 3¢%log g — 3¢*log ¢ + ¢*log® ¢ + ¢*log* ¢

2(¢? —1)3
6 — 1203 + 6¢° + 11¢3 log g — 11¢%log g + 33 log? ¢ + 3¢° log?
n q q ¢’ logq 3q 3gq ¢’log7g+3¢°log"q (s —1)?
6(q¢®> — 1)
+ys(@)(s = 1)° + -+ (3.4)

We consequently examine that:

1 (g—1)log(g—1) ¢—1

VO(Q):V(Q):%;[n]q+ onq -5
0= (5 i+ O (15

alg) = (Z [1 n (g—1)loglg—1) q—1>log2(q—1) N ((q—l)logq

3logq 2 2! 12

_ ] (¢")logq s(n+1,2) oe(d — "(¢" +1) \log’q
2 Tl -0 2 i, >1g<q 1)+(§[n]q<qn—n> ;

n>1

s(n+1,2)¢" o s(n+1,3)
N (Zn![n]q(q”—1)>l IEDIE nlln],

n>1 n>2

Therefore, from Equation 3.4, collecting all the coefficients of (s—1)* and rearranging

them, we obtain:
s s(n+1,7) \ log" 1~ (g — 1
%(Q):Z [(Z ([n]qn! )> f;k‘—i-lii)! )]
k k—(j—-1) . . . i —(i—1)—i
j s(n+1,0)q" A (j — 1,j) log’ ¢ | log*~U~V"(g — 1)
F2 [ 2 (Z Ml -1 ) k—G-D-1! ]
1

(¢ —1)log" (g — 1)
2(k!) (k+ 1)!logq
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(%] 2i— —(2i—1)
, — 1)1 1 -1
— B(i)(k — (2 — 1))!
This completes the proof. O

Remark 3.2.1. For k > 1, vx(q) can also be reformulated as follows:

(q) =

(¢ —1)log"(q — 1)+§f(%4b£i@—lk+kﬂ%mﬂ%kW)

(k+1)!loggq — (k—1)! (k—1)!

[£]
s+ 1Lk+1) < iv1 (g — 1) 1og” " qlog" (g — 1)
D e A B - ] CEeTimsy) m—

(3.6)

n>k i=1

where ay_; and b,_; are the coefficients of logkfi(q —1) and log"™" ¢, respectively in
Equation 3.5.
Note that the representation in Equation 3.6 has an advantage in coherently deriving

the next Stieltjes constant. For instance, v;11(¢) can be written as:

k:+2 k-1 ook t1=i(g _

(k—|—2'logq P (k’—l—l—z).
k—1 i k—i
—1)'by_; 1 1 1
+ ( )bk ’L‘Og q+ S(?’L+ 7k+ ) 10g(q—1)
; (k —1)! nln],
=0 n>k

k+1 . :
. s(n+1,k+2—7) ) .\ log’ ¢
+ 04V<§: (' -)quU—ldO i

+ 1’ k + 2 ) . 1 1 2i—1 1 k+17(2’ifl) o 1
s s(n ) | 3 0_1y+4(q )log™ " gqlog (¢—1)

Bli)(k+1— (20— 1))

(3.7)

Observe that Equation 3.7 can again be rearranged in the form of Equation 3.6 as

follows:

k+2 k
Ver1(q) = 2= 1) e + Z

(k‘+2‘logq (k+1—14)! * (k+1—14)!

VR

ak+1 i gk+1_i(q_ 1) (— )b;qﬂ ;lo ng_iQ)
(k

=

k+1
2

n+1 k—|—2 ZJrlq—l)log Lqlog
Py Z Bik+1—@-1)

k+17(2i71)<q . 1)

n>k+1 i=1

where
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k—

>—‘

bk Zlog s(n+1,k+1)
Z nl[n],

=0 n>k

and
Wy = ap—i; Vi €{0,1,2,-+ k—1}.

Now, let us consider the case k = 1. From Equation 3.5, we have:

m(q) = (g-Dlog’(g—1) (ZL_E> log(q — 1)

2logq [n], 2
q" n+12 (q—l)logq
- ——— | log ¢ + .
(nZZI [nlq(q™ — ) Zl nlg 12

1 —1
So here, a; = Z W _ 4 5 and b; = (Z o1 ) Using Equation 3.7,
q >1

n>1
we obtain v,(q) as follows:

1(q) = (g=Dlogg—1) (Z [1 4= 1>10g2(q— 1)

3llogq n), 2 2!

(¢")logq s(n+1,2)
' (‘ 2Tl -1 2 ) osla =1

nln],

*(¢"+1) log? ¢ B M )
+ (Z [n]q(qn—1)2> 2 (Zn![n]q(qn_1)> log q

n>1 n>1

s(n+1,3)  (¢—1)logqlog(q —1)
Z nln], * 12 ’

n>2

which again can be rewritten in the form of Equation 3.6 with

QQ:ZL_E and alz_z[]q”logq +28(n+172),

=1 [ ’ =1 el =) = nllnl
N @D s(n+1,2)¢"
e ; [n]q(q" — 1) b (; n!n]y(q" — 1))'

We may find other ¢- Stieltjes constants by using the same procedure.
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3.3 Arithmetic results concerning vy(q) and ~(2)

In ref. [47], Kurokawa and Wakayama also established the irrationality results
involving g-analogue of the Euler’s constant. In this regard, they gave the following

theorem:

Theorem 3.3.1. Let ¢ > 2 be an integer. Then,

(g—1)log(qg —1)
log g

Yo(q) —

is an irrational number. In particular, vo(2) is irrational.

Motivated by their result, we extend this to the linear independence of a set of
numbers involving vy(g) in ref. [13]. However, before indulging into the details of
the theorem, let us first define the normalized g-analogue of the Euler’s constant as
follows:

(¢ —1)log(q —1)

Y (q) = v0(q) — Iog ¢ :

Remark 3.3.1. 7§(2) = 70(2), which is an irrational number from Theorem 3.3.1.

We can now present the result, articulated as follows:

Theorem 3.3.2. For integers v > 1 and q > 1, the set of numbers

{1,%(2), % (@), % (@), - % (@)}
15 linearly independent over Q.

Proof. From Equation 3.5, we have:

(q—l)log(q—1)+z 1 g-1

log q =), 27

Yo(q) =

which further imply

log g Sl 27
Y (q) ; 1 5

Thus, by using Theorem 2.4.1, we have:

W@ =gy 2

n>1
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where og(n) denotes the number of divisors of n.

Similarly, for any integer » > 1, we have:

x/ r 1 qr_l
WO(Q):Z T Ty

1 [”]q’“
oo(n) ¢ —1
=(¢" —1 — .
n>1
For ¢y, c1,¢9,...,¢, € Q, let us consider the following equation:

o+ a175(q) + e2v5(d?) + -+ 5 (q") = 0.

Now, substituting the value of 7(¢*), for i € {1,2,...,r}, we get:

oo(n)(qg—1 -1 oo(n)(g? — 1 21
cO+cl<Z <>;3 ) o )m(z =) _ ¢ )

n>1 n>1 q

+_.'H?“(Zcm(n)(qr—n _qT2—1> o

™
n>1 q

A rearrangement of the terms then yields:

-1 21 T—1
(Co+€1(—qT>+CQ<—q2 >+"'+C7~<—q2 )

CI<ZUO(”)(3—1)> m(;:M) +...+CT< M) _o

2n
s q n>1 q

From Theorem 2.1.4, we have ¢; = 0, for all > 1 and

—1 2_1 T
CQ+01<——q2 >+02<—q2 >+"'+C7~<—q2 )IO,

which further imply ¢y = 0 and thus the set {1,7:(q), 7 (¢%), .-, (¢")} is linearly

independent over Q.
In particular, each ~;(¢') is irrational, for i € {1,2,...,7} and Theorem 3.3.1 follows

from the case for r = 1. O]

Finally, we establish the transcendence of a number involving 2-analogue of the
first Euler-Stieltjes constant in ref.[13]. But first, we must address two essential
lemmas that are important for the proof. The first lemma serves as a response to a

question posed by Erdés in 1948 [26], which is stated as follows:

o1(n)

Question 3.3.3. What is the arithmetic nature on

n>1

, where ¢ > 1 and o1(n)
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is the sum of the divisors of n?

The following lemma answers this question, which can be stated as follows:

o1(n
Lemma 3.3.4. For every integer q > 1, ZL) 15 a transcendental number,
qn

n>1
where o1(n) is the sum of the divisors of n.

Proof. Recall that the Eisenstein series of weights 2, 4, and 6 for the full modular

group is given by (see ref. [55]):

Ex(q)=1-— 24201(71)(1”,

n>1
Ey(q) = 14240 a3(n)q",
n>1
Es(q) = 1—504) o5(n)q".
n>1

By Theorem 2.1.3, the transcendence degree of Q (¢, E2(q), E4(q), Fs(q)) is at least
3. Because each integer ¢ > 1 implies that % < 1 and is an algebraic number, we
find that Es(1/q), E4(1/q), and Eg(1/q) are algebraically independent and hence,

transcendental numbers.

Thus,
Z o1(n) _1—FEx(1/q)
= qr 24
is a transcendental number. O
tn
Lemma 3.3.5. For every integer t > 1, Z m = Z Jlt(nn).

n>1

Proof. From Definition 2.1.5, we have:

Yy(z) = —log(qg — 1) + logq<w - % -y 1q__::n>

n>1

and thus,

n —nx
Yu(x) = logq(l +10ng 1 i] q—")’

n>1

Simple computation and using Dirichlet Convolution then yield:

Z t" —logt + ¥Yi(1)
(tn —1)2 log? t

n>1
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n

n>1
bn here b E
= —, whnere 0, = m
tn

n>1 mln

>
n>1

and the proof is completed. O]
Now, the theorem is given as follows:

Theorem 3.3.6. Let k=1 and q = 2. Then,

1 H,
9) _
log2<%< ) ;2”—1>

1 a transcendental number, where H,, is the n — th harmonic number.

Proof. From Theorem 3.2.2, we have:

71(q) = (Z . lg-lloglg - 1) _ q_1>log(q—1)+ (q;l

e n]q 2logq 2 12
s(n+1,2)
— log g + —_—.
; ) ; nl[n],

Now, substituting £ = 1 and ¢ = 2 in the above expression, we get:
1 s(n + 1, 2
2)=|—=— log 2
Using Lemma 3.3.5, we obtain:
2" B o1(n)
Z(zn_1)2_z on

n>1 n>1

which is a transcendental number by using Lemma 3.3.4. Then, the desired
conclusion immediately follows by using the fact that H, = #s(n + 1,2), where

H,, is the n — th harmonic number. O

3.4 Concluding remarks

The outcomes presented herein underscore the significance of the g-analogue of

Euler-Stieltjes constants in the field of number theory. This sheds light on their
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arithmetic nature, particularly focusing on vy(¢) and ~;(2). As we conclude this
chapter, we anticipate that similar arithmetic results can be investigated for other
coefficients in the Laurent series expansion of the g-Riemann zeta function. In

particular, one can ask the following question:

Question 3.4.1. What is the arithmetic nature of yx(q), where k > 2 and q # 27
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Chapter 4

Generalizations of g-Riemann Zeta

Function

In this chapter, we aim to build upon the results of Chapter 3, extending
them to a g-analogue of the double zeta function, which is a generalization of the
g-Riemann zeta function. Specifically, we aim to derive a closed-form expression for
70,0(¢q), which represents a g-analogue of Euler’s constant of height 2. It appears
as the constant term in the Laurent series expansion of a g-analogue of the double
zeta function around s; = 1 and s, = 1. Moreover, we examine the arithmetic
properties of numbers involving the constant 7§ (¢"), where 1 < ¢ < r, for any
integer r > 1, that appears in the Laurent series expansion of a g-double zeta
function. Finally, we discuss the irrationality of certain numbers involving a 2-double
Euler-Stieltjes constant, i.e., 790(2). Furthermore, we also engage in an exploration
of the coefficients in the Laurent series expansion of another generalization of the
g-Riemann zeta function, namely, g-Hurwitz zeta function. The work present in this

chapter is available in ref. [14,16].

4.1 Introduction

In classical number theory, the Riemann zeta function exhibits several
generalizations. The generalizations that are of relevance to our study are the
multiple zeta functions and the Hurwitz zeta function. Our inquiry begins by
scrutinizing the multiple zeta functions, specifically its g-analogue, followed by an
examination of the g-analogue of the Hurwitz zeta function.

The multiple zeta functions are defined as follows:

C(stonse) = > ﬁ: > HnL (4.1)

ny>ng>->n,.>0 ny>ng>-->n>0i=0 ¢

where s; > 1 and s, > 1, for 2 < k < r. The multiple zeta functions, similar to the
Riemann zeta function, are meromorphic and can be continued analytically in C”.
The sums in Equation 4.1 are known as multiple zeta values (MZVs) or Euler sums

when sq,...,s, are all positive integers (with s; > 1). Set s = s; + $o + -+ + 5,
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then r and s denotes the “depth” and “weight” in Equation 4.1, respectively. Its

star variant, namely, the multiple zeta star functions is given by:

C*(s1y. 0y 8r) = Z ﬁ = Z Hnls, (4.2)

ni>no>->np>10 b ni>ne>->np>1i=1

It is interesting to point out that a variety of definitions of g-analogues of the
multiple zeta functions exist. Bradley in ref. [9] gives the most researched g-analogue

of the multiple zeta functions for 0 < ¢ < 1 with the following formula:

C[s1, 82, 8m] = Z

[ ']Sj Y
k1>->km >0 j=1 714

m q(sjfl)k]'

where s; > 1 and s; > 1, for 2 < j < m. In ref. [56], Ohno, Okuda, and Zudilin

studied another g-analogue which is defined as follows:

k1

G5t sm) =Y = 'q_.“_qkm)m. (4.3)

k1> >kn>0

But, in our study, we define a variant different from these two which can be

expressed as follows:

Glsnsns) = S 1 [ljj]%j , (4.4)

k1>>kn>0 j=1

where ¢ > 1, s; > 1, and s; > 1, for 2 < j < m. Correspondingly, its star variant,

namely, g-multiple zeta star functions are expressed as:

m k;
C;(Shs%'-'vsm) = Z H [lj]SJ
jla

k> >k >1 j=1

In particular, we investigate the multiple zeta functions of depth 2, so the

g-double zeta function is defined by the series:

ni qn2 qm +n2 qnz

_ q —
R D P DR e AR

ni1>ng>1 ni,n9>0 q

where s1, s9 are complex numbers with $(s;) > 1 and R(sg) > 1. Moreover, the

g-double zeta star function can be represented as:
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4.2 ¢-Euler-Stieltjes constant of height 2

After introducing the g-analogue of the double zeta function, we are now ready
to expand upon the results discussed in Chapter 3. The initial theorem addressing
the g-analogue of the double zeta function, outlined in Equation 4.5, is studied in

ref. [14]. The theorem is presented in the following manner:

Theorem 4.2.1. The g-analogue of the double zeta function is meromorphic for

s1, 89 € C and its Laurent series expansion around s; = So = 1 is given by:

B 1 q—1 1 (¢—1)
Co((s1,82) = (51— 1)(s1+ 52 —2) \ logg B (s14 52— 2) 210gq

(q— 1)2 (_1)k10g2kq 2h+1 4
(51+52—2)k220 By 1Y 51—1 Z’V’f

k>0
+ ) (@) (51— D (52— 1)F
k1,k2>0
with
(q) = + Z Z 3 Z 1—q"
70,0 = n—f-k n>1 [n]g
q—1)log(g—1 1 qg—1)log(qg—1
( >1 (¢—1) La=Ulogla=1
0gq 1 [n}q QIqu

and v.(q) = <1ogq>7k(Q)f where yx(q) is given by Equation 3.5 and B(k) is the
denominator of mon-zero coefficients in the Taylor series expansion of %cot(%)

around zero, disregarding the first term.

Proof. The binomial expansion of the function yields the following expression:

_ qn1+n2 qn1+n2 q _ 1)81 qn2 <q _ 1)82
C‘](Sla 32) - Z [nl 4 n2 Z n1+n2 _ 1)81 (qn2 _ 1)82

ni,na>1 ni,n2>1
— (q - 1)81+S2 Z qn1+n2(qn1+n2 _ 1)—81qn2(qn2 _ 1)—82
ni,no>1
— (q _ 1)81+82 Z qn2(qn2 _ 1)*52 Z qn1+n2(qn1+n2 _ 1)*81
ng>1 ni>1
_ (q _ 1)81+82 Z qn2(1—82)(1 _ q—n2)—52 Z qn1+n2(1—81)(1 _ q—(n1+n2))—81
ng>1 ni>1
- s1+s no(l—s —S52 ko —naok n1+na2(l—s1)
SCREUASD SUELD DI () [EVAED SPAS
na>1 ka>0 k2 n1>1

I lq 1 2

k1>0



64 Chapter 4. Generalizations of q-Riemann Zeta Function

SUREIRD Ol i [STED SYEE ) S Al ST

1

k2>0 ng>1 k1>0
Z qn1+n2(1781*k1)
ni>1
— _1)314-32 Z So(sg+ 1) -+ (s9+ ky—1) Z si(si+1)-+-(s1+k—1)
! k2' k’ll
k2>0 k120
n (175271{2) n1+n2(17517k1)
> " >4
ng>1 ni>1
82(82+1)"'(82—|—]€2—1) 81(81+1>"'(81+I€1—1)
— -1 s1+s2
(g =17 3 P~ > -
k220 k12>0
—na(so+ko—1+s1+k1—1) —ni(s1+k1—1)
20" >4
ng>1 n1>1
:( _1)81+822 82(52+1>~'-(82+k’2—1) Z 51(81+1)~"(81+k’1—1>
1 k! !
k2>0 k120

1 1
(q(82+k2—1+81+k1—1) _ 1) (q(81+k1_1) . 1) .

This shows that (,(s1, s2) is meromorphic for sy, so € C and has a simple pole for

s € {1+iligl; :beZ} U {a—l—iligbq ta,b€Z,a<0,b#0} or sp+sy € {a—|—@'1igl; :

a,b € Z,a <0,b# 0} U {a +i2m g € {1,2},b € Z}. Further, expanding the

log g

above equation, we get:

1 1 N $2 s2(s2 +1)
qsl_l -1 qs1+82—2 -1 q81+82—1 —1 2(q81+82 _ 1)

CQ(Sl, Sz) = (q — 1)81+32 [

1 1 S9o 82(82 + 1)
T 51 qsr — 1 q$1+82—1 -1 + q81+52 -1 - 2<q81+82+1 _ 1) o

s1(sy +1 1 1 S So(S9 + 1
Jr1(1 ) { 2 N 2(s2+ 1)

2 q81+1 -1 q81+82 -1 + q81+52+1 -1 2<qs1+52+2 _ 1)

+...}+...

Note that around s; = 1 and s, = 1, we have:

(4.6)

(0= 1" = ((g = 17 + (g — 1) log(g — V(2 — 1) + 5 — 1)’ log*(g — (s>~ 1)?

+0lb—11) + (g = 1?loglg — 1) + (g — 1) log(q — 1)(s2 — 1)
1

+5(a— 1 log*(q = 1)(s2 = 1)2 + Ol — 1]3)(51 1)+ Ols; — 1%
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1 1 1 1 1 sy—1
= - Olsy — 1]°
qsl—l -1 <qs1+82—2 _ 1) S1 — 1 <10g2 q(SQ _ 1) 210gq + 12 + [32 ] )

+ ! ! + L_1, ( 1)
- - - — —10 Sg —
log? q(sy — )2 2logq(s;—1) 3 24 84152

+O0[so =12 | + | — ! + !
2 log® q(sy — 1)3  2logq(ss — 1)
1 log ¢ 2 2
+ 12(82 _ 1) 12 + 0[32 1] >(81 1) + 0[81 1] .

1 1 1 qlogq(sy — 1) N qlog2 q
S = -
1q31 1 qsl+sg—1 -1 (q _ 1)2 (q _ 1)3 2<q _ 1)4

2712
q° log” q 9 3 —1+4+q+ 2qlogq
S —1 —1
+ 2(q_ 1)4)(32 ) +O[52 ] ) + ( (q_ 1)3

. (glogq — ¢*log q + qlog® g + 2¢*log” q)(s2 — 1)
(g —1)*

+ 0[52 — 1]2) (81 — 1) + 0[81 — 1]2

si(si+1) 1 1 _ L dlogg(s:—1) [ ¢’log’q
2 gl — 1\ gtz — 1)\ (¢2—1)2 (2 —1)3 2(q2 — 1)

4 2
q*log”q 2 3
+ 2((]2— 1)4 (82— 1) —|—O[$2— 1] )
N —343¢> —4¢%logq
2(¢* —1)°
N (3¢°log ¢ — 3¢*log q + 2¢*log” g + 4¢° log® q) (55 — 1)

2(¢* = 1)*

+ 0[32 — 1]2> (31 — 1) + O[Sl — 1]2
The other terms in Equation 4.6 also expand similarly, resulting in:

Gols1,82) = ((q —1)* 4 (g — 1)*log(g — 1)(s2 — 1) + %(q —1)%log*(q — 1)(s2 — 1)*

+ 0[5 = 1) + ((a = 1?loglg — 1) + (g — 1*log*(g — )52 — 1)

+=(g—1)*log’(¢ — 1)(s2 — 1)® + O[[s2 — 1]3> (51— 1)+ Olsy — 1]

N | —
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[ 1 (1 1 1 +i(82_1)+0[52_1]3)

s;—1\logq(sa—1) 2logqg 12

+ ! ! ! ! +1 ! log q( 1)
- - — — —10 So —
log®q(s2 —1)2 2logg(sz—1) 3 24 & q\52

+O0[s2— 12 |+ | - ! Ly ! SR
log?q(s2 —1)®  2logq(sz —1)*  12(sz — 1)

12 (g—1)* (¢—1)

qlog®q  ¢*log’q . 3 —1+4¢+2qlogq
— 124 0fsg — 1
+<2<q—1>4+2<q—1>4 R e B G v

(qlogq — ¢*logq + qlog® ¢ + 2¢*log”q) 1
* -1 a1 T O e )

_10gq+O[S2—1]2>(s1—1)+O[sl—1]2+---< L e, )

(=12 (¢>—1)°(s2—1)
47402 2 2
q"log”q 12 ST —3+3q° — 4q° logq

+ —2((]2 = 1)4> (s2 —1)* 4+ Olsa — 1] ) + ( 2 — 1)

N (3¢°log g — 3¢*log q + 2¢*log® ¢ + 4¢*log’q) 1
oA — 1" (2 1)

1 ¢*logg 1 ¢*log’q
+O[sl—1]2+---< - NE 1)

+ O[sg — 1]2) (s —1)+O[sy —1]* +---

(i) [

n>1

P e (35)

n>1

+

(q—1)° [ =D ]

2logq (so—1)"

(=17l q [, (1= 1)
* 720 [Z(_l) (s5—1)" ]

n>1

T Tke(@)(s1 = 1M (s2 — 1)

k1,k2>0

1 / k
+~~~+m[Z%(Q)(82—1)

k>0

B (q—1>2 1 (g 1)? 1
~\logg /) (s1—1)(s1+s2—2) 2logq (s1+s2—2)

(g —1)* log%(q) _ 1 /
Flormon 2D Ty G U [wa@ - 1>k]

k>0 k>0

+ Z Yk ko (Q)<51 - 1)k1 (52 - 1>k27 (47)
k1,k2>0
such that
@) = (2 )wla) (1)
k log q ’
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where 7, (q) is given by Equation 3.5 and

—1)? 3 1—-q"
70,0<Q> q +ZZ n—l—k _Z [n]q

k>1 n>1 n>1 ‘3
(g—1)log(qg —1) 1 (¢g—1logl¢g—1)
+ s q [; o + oz g (q 1)]. (4.9)

]

Remark 4.2.1. Rearranging the terms of Equation 4.9, we obtain:

3 1 3
+ZZ n+k ;W_§CQ(2)

k>1 n>1 q

’V0,0(Q)

(g —1)log(q — 1) (g—1)log(g—1) (¢—1)
+ log q [%(Q) B 2logq 2 ]

and thus establishing the relation between v (q), ¢,(2), and vo(q).

4.3 Arithmetic results regarding 7)(¢) and ~;(2)

In this section, we present a series of theorems associated with the coefficients
found in the Laurent series expansion of the g-double zeta function. Specifically,
we establish an irrationality result concerning the coefficients ((¢) and ~o0(2).
However, for a better understanding of the proof, we rely on a result by Erdos
regarding the irrationality of certain infinite series [26]. The corresponding theorem

is outlined as follows:
Theorem 4.3.1. Let |t| > 1 be any integer. Then, f(1/t) is irrational, where

f@ =Y

n>1

Now, we present the theorems about the coefficient ~((q) as follows:

Theorem 4.3.2. Let ¢ > 2 be an integer. Then,

logq (¢ —1)log(q—1)
q 0g ¢

is an irrational number. In particular, log2(v((2)) is irrational.

Proof. From Equation 3.5, we have:

L (g=Dloglg—=1) g¢-1

Y0(q) =
ola) 1 [nlq log g 2
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Also, from Equation 4.8

, q—1 1 (¢g—1loglg—1) ¢—1
%(Q):<1ogq)<z[n]q+ log g 2 )

n>1

which further implies:

logq \ (q—1)log(q — 1) 1 q-1
(q_1>%(Q)— oz ¢ IZ——T-

1 [n]q

Now, by using Theorem 2.4.1, we obtain:

(logq)%(q) _la=Dlogla=l) _(_yyyonlm) g1

g—1 log g = 2

where og(n) = Z 1 is the number of divisors on n. The irrationality of the left-hand
mln
side follows from Theorem 4.3.1. Hence, the proof is complete. O

Next, let us define:

log g (q—1)log(q—1)
I*x . / _
Y (q) = q_l%(Q) oz ¢

Then, we have the following linearly independence result, which is the extension
of Theorem 4.3.2:

Theorem 4.3.3. For integers r > 1 and q > 1, the set of numbers

{1,%(0), % (@), (@), .-, (@)}

18 linearly independent over Q.

Proof. From Equation 4.8, we get:

, q—1 1 (¢g—1loglg—1) ¢q—1
”°<Q):<@)<;[n]q+ ogg 2)'

Hence, we have:

logq \ , (q—1)log(qg—1) I qg-1
(q_ 1)%((1) - log q —Z@ Ty
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Then, using Theorem 2.4.1, we get:

W@ =(g-1)) 2oln) _ a1

n>1 qn 2
where o¢(n) denotes the number of divisors of n.
Similarly, for any integer » > 1, we have:
1 qg-—1
Pk(orN .
Yo (q ) - Z [n]qr 2
n>1
oo(n) ¢ —1
=(¢" —1 — .
<q ) Z q’/‘n 2
n>1
For cg, c1,c9,...,c. € Q, let us consider the following equation:

o+ 10 (q) + 275 (%) + -+ + 5 (") = 0.

Substitute the value of 75" (¢*) in the above equation, for i € {1,2,...,r}. Then, we

have:

oo(n)(qg—1 -1 oo(n)(g? — 1 21
cOm(Z <>;3 ) o )m(Z DS )

2n
n>1 n>1 q
oo(n)(@" —1 T—1
TR ) NI AAC o it )
n>1 q 2

After rearranging the terms, we get:

-1 21 "T—1
Co+01< q2 )"’CQ( q2 >+"'+CT<_q2 )

(Zw) +(ZW) ++<ZM> “o

qrn
n>1 n>1 n>1

_|_

Now, using the theorem by Duverney and Tachiya regarding the linear independence

of certain Lambert series (see Theorem 2.1.4), we get that ¢; = 0, for all i > 1 and

—1 21 T—1
CQ+01<——q2 >+02<—q2 >+"'+Cr(—q2 )ZO,

which further implies ¢y = 0 and hence, the linear independence of the set
{L,95(Q), 76 (%), - -, 75 (g")} is established over Q. O

Finally, we present a theorem addressing the irrationality of a number associated

with the 2-analogue of the Euler-Stieltjes constant of height 2. The theorem is stated
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as follows:

Theorem 4.3.4. Let ¢ = 2. Then,

70,0 Z Z 2n+k 1)

k>1 n>1

1s an irrational number.

Proof. From Equation 4.9, we have:

3 1—q"
Yoo(q) = + ; ; Jn+ kg ; [n]g
+(q—1)10g(q—1) L la=Dlogla=b) 4|

log ¢ = [n]y 2logq

Substituting ¢ = 2 in the above equation, we obtain:

3 1-2"
Yo,0(2 =—+ZZ n+k —Z Bk

k>1 n>1 n>1
which further implies that
1 3 1
70,0(2 ZZ 2n+k_1) §_§Zgn_1
k>1 n>1 n>1
13y
3 2 on

n=

[y

where og(n) = Z 1 is the number of divisors on n. So, the irrationality of the
mln

left-hand side follows from Erdds argument given by Theorem 4.3.1, and the proof
is completed. O

4.4 ¢-Hurwitz zeta function

After establishing results related to the g-analogue of the double zeta function,
our attention turns towards an exploration of the coefficients in the Laurent series
expansion of the g-analogue of the Hurwitz zeta function. This function represents
another generalization of the ¢g-Riemann zeta function and is already formally defined
in Chapter 2 (refer to Definition 2.1.9). Kurokawa and Wakayama, in ref.[47],
demonstrated that this g-variant of the Hurwitz zeta function is meromorphic for
s € C (see Theorem 2.1.2). In our work [16], we delve into the examination of the

following theorem concerning the coefficients in the Laurent series expansion:
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Theorem 4.4.1. The g-analogue of the Hurwitz zeta function is meromorphic for

s € C and its Laurent series expansion around s =1 is given by:

~1 1
ol ) = Jorr g 90(0,2) (0, 7) s — 1)+ 920, 2) (5 = 1+ 35(a, ) (s = 1 -
with
n(l—x) o _ _
q (g—1)log(¢g—1) q—1
,T) = + — +g—-1)(1—-2
Yo(q, ) 2T, o ¢ 5~ T l@—1-2)
and

n(l—x) _ o _ _
%(%@Z(Zq ] JlazDoslaz D) g 1+(q—1)(1—fv)>10g(q—1)

e [n 2logq 2
-1 1+ (¢" — 1Da)g"t—=) —1)(1 -
I e €l iy L (- 1H(A -z log: ¢
12 n>1 [nlg(q" — 1) 2

¢"!"s(n+1,2)
n![n],

)

2

n>1
where s(n + 1,4) are the unsigned Stirling numbers of the first kind.

Proof. The binomial expansion of the g-analogue of the Hurwitz zeta function results

in the following expression:

Gls, ) =(q—1)"> ¢ (" 1)

n>0
=(¢g—1)° Z gt 0=9) (1 — g (nte))=s
n>1
=(¢—1)° Zq”ﬂ(l—s) Z (_]j) (—1)kg- ok
n>1 k>0
_ s\ S(sH1)-(s+k—1) ~(nta)(sth—
—(q—l)]; o ;q(+)(+k 1)
R D D = e AU

Then, clearly (,(s,z) is meromorphic for s € C and has simple poles at points in

the set {1+i% : bEZ} U {a—ki% . a,bGZ,aSO,b;&O},Withs: 1 being a
simple pole with residue %.

Now, expanding Equation 4.10, we get:

(s—1)(1—=x) s(1—x) (s+1)(1-x)
_ s)a q s(s+1)q
Cq(s,x)—(q—l) { qs_l_l +Sq5_1 + 2 qs+1_1
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1 ) (s+2)(1—=x)
s(s+1)(s+2)q TR (4.11)
6 qs+2 -1

Note that around s = 1, we have:

(4=1) = (g = 1)+ {(g — Dlog(g ~ D} — 1) + 5 {(g ~ 1) log*(g ~ 1} (s~ 1

+2lla -1l — )} s — 1P 4+

(s—1)(1—2) 1 1 1

q 2

= - — —(1—-6 6 1 -1
qs—l _ 1 ].Og q(S _ 1) + ( I) + 12( x + x ) Og Q<S )

1
+ 12( x + 322 — 20%) log® q(s — 1)?

1
——(—1+ 302 — 602* + 302") log® q(s — 1) + - - - |,

70
U ¢ ¢ r(l-gtlogg—alogg+arlog) )
-1 (g-1) (¢ — 1)
(2 —2¢ — 2z + 4qz — 2¢%x) \ ,_ 2
_|_< g —1)° q ogq(s )
(1+q—2v+2qz +a” —2g2° +¢*a%) |, , 2
e —T7 ¢ "log q(s —1)°+

A similar expansion of the other terms in Equation 4.11 gives:

Gls,2) = (0= 1)+ {(a — Dlog(g = D}s — 1)+ 3{(q — 1) log(q ~ 1)} s~ 1)?

Folla— Dlog(g — D} s — 1)+

2—2x 3—3x

q q 0 log ¢ 9
+q2_1+q3_1+--->(s—1) —|—<—(1—6x+6x)

=2(] — g +logq — z1 1
g~ q+O%qq_SQquJrqxqu>+---)(s—1)+---

q—1 (Zq q—l)log(q—l)_q—1+(q_1)<1_x)>

logq s—1) — log q 2

) (Z "= 1og(q — 1) i (¢—1)log*(g —1) _4 ; ! log(q — 1)

= [nlq log g

log q

q—1 (1+(¢" = Da)g"—"
+(g— D1 —)log(g — 1) + ——logg — ) | n]y(q" — 1)

n>1
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— —x)x n(1=2)g(n
ICESV (R LW X <+1,2>><S_1)+_._

n>1 n![”]q
(4.12)
Therefore, we can conclude that
n(l—z) _ . .
q (g—1)log(l¢—1) q—1
Yo\g, x) = + - +q—1 1—1',
" (g —1)log(g—1) g¢-—1
= — - 1)(1— 1 -1
(g, z) (; mL 2Tos g 5~ T @=L ~=)|loglg—1)
q—1 1+ (¢" = Dx)g"* (¢ —1)(1 —)x
+ | — - - log g
( PR D 1 FTRY 2
n(l—x)
""" s(n +1,2)
+ )
; n'[n]q
which completes the proof. O]

4.5 Concluding remarks

The results highlighted in this chapter unveiled the closed-form expression for
70.0(¢), a g-analogue of Euler’s constant of height 2. Additionally, we examined the
irrationality of specific numbers incorporating this constant, especially in the case
of ¢ = 2. We expect to obtain a comprehensive closed-form expression for vy, &, (q),
when ki, ks # 0 simultaneously and hence some transcendence and irrationality

results of these constants.
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Chapter 5

Algebraic Identities among g-Euler
Double Zeta Values

In this chapter, our focus is to explore algebraic identities among different
g-variants of the double zeta function and the g¢-Riemann zeta function. We
accomplish this goal with the help of the ¢-variant of the Nielsen Reflexion Formula
for ¢ > 1. Additionally, we investigate the asymptotic behaviour of the g-analogue of
the double zeta function given by Equation 4.5, as s; — 0 and s; — 0 and compare
this behaviour with that of the classical double zeta function. Finally, we discuss
the g-analogue of the Mordell-Tornheim r-ple zeta function and its relation with the

g-double zeta function. The work present in this chapter can be found in ref. [15].

5.1 Introduction

The study of identities among multiple zeta values has been an active and ongoing
area of research for several decades. These identities describe how multiple zeta
values of a given weight and depth can be expressed in terms of multiple zeta values
of lower weight and lower depth. Various mathematicians have explored diverse
identities related to multiple zeta values. In 1775, Euler [30] proved the following

identity:
n—2

Cn) = 3" ¢ln = ,),

j=1

which holds for any integer n > 3. In particular, he proved that:
¢(2,1) = ¢(3).

In 2000, Hoffman and Ohno presented an identity that holds for an admissible
sequence of positive integers s = (s1, So, ..., s;) (with s; > 1), which is expressed as

follows:

[\

Sk—

C(Sk’_jv Sk+1y--+5S51,51,- - 7Sk—17j+1)'

£
Il ~
—

<.
Il
o

l
ZC(Sk—i_la Sk+1y--+5S1,81, -+, Sk—l) =
k=1

)

>

[\
N
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Further, Gangl, Kaneko, and Zagier in ref. [31] proved the following identities for
n > 1:

n—1

> ¢(2m,2n —2m) = Zg(zn),

m=1

n—1
> C@m+1,2n—2m—1)= ;l((Qn).
m=1

In addition to these, various other identities for different weights have been

studied in the literature, including:

C(2)¢(2) = 2¢(2,2) + ((4),
20(2,2,1) +¢(2,1,2) +¢(4,1) = €(3,2) + ¢(5),
C(5, 1) +¢(4,2) = €(4,1,1) +¢(3,2,1) + (2,3, 1),
¢(4,1,2) = ¢(4,1,2) +¢(5,2) +¢(4,3) +¢(7),
€(2,5,3) =(*(2,5,3) — ¢*(7,3) — ¢*(2,8) + ¢*(10).

Moving into the domain of the g-analogues, similar algebraic identities exist,
establishing connections among various ¢-variants of the double zeta function. These
identities shed light on the intricate relationships between g-double zeta values of
a particular weight and depth, expressed in terms of g-double zeta values of lower
weight and lower depth. In 2003, Zudilin in ref. [66] presented a g-analogue of Euler’s

formula which is given as:
2@1(2’ 1) = @(3),
where

ni

B q q"(1+ q
§Q(27 1) - Z (1 _ qn1)2(1 _ qnz) and Cq Z

ny1>ng>1

Furthermore, several mathematicians, including Ebrahimi-Fard, Manchon, and
Singer [25], Bachmann [5], and Singer [61] have studied various versions of g-analogue
of the multiple zeta functions. In particular, they explored the g-analogue of the
double zeta function and algebraic identities associated with these special functions.
Here, we explore similar types of identities among different g-analogues of the double
zeta function for higher weights. Let us revisit the definition of a variant which has

been previously introduced in Chapter 4.

Definition 5.1.1. The g-double zeta function is defined by the series:

qm +n2 qn2

_ q"q
Gows)= D oy 2+ ra bl

ni>ng>1 ni,n2>0
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where sq, so are complex numbers with R(s;) > 1 and R(sy) > 1. The corresponding

star variant can be represented as:

We have introduced another g-analogue of the double zeta function which is akin
to the g-analogue defined by Ohno, Okuda, and Zudilin [56] (also, see Equation 4.3).

It is defined as follows:

Definition 5.1.2. The ¢-double zeta function is defined by the series:

n1 qm +ng2

o _ q _
o) = D Gl 2 el

ni>ng>1 n1,n2>0 q

where ¢ > 1 and sy, $o are complex numbers with R(s;) > 1 and R(sy) > 1. Its star
variant is given by:
ni

Gl = 3 Wl

n
n1>nz>1

Remark 5.1.1. (7 (s1,s2) is variant of the g-analogue of double zeta function which is

meromorphic for sy, so € C with simple pole for s; € {1—|—i1(2)7grl; RS Z} U {a—l—iligl; :

a,b€Z,a<0,b#0} or s;+s;5 € {a—{—z‘li’ng:a,bEZ,aSO,b%O} U {1—{—i1i7gr’z]:
beZ}.

Now equipped with a comprehensive understanding of these functions, we are

ready to proceed and articulate the results.

5.2 Asymptotic behaviour of ( (s, s2)

We begin by first examining the limiting behaviour of (,(s1,s2) as s; and s9

approaches 0. In this regard, we gave the following theorem in ref. [15]:

Theorem 5.2.1. Let ny, ny be two integers and consider the q-double zeta function
Cq(s1,82) defined in Definition 5.1.1. We define the following limits:

Cq<n17 n2) == 8111—137111 8211—137112 Cq(517 S2>

and

R IRT .
C, (n1,n2) = 52113312 slhi?u Co((51,82),
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whenever they exist. Then, we have:

: _ i) _ +R . R _ 1 _
where
((n1,m2) = lim lim ((s1,s2)
S§1—N1 S2—N2
and

CR(nl,ng) = lim lim ((s1,s2).
S2—nNn2 S1—N1

Also, note that ((s1, s2) is the classical double zeta function.

Proof. The binomial expansion of the function yields the expression:

mi+msa ,ma

_ q q
o) = D ol ol

mi,ma>1
g™ (g — 1) g™ (g — 1)
(qm1+m2 — 1)81 (me — 1)52

mi,mo>1
_ s1+s2 S2(SQ+1>~..(82—|—/{72—1) 51(31+1)"'(81+/{31—1)
= (g1 ) o 3 -

k2 >0 k1 >0 1

1 1
<q(82+k2—1+51+k1—1) _ 1) (q(81+/€1—1) _ 1)

Further, expanding the above equation, we get:

1 { 1 59 TS

. s1+s
Cq(s:l? 82) - (q - 1) ! : [qsll _ 1 q31+5272 _ 1 + q81+8271 _ 1 2(q81+82 _ 1)

1 1 So 82(82 + 1)
T Squl — 1| ¢grts2-1 -1 T gsits2 — 1 * 2(q81+82+1 — 1) T

51(81 + 1) 1 1 S9 52(82 + 1)
+ 2 gatl — 1| gorts2 — 1 T gsitsatl — 1 2(q81+32+2 — 1)

+...}+...

Clearly, for n; = 0 and ny = 0 we have:

((0,0) = lim Cq(51, S2)

814)0 SQ*}

1 1
T (- 1)(q 2-1) " (¢t —1)loggq * 2(q —1)loggq

Cf((), 0)= lim ( (s1,82)

s2—0,51—0
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1 3 1
T .
(' =1)(¢g2—1) 2(¢*—1)logqg log’q

Now, we use some asymptotic formulas:

1 1 z = 3

JI+2_§_Z+§+O[$] (x = 0)

1 1 1 z 2P
——=—+-—-—=+=+0 0
og(lia) 2 2 1 tOF] =0

1 1 1

1 2
—log2(1+x)—F‘i‘;‘i‘E—FO'x—i—O[ZL’] ($—>0)

and conclude that:

lim (,(0,0) = > = ¢(0,0) and  Tim (0,0) = 5 = ¢(0,0).

12

5.3 Algebraic identities

To advance towards our next objective of establishing results regarding algebraic
identities, we revisit the Nielsen Reflexion Formula and its g-analogue. This formula

holds significant importance in the outcomes we aim to achieve.

Definition 5.3.1. For integers s, s’ > 2, the Nielsen Reflexion Formula is given by:

C(s)¢(s") = (s, 8") + C(' 5) + (s + ).

Definition 5.3.2. The g-analogue of the Nielsen Reflexion Formula is defined as:

Co(8)C(8) = (s, 8) + (8 8) + (s +8) + (g — 1)¢(s + 8" — 1)
=((s,8) + (s s) = Gs+5") = (g —1)G(s + 5" = 1).
Now, we can state the set of theorems, specifically addressing the algebraic

identities related to the g-double zeta function as defined in Definitions 5.1.1 and
5.1.2.

Theorem 5.3.1. The following identities hold:

C(3,1) = G(4) = G(2,2) + (g = 1)¢,(3) = (¢4(2))* = 3¢4(2,2),
G4 1) = ((5) = G4(2,3) = G4(3,2) + (¢ — 1)¢,(4)

= (q(2)(3) — 2¢4(2,3) — 2G4(3,2),
G (5, 1) = Gy(6) = G4(3,3) = (4, 2) = G4(2,4) + (¢ = 1)¢,(5)
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= (Cq(B))z - 3@1(3’ 3) Cq(4 2) - Cq(274)
= ( )Cq(4> gq( 73) _2Cq(4 2) 2((1(2’4)7
(Cq(g))2 - 2@1(31 3) - C (2)<q(4> Cq( 74) ( 2)-

Proof. To attain the result, we make use of the following partial fraction:

—_

Ss—

1 B 1 _ v (5.1)
(1—u)(1—wv)s (1 —u)(l—uv)s (1 —v) (1 — uv)s—*’ '

I
=)

7

where u, v € R. For s = 3, multiply the above identity by uv, then substitute u = ¢™
and v = ¢", and finally sum over all positive integers m and n. Consequently, this

yields an equality with the double sum on the left-hand side as follows:

n+m

ZZ 1_q 1_qn+m ZZ 1_qn+m)3

m>1n>1 n>1 m>1

and the double sum on the right-hand side as:

n+m q2n+m B q2n+m
2.2 ( L—gP(l—gm) (I—g)(I—gm)p3  (1—g)2(1—gm)?

n>1m>1

B q2n+m
(1 =¢m)*(1 —g™tm)

B q" I B ¢
- n>1 (L—q)? m>1 <(1 —qm)  (1- qm+n)> n>1 mZZI (1 —=q")*(L —g»tm)?
q2n+m
N Z Z_: (1= g™)(1 — gntm) (5.2)

Taking the last double sum of Equation 5.2 to the left-hand side and multiplying
both the sides by (1 — ¢)*, we have:

n+m + q2n+m

(1-4q) ZZ 1—q (1 — gntm)3

=<1—q>4(z > s )—cq@,z)
:(1_Q)4<Z +ZZ i qm))—gq(z,Q).

Here, note that
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S L @6(2) - G(2,2) ~ ¢ (2,2).

n+m

Y e =G = G(2.2) + (- DGBY + Y [ ?3

q n>m>1 n q[m]q

Y

— G062 -3¢G2.2)+ S L

2 TnfEml,

Setting the variables m + n =t on the left-hand side, we get:

n+m+ 2n+m + n-+t
> e nE =2 2 i T
n>1m>1 n>1 t>n+1

t>n>1

Finally, taking n = ny, m = ny on the right-hand side and t = n;, n = ny on the

left-hand side, we get:

> [nl]qgm = G(4) = G(2,2) + (¢ — 1)¢(3)

= gq(Q)Cq(Q) - 3Cq(2» 2)-

Thus,

C;(?’v 1) = Cq<4) - Cq(Qa 2) + (q - 1)Cq(3) = (Cq(Q))Z - 3Cq(2a 2)-

This completes the proof of the first identity. Working on similar lines, all the other

identities can be proved as well. O

Theorem 5.3.2. For s > 3, Theorem 5.3.1 can be generalized as follows:

Go(s,1) = (s +1) qus"i‘l + (g = 1)¢y(s).
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Further, depending on the parity of s, we have:
Case 1: If s is odd, then

T EEE) S B S
=2
i;és-gl

or,

C2(5,1) = C(r)Ge(r') — 28, (ror") — 24, (', 1) Z Culs +1—1,4), (5.3)
'L;ﬁrr

where r > 2, " > 2, and r +1' = s+ 1. Hence, for Equation 5.3, there exist (%)

possible configurations. Consequently, the total number of ways to express (; (s,1)
is (43)-

Case 2: If s is even, then

(s, 1) = Go(t) (1) = 2G4 (t, 1) — 2¢, (' 1) — Zcqsﬂ i), (54)
z;ﬁtt’

wheret > 2, > 2, and t+t = s+ 1. Therefore, the number of possible expressions
for ¢S (s,1) in Equation 5.4 is (552).

Proof. Consider the following partial fraction:

—_

1 1 — v

(1 —u)(l —uv)® - (1 —u)(l—v)s (1 =)+ (1 —uw)s—?

1§
=)

%

where u, v € R. For s > 3, multiply both the sides of this expression by uv and
then set u = ¢ and v = ¢". By summing over all positive integers m and n, the

double sum on the left-hand side is given as:

n+m
m>1n>1 1 — g m>1 (1=q) 1 -y
and the double sum on the right-hand side is given as:
Z Z ( B q2n+m B q2n+m
— _ —_aqn —_ gnt+m)s _ qn)2 _ ant+m)s—1
S \U=—)p—gr) Q=g —gm)s (1-g)1—q"m)

2n+m
q

q2n+m
(= gPa—grmy (=gl - q”+m)>
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qm 2n+m
_ggl—@ Z((1—61) (I—WH”) %;2; )2(1 — gntm)s-
n4+m 2n+m
_ZZ 31_ n+ms a _ZZ _ 811_ n+m)
n>1 m>1 q n>1 m>1 q q
2n+m

Taking the last double sum of Equation 5.5 to the left-hand side and multiplying
both the sides by (1 — ¢)*™!, we get:

s n+m+ 2n+m
o +1<ZZ 1_q 1zqn+m)s)

— J— S+1 qn - qm J— S J— —_— e e — S I
(-9 ( > e T qm)) Gls—1.2) = = Gl2s - 1)
n+m
:“‘4V“<Z;u—@"ﬁl+gggg ¢w>—@@—1ﬂ)
— (s —2,3) —-- = ((2,s—1).

Here, note that:

N

Thus,

qn+m + q2n+m
[n][n +m];

=Gls+ 1)+ (g—1)¢(s) + D qs

s—1
=) Gls+1—1,4).
=2

n>1m>1

Changing the variables m + n =t on the left-hand side and finally setting n = nq,
m = ng on the right-hand side along with ¢ = n;, n = ny on the left-hand side, we

get:

G (s,1) = (s +1) ZCq (s+1-— + (g — 1)¢y(s). (5.6)

Now, depending on whether s is odd or even, we have the following two cases:

Case 1: If s is odd, this implies s + 1 is even. Now, using g-analogue of the Nielsen
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s+1

Reflexion Formula for r = 1" = 5

, we obtain:

2n

e = (G(5) ()

n>1 q

Substituting this in Equation 5.6, we get:

o) = (G(E) s (L N - S 1

1=
7,75 sgl

When r # 7/, the number of possible pairs (r, ') that satisfy , ' > 2 and r+r' = s+1
(where the order of addends does not matter) is given by (s 3). So, again using

g-analogue of the Nielsen Reflexion Formula for each such pair, we get:

Co(5,1) = Co(r)Cq(r") = 2¢g (1, 7") = 28, (r", 1) Z G(s+1—14,1).

z;ér r/

Hence, when s is an odd number, the total number of ways to express (7(s,1) is
s—1

(*z5)-

Case 2: If s is even, this implies s + 1 is odd, then the number of possible pairs for

the following equation:

(5, 1) = G(1)¢(t) — 2¢,(t, 1) — 2¢,(t', 1) qu (s+1—1i,i),
i;ét,t’

where ¢,/ > 2 and t +¢ = s+ 1 are (822)

Hence, the result follows. n

Continuing our examination of the ¢-double zeta function variants, the next
proposition establishes algebraic identities specifically for the star variants of both

the ¢-double zeta functions.

Proposition 5.3.3. For s > 3, we have the following identities:

s—1

C(s,1) = sG(s +1) = Y Gils +1—d,0) + (s = 1)(q = 1)y(s)-

=2

Further, depending on the parity of s, we have:
Case 1: If s is odd, then either

s = (6(237) =36 (TE D) 4 (s 06 + 1) + (g - 1)sgyfs)
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s—1
= > Ci(s+1—1i,i)

Gq (5, 1) = Go(r)Ge(r') = 265 (r, ") = 2G5 (r',r) + (s + 1)Ge(s + 1) + (g — 1)5C4(s)

- Zg;(sﬂ—z’,@'), (5.7)

. =
itr,r!

wherer > 2,1 > 2, andr+r" = s+1. Thus, there exist (%) possible configurations

for Equation 5.7. Consequently, the total number of ways to express (J*(s,1) is
(7))
5 )-

Case 2: If s is even, then
o8, 1) = Go(t)Cq(t') = 25 (£,) = 2¢ (¢, 1) + (s + 1)Cg(s + 1) + (g — 1)sG(s)

- z_: Cols+1—14,9), (5-8)

i=2
i#t,t

where t > 2, t' > 2, and t +t = s+ 1. Hence, the number of possible ways to

represent (*(s, 1) in Equation 5.8 is (%)

Proof. The proof of this proposition is based on the following two observations:

1. From Definition 5.1.1, we obtain:
G(8',8) = Co(s',8) + (8" +5) + (g = 1)Cy(s" + 5 = 1).

2. From Definition 5.1.2, we obtain:

G (s 8) = G (s 8) + Gols" + 5).

Now, the proof of the proposition follows by employing the above two observations

together with Theorem 5.3.2. O

5.4 ¢-Mordell-Tornheim r-ple zeta function

This section examines another variant, namely, g-Mordell-Tornheim r-ple zeta

function. In 1950, Tornheim [64] examined the following double series:
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1
DD (5.9)

where s1, s9, and s3 are non-negative integers satisfying s; +s3 > 1, so+s3 > 1, and
s1+ So + 83 > 2, which he referred to as the harmonic double series. A special case
of the series in Equation 5.9 was studied by Mordell in ref. [52], where he considered

$1 = So = s3 and also investigated the following multiple sum:

1
Z Z P+ my ta)’

mi1>1 mr>1

where @ > —r. In ref. [49,50], Matsumoto referred to the series given in Equation
5.9 as Mordell-Tornheim zeta function and introduced its multi-variable version as

follows:

1
Cur (81,82, - -+ 5 Sr5 Spt1) Z Z ) , (5.10)

msT m my,. )Sr+1
sl 1 1+ +my)

where s1,...,541 € C and the series converges absolutely when R(s;) > 1 (1 <
j <r)and R(s,4+1) > 0. Matsumoto termed it as the Mordell-Tornheim r-ple zeta
function. Then, in ref. [15], we introduced the following g-analogue of the series in
Equation 5.10:

q qm1++mr
oo s = 5 o

mi>1 my >1

where s1,...,5,11 € Cand ¢ > 1. We call it g- Mordell-Tornheim r-ple zeta function.

In particular, we study that case when r = 2. So, we have:

qml qm2 qm1 +ma2

)= X
CMTq 1 27 3 ml m2 2[m1+m2]23

m1>1 m2>1

Before introducing the theorem related to this ¢-variant, we present a lemma
pivotal to the proof, generalizing the partial fraction given by Equation 5.1. The

statement of the lemma is as follows:

Lemma 5.4.1. Let s,r > 1 be two integers. Then,

1 1
(1—u) (1 —-w)s (1 —u)(1—uv)s

where u,v € R.
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Proof. Consider the right-hand side,
s—1

1 B (1 —u)t="
(1 —u)r (1l —v)s Zo (1 —o)*(1 —uv)s—

1=

_ 1 — (1l — )T 1 1— (%)S

“-waoy Y ((1_v><1-w>s< =T ))

SRS S Y (RS S SN (¢t
(I —u)"(1—-wv)* (I —v)t (1 —w)*\ (1 —v)—(1—uv)

_ 1 N v(l—u)t= (1—v)*—(1—uv)®
(I—w)r(l—wv)* (1—-v)*(1—uv)* v(1 —u)

_ (I —wv)*+ (1 —v)* = (1 —uv)®
(1—u)(1—v)5(1 —uv)®s

which is equal to the left-hand side. Thus, the proof is complete. O
Remark 5.4.1. For r = 1, this result reduces to the identity given by Equation 5.1.

Theorem 5.4.2. Let s > 2 and r > 3 be any two integers. Then, we have the
following identity:

Ca(8,7) = G(8)(Gy(r) + (g — 1)Gy(r — 1)) ZCMTq — 1,5+ 15 —j),

where (4(s) is the q-analogue of the Riemann zeta function.

Proof. Multiply the identity stated in Equation 5.11 by w?v, substitute u = ¢™,
v = ¢", and sum over all positive integers m and n. This results in an equality with
the double sum on the left-hand side as:

m n+m

q4q
Z Z (1 — qn+m s Z Z qn)r(l _ qn+m)s

m>1n>1 n>1 m>1

and the double sum on the right-hand side as:

m n+m qnqmqn+m
ZZ( 1—q (L=gm) (=g 11— g1 — g

n>1m>1
B qnqmanrm
(1 _ qm)r 1(1 —q )s(]_ _ qn-l—m)
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_ q" q q" g™
_n>1(1_qn)sz(1_q ZZ<1—Q )1 — g)(1 — gntm)s

m>1 n>1m>1

n m n+m
qq9q
(1 _ qm)rfl(l _ qn)s(l _ anrm))

Multiplying both sides of the equation by (1 — ¢)**" and using

2@722&7“‘1—1)2#

n>1 q m>1 q m>1 q

= Go(r) + (g = 1)¢y(r — 1),

we get the desired result. O

5.5 Concluding remarks

The algebraic identities between two distinct versions of the g-double zeta
functions, specifically (7(s1,s2) and (4(s1,s2), are established by Theorem 5.3.2.
Additionally, Proposition 5.3.3 illustrates analogous identities for the starred
versions of both variants. It is reasonable to expect comparable identities for these
variants at a depth greater than 2, that is, » > 2. This expectation opens the door
to anticipating the algebraic properties of a specific set of multiple zeta values based
on another set of multiple zeta values. This inference is particularly valuable for
understanding the underlying arithmetic natures of multiple zeta values and their

Interconnections.



Chapter 6

Transcendence of p-adic Digamma

Values

In this chapter, our focus revolves around examining the transcendence
properties of p-adic analogues of the digamma function. The initial exploration into
the transcendental nature of specific values of the p-adic digamma function, denoted
as U, (r/p) + v, was conducted by Murty and Saradha in 2008 [53]. Continuing in
this direction, Chatterjee and Gun extended this in 2014 [18] to include the case of
Yy (r/p") + 7, where n is any integer greater than 1. We further extend their results
to cover distinct prime powers, investigating the transcendental characteristics of
p-adic digamma values with at most one exception.

Additionally, we explore the multiplicative independence of cyclotomic numbers
that satisfy certain conditions. Based upon these insights, we establish the
transcendental nature of p-adic digamma values corresponding to v, (r/pq) + vp,

where p and ¢ are distinct primes. The details of this work can be found in ref. [17].

6.1 Introduction

Here, we move on to the next part of our investigation and shall initiate a
distinctive mathematical journey into the domain of p-adic numbers. Before delving
into the results, let us revisit the foundational aspects that lay the groundwork for
our upcoming discussions. We commence with the concept of p-adic logarithms, an

important aspect in this context.

Definition 6.1.1. For the elements included within the open unit ball centered at
1, that is,
Uy=B(1,1)={xe€C,:|z—1|, <1},

the p-adic logarithm of an element x € U; is given as:

(e=1"

log,(z) =log,(1+ (z — 1)) = Z (=1 n

n>1

This definition can be extended to cover the entire C;. Given any element
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B € C), it can be uniquely written as:
f=pwr,

where 7 € Q, x € Uy, and w is a root of unity of order prime to p. Consequently,

one defines:
log, (8) = log, (x).

As a result, the p-adic logarithm is zero for roots of unity, leading to the following

equality:

For a more comprehensive understanding, the reader may refer to Chapter 5 of
Washington’s work [65]. Further, for the convenience of the readers, let us recall
the definitions of the p-adic counterparts of the gamma function and the digamma
function from Chapter 1. The p-adic gamma function was given by Morita in ref. [6]

for all the natural numbers, by the following expression:

L) = (-1 ]

1<t<n

it

Then, he further extended it to a continuous function on Z,. Apart from
this, Diamond in ref. [22], introduced the p-adic digamma function and the Euler’s
constant. He discussed two different approaches to the p-adic analogue of logI'(x).

One of them is to change the functional equation, which is given as:

pfl

1
Gylw) = Jim = 37 () logy (@ + 1) = (@ + 1)
n=0

and other is to define the sequence of functions, Hy, as follows:

Hy(z kh_}rgoﬁz:f]vx—i—n for N=12,...,

where

rlog(z) —x, if y(z) <N
0, if v,(x) > N,
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and v,(z) is the p-adic valuation. Also, note that for x € C, \ Z,, the sequence
Hy(x) with N > 1 eventually becomes constant with the value G,(z). Similar to
the classical case, the derivative of p-adic analogue of log I'(x) function is known as

p-adic digamma function ,(x) and is given by the expression:

D k_1
vl ,}:n;; 2 log (e + m),
for any € C,. Next, the p-adic analogue of Euler-Briggs-Lehmer constant for

r,q € Z with ¢ > 1 and v,(r/q) < 0 is given by:

k
gp*—1
1

Yo(r,q) = — kh_}rgo _qp E log, m
m=0
m=r(mod q)

If v,(r/q) > 0, write ¢ = p*q with (p,¢1) = 1, then

pso(th)

W(r,q) = > lr+ng,p ),

ola) — 1
p neN(r,q)

where N(r,q) = {n: 0 <n < p#) ng +r # 0(modp? @) +¥)}.

Also, the p-adic analogue of the Euler’s constant, ,, is given as:

o1
% =%(0,1) =~ lim % mz_:l log, m
(m,p)=1

Like in the classical case, the p-adic analogue of Gauss theorem in C, is given

as:
F-1
Up(r/f) = =log f =7+ > ¢ log,(1—¢), (6.2)
a=1
where r, f € ZT, r < f, and v,(r/f) < 0. However, for v,(r/f) > 0 and any p such
that:

" = 1(mod f*), where f = pFf* with (p, f*) = 1, (6.3)

we have the following relation:

f—1
P H(r/f) = ~logf ~ 5+ D¢ logy(1-C7), (6.4)
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Now that we have thoroughly explored the preliminaries concerning the p-adic

theory, we are well-equipped to discuss the findings of our study.

6.2 Transcendental nature of special values of the
p-adic digamma function for distinct prime

powers

The first result, addressing the transcendental characteristics of p-adic digamma
values for distinct prime powers, is motivated by the result presented by Chatterjee

and Gun in ref. [18]. Their result is stated as follows:

Theorem 6.2.1. Fix an integer n > 1. At most one element of the following set:

{p(r/p") + s 1< v <p", (r,p) = 1}
is algebraic. Moreover, 1, (r/p) + 7, are distinct when 1 <r < p/2.

Now, we are prepared to broaden the findings mentioned above for the set of

rational primes P, advancing our understanding in the following manner:

Theorem 6.2.2. Let p be a prime and n > 1 be an integer. Consider the sets Sy

and So, where

Sl = {1/117(7“/])”) + Tp - 1 S r < pn7 (T,p) = 1} and

"
Sy = {pﬂp_ CHLr/d) + 1< < g (rg) =1 # g€ 7’}7

with p as defined in Equation 6.53. Then, all the elements of S1USs are transcendental

with at most one exception. Moreover, the numbers pfilHL(r/q) + 7, are distinct
when 1 <r < q/2 and q € P.

Proof. Let S = 51U S5. Suppose that a,b € S are distinct and algebraic. Then,

possibilities of (a,b) are:
L (a,b) = (¥p(r1/p") + vp, Up(r2/P") + %),

2. (a,0) = (B H, (1 /ah) + 70 A2/ 05) + %),

3. (a,0) = (U(rL/p") + v g H(r2/q") + ).

The case for a,b € S; has been proved by Chatterjee and Gun in ref. [18] as follows:

Consider the instance where a and b represent distinct algebraic elements within S .
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Then, using Equation 6.2, we obtain:

pr—1 p—1

Uo(r1 /") 49 = (Wp(ra/P") + 1) = D G log, (1= (i) — Y G log,, (1 — ¢n)
a=1 a=1

1— ¢,
= Z aalogp<1_<p ),
1<a<p™/2 P

(a,p)=1

where a,’s are algebraic numbers. But by Lemma 2.3.6, this is a transcendental
number, thus leading to a contradiction.

Now consider the case when a,b € S;. Then, using Equation 6.4, we have:

p'ul !/ n p’u2 / n
o a8 = (g (/) + vp)

qr—1
= —log, ¢} + Z G 1og,, (1 = Ggn) + log, g5 — Z Cq nt” log,(1 — C;g).
a=1
This can be further simplified using Equation 6.1 along with the fact that for p = ¢"
and ( is the ¢"-th primitive root of unity, we have ¢ = [[(1 — (), where the product

runs over all the primitive ¢"-th root of unity. So, we have:

qr—1
—log, ¢ + Z G log, (1 — (gn) w) +log, gy — Z G, n"? log, (1 —¢ 5L)
a=1
qr—1 a5 —1
= —nlog, ([T (1=¢h)) +log,(1 = ) +nlog, ( T] (1-¢y)) —log, (1~ Cp)
(ba1)=1 (51
7’1 ary 1— g? —tro tro 1— ;g
- Z +C )logp<1_<n>_ Z (QS +Qq§)10gp<1_<n>
1<a<q}/2 @ 1<t<qy/2 %
= log,(1 — (gp) — nlog, (1 = () —n Z 10gp —log, (1 — Cgg) + nlog, (1 — (gz)
(b, q1)
1 1l
D SRR > aalogp<1_<q )- S  (250)
1<a<qy /2 1 1<t<qy /2
(s, qz) 1 (a,q1)=1 (t,q2)=1
1-—
= dlog, (1 — (gn) +nlog,(1 Z o logp< Cn)
1<a<q}’/2 a1
(a,q1)=1
t
- ¥ (1 )
1<t<q}/2 1- Cq

(t7Q2):1
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where 9, 7, o/’s, and f’s are algebraic numbers. By Lemma 2.3.6, this is a
transcendental number, which is a contradiction.

Now, again using Equations 6.2 and 6.4 for a € S; and b € S, respectively, we have:

Yp(r1/p") + v — (p P : H (r2/q" )+'yp)

pr—1 q"—1
= —log,p" + Z Gt log, (1 — () + log, ¢" Z Cqn fr2 log,(1 — Cén).
a=1

Working on the similar lines and using log,(p) = 0, we get:

a q"—1

1—(%
Z o, log, (1 - gpn) —log,(1 = (pn) +nlog, < H (1-— an)>
1<a<p™/2 P b=1
(a,p)=1 (b,g)=1
—tre tro 1 B Ct
— 3 (Gl ¢ log, (1 = ) log, (1 — Cyn)
1<t<q"/2 a
]- - (an
= —log,(1 — (pn) + dlog, (1 — (4n) + Z afllogp ( p >
1<a<p™/2 L= G
a )]:1/
(a,p)=

Z B logp ( gtn )7

1<t<q™/2
(tg)=1
where 6, al’s, and (;’s are algebraic numbers. Finally, using Lemma 2.3.6, we
conclude that it is transcendental, hence we arrive at a contradiction.
For the second part of the proof, we take into account two scenarios - (i) ¢ is fixed
and (ii) ¢ varies.
Case 1: For fixed ¢:

p p
1 u(h/Q) 1 M(Tz/Q)

q—1
= Z ¢, log, (1 — ¢4) — Z ¢, log, (1 — ¢t
a=1 t=1

1 — (¢
= D GG G = ) (—1—5)'

1<a<q/2

Since 1 < ry,ry < /2, the above linear form in logarithms is transcendental by
Lemma 2.3.6.

Case 2: When ¢ varies, we have:

p.ul
H,;1<7“1/Q1) -

pT— H),(r2/q2)

prz—1
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q1—1 21
= —log, a1+ > (" log, (1= 5) +log, 2 — D (" log,(1—¢,)
a=1 t=1
q1—1 1-C
== D logL-G)Hlog (LG + 3, (G G, (1 - qu>
1<a<qi/2 “
g2—1 1 . Ct
+ Z log,(1 — —log, (1 —(g,) — Z (Cq_gtTQ + 522) log,, 1_ qu
1<t<q2/2 “

1 a
:5logp(1—<q1)+7710gp — (go) + Z a logp<1_g )

1<a<q1/2
1-¢,
> o, (=)
q2

1<t<qz2/2

where 9, 7, ol’s, and (,’s are algebraic numbers and it is transcendental by Lemma
2.3.6. This completes the proof. O

6.3 'Transcendental nature of special values of
the p-adic digamma function for product of

primes

Here, we proceed to establish the result for the product of two distinct primes,
wherein these primes satisfy Property II, as elucidated below:

Property I: Let m be a natural number such that m = pi"p5?* with
(a1, 0(p3?)) = 1 = (g, d(p]")), where py, py are odd primes, ag, as € N, and

satisfies the following:

1. pr = py =3 (mod 4) : p; and p, are semi-primitive roots mod p5? and mod

p1t, respectively or
2. p; and po are primitive roots mod p5? and mod p]*, respectively.

Property II: Let M be a finite set of natural numbers with |[M| = n, containing
pairwise co-prime integers m;, where 1 < ¢ < n such that m,; satisfies Property I.
Let us assume

= plg,
where p; and ¢; are odd primes for all 1 <i < n.

Using these properties, Chatterjee and Dhillon gave Proposition 2.3.9 in ref. [11].

We expand upon their proposition by incorporating Property II, resulting in the

following modification:
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Proposition 6.3.1. Let {m;}!'; be a set of natural numbers that satisfies Property
IT and ¢, be a primitive m;-th root of unity. Then, the following numbers:

a; _ b G
1 - le 1 Di 1 qi

1_Cmi’1_Cp¢71_qu'7

1— Cpiv 11— Cqm

where 1 < a; < 5t with (a;;m;)) =1, 1 <b; < B, 1<¢ <%, and1 <i<n are

multiplicatively independent.

Proof. Let ay, pi, By, Be;, and d,, be integers, if possible, such that:

) da;
[Ma-o) [Ta-cr I (—1:&?)

1<i<n 1<i<n 1<a;<m;/2
(aim;)=1
1<i<n
Bb- /Bc-
1_ bz: i 1_ C? %
0(3) o (8] - 65
1<bi<psi/2 pi 1<ci<qi/2 i
1<i<n 1<i<n

Taking the norm on both sides, for A;, B; € N, we obtain:

a;A; iBi __
[T w1 ™ =1
1<i<n 1<i<n

This imply that o; = 0 and p; = 0, for 1 <i < n as p.s and ¢,s are distinct primes.

Consequently, Equation 6.5 reduces to

Sa; Bs, Be;
1—¢u\ " 1—¢h\ ™ 1—¢a\ "
m;g Di q; — 1
1<a;<m;/2 v 1<b;<pi/2 K 1<ei<qi/2 v

(ai,m;)=1 1<i<n 1<i<n
1<i<n

Rewriting the aforementioned equation, we get:

1 — (e da; 1— sz Bo,; 1 — ¢o Be;
o(E2) m(22) (59

1<a;<m;/2 1<b;<p;/2 1<ei<qi/2
(as,ms)=1 2<i<n 2<i<n
2<i<n
1 _ rar *6(11 1 o Cbl 7/8b1 1 _ ra *561
_ H mi H P1 H q1
1-— 11— 1-— '
1<a;<mj/2 Gy 1<b1<p1/2 S 1<c1<q1/2 Can
(a1,m1)=1

(6.6)

The right-hand side of the aforementioned equation belongs to the number field
Q(Gm, ), whereas the left-hand side belongs to Q(¢,), with
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r= || m;.

2<i<n

Also, it is known that Q((n,) N Q(¢) = Q. As a result, the two sides of Equation

6.6 are rational numbers having norm 1 and hence

1— (% da; 1— bz_' Bb; 1 o Be,
m(2%) m (F9) 1 (29

1<aj<m;/2 1<bi<pi/2 1<c¢;<qi/2
(ai,m;)=1 2<i<n 2<i<n
2<i<n
—8q =B —PBe
_(m 1 _ b 1 __ra 1
-1 (FE) b () b (R
1-— 1-— 1-—
1<ai<mi/2 G 1<by<p1/2 G 1<c1<q1/2 Car
(a1,m1)=1
= +1.

After squaring both the sides, we obtain:

- 254, Lo\ P L e\ P
mg Pi qi
0 () 0 (2) ()

1<a;<m;/2 1<bi<pi/2 1<ei<qi/2
(ai,mi)=1 2<i<n 2<i<n
2<i<n
1 _ ray _26a1 1 - Cbl _251;1 1 o _2561
-1 () m (RE) 0 om (R
1-— 1— 1-—
1<t11<m1/2 le 1<b1<p1/2 Cpl 1<Cl<q1/2 qu
(a1,m1)=1
=1.

Now, consider

—2604 -2 —20¢
I (1—:&) g (1—@’;;) " (1—53) v
1<ai<mi/2 1- le 1<bi<pi/2 1- Cpl 1<e1<q1/2 1- qu

(al,ml):l

(6.7)

Thus, we have:

a —26a1 b _26171 c 26(31
H (1—77111) H (1—@9}) _ H (1_ q11> '
1<ai<mi/2 1= G, 1<by<p1/2 1 =G, 1<c1<q1/2 1= Ca

(a1,m1)=1
Note that the right-hand side of the above equation belongs to Q((,, ), while the
left-hand side belongs to Q((,,, ). Furthermore, it is essential to emphasize that the

left side should also belong to Q((,, ). Finally, using coprimality condition (ay,m;) =
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1, it follows that 8,, = 0, for all 1 < b; < p;/2. Again rewriting Equation 6.7 as

follows:

—20q —208. 2
-G\ -\ AN
H 1-¢ H 1-¢ - H 1-¢
1<ai<my/2 mi 1<e1<q1/2 n 1<bi<p1/2 P1

(a1,m1)=1

and proceeding in the similar manner, we get ., = 0, for all 1 < ¢; < ¢1/2. Now,

from Equation 6.7, we have:

L\ P
11 o =1
1<ai<mi/2 N le

(a1,m1)=1

Then, by utilizing Proposition 2.3.8, we have d,, = 0, for all 1 < a; < m;/2 with
(ay,my) = 1. Similarly, we get d,, = 0, for all 1 < a; < m;/2 with (a;,m;) = 1,
B, =0, forall 1 <b, <p;/2and B, =0, for all 1 < ¢; < ¢;/2 and 1 <i <n. This
completes the proof. O

Now using Theorem 2.3.4 and Proposition 6.3.1, we have the following lemma
which served as the extension of Lemma 2.3.6 and plays an important role in the

proof of Theorem 6.3.3.

Lemma 6.3.2. Assuming Property II and let (,,, be a primitive m;-th root of

unity. Let rqi,ugzﬁ, toi. be arbitrary algebraic numbers, not all zero. Further, let ugj,

toe. be mot all zero when p € J. Then,

, 1= ¢ | 1—(u
Srei-arr 5o (15E) ¢ 3 e (15E)
qi mi

GET ¢GET, m;EM,
1<bi<qi/2 1<a;<m;/2

18 transcendental.

Proof. Let 6 = H m;. For any a € Z[(y], with (p,a) = Z[(y] and K € N, one has
mi;eEM

]aT -1, < p K,

for some T" € N. By choosing K sufficiently large and using Theorem 2.3.4 as well
as Proposition 6.3.1, we get the desired result. O

Having introduced the above lemma, next, we discuss the results concerning the
product of two distinct primes. Let J consists of prime factors of {m;}! ;, where

m; € M. Then, some related theorems can be stated as follows:
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Theorem 6.3.3. Let p, ¢ € J be any two primes such that m = pqg € M. Then,

the elements of the following set:

Sz = {Up(r/pq) + 7 : 1 <1 < pq, (r,pq) = 1}

are transcendental with at most one exception. Moreover, the numbers 1,(r/pq) +,

are distinct when 1 <r < pq/2 and (r,pq) = 1.

Proof. Consider two distinct algebraic elements in the set. Then, by using Equation

6.2 we have:

Up(r1/pq) + v — (Wp(r2/Pq) + 7p)

pg—1 pg—1
—log,pg+ Y ('t log, (1 — ) +log, pg — > ()" log, (1 = ¢h,)
a=1 t=1
pg—1 pg—1
Z Cz;zam 1ng(1_ ;q)+ Z Cp_qarl 1ng<1_ z?q)
(a,pq)=1 (avpj):p
pg—1 pg—1
+ Z o' log, (1 Z J"log, (1 ¢},)
(ath) q (t7pq) 1
pg—1 pg—1
Z o2 log, (1 — Z o tlog,(1—-¢,)
(typq) =p (t,pq) q
1-— _ Cc
Z a, log, 1_( Z By log, Z dclog, 1—C
1<a<pq/2 Pq 1<b<q/2 1<e<p/2 p
(a,pq)=1

where «,’s, [’s, and J.’s are algebraic numbers and it is transcendental by
Lemma 6.3.2. This is a contradiction to our assumption that both are algebraic.
Additionally, the proof also establishes the distinctness of the numbers v, (r/pq) +,,
where 1 < r < pq/2 and (r,pg) = 1. This completes the proof. ]

Theorem 6.3.4. Let p be a prime. Then, the elements of the following set:

,u
54:{])”_1 #(r/mz)—i—vp 1<r<m, 1<i<n, (rrm;)=1ptm,, miE./\/l},

where p satisfies Equation 6.3, are transcendental with at most one exception.

Proof. Let us consider two distinct algebraic elements of S;. Then, by using

Equation 6.4 we have:

pHQ
prz—1

pul
p =1

ai a2

H), (r1/91" 45°) + v —

as a4

H,,Q(W/Q?, as') —
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q1 QQ2 1

= —log,(4i"g5*) + Z Gitrhs 108, (1 = Ciis o) + log, (4575")

q53qyt—1
Z G o, 1 log, (1 — Cozagoa)
ql ‘I22 1
= —ay log, g1 — azlog, go + Z Ca‘l‘r%lz log, (1 — anlq@)
a=1
(a,q192)=1
a1t gy? -1
+ Z Gt 108, (1 — Gl yoz) + a3 log,, g5 + aalog, @
(thz)#l
a33qyt—1 a3%ay?
= 2 G lon( = G - Z C‘" o108, (1= Cagza)
(tq3q4) 1 (tq3q4)7é1
q1—1 g2—1
= - logp ( H (1 - <31>> — G2 logp ( H (1 - C;i)) - logp(l qulq;2)
b=1 d=1
1 - Caal ag 1 - Caal ag
al q1 92 5a1 q1 42
' Z ’ ng<1— a1“2>+ Z Cr\ 1T Car o
1<a<qylqy? /2 N % 1<a<qylqy? /2 9 22
(a,q192)=1 (a,q192)#1
gs—1 qa—1
+ azlog, ( [Ta- )) + a4 log, ( [Ta- )) + log,, (1 — Cyeagae)
r=1 s=1
1 - Cta3 ay 1 - Ctas ay
_ Z /Ga Ing (T — Z Ya 1ng #
1<t<qg3qyt/2 da 1<t<q33qy*/2 95”0,
(t,q3q4)=1 (t,g3q4)#1

= logp(l - Cth) + az logp(]‘ - C%) —as logp(]‘ - C%) — 4 logp(]‘ - CQ4)

1—
— logp(]_ — C @ az) + 10gp( - ng3qz4) - Z Qap lng (1_—511)
a1

1<b<qr/2

1<d<qa/2 1<r<qs/2 1<s<qq/2
a a
11— qunqém - gqflq%
+ E a, log, T—Com + E dq log,, T Core
— (91,92 — (91,92
1<a<qflq;2/2 917499 1<a<q‘111q‘212/2 91745
(a,9192)=1 (a,9192)#1
Clos ¢
a3 a4
q37 4y 43" 4d4
B Z ﬁalogp<1 Caa>_ Z %logp<1 >
— 3 a4 — 3,94
1<t<q§3qz4/2 4374y 1<t<qg3qz4/2 q37 4y
(t,g3q4)=1 (t,q3q4)#1

(6.8)

where aq, as, as, as, ap’s, 04’s, B.’S, V'S, @4’S, 04’8, Ba’s, and ~,’s are algebraic

)

1- 1-
Z 5d10gp (1 — C{p) Z Br 10gp <1 _ Cq3> + Z Vs lng (1 — Cq4
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numbers. By applying Theorem 2.3.4 to the maximal linearly independent set of
the logarithm of algebraic terms in Equation 6.8, we find that it is transcendental,

which leads to a contradiction. O

Corollary 6.3.5. All the elements of S3 U Sy are transcendental with at most one

exception.

Proof. Let §" = S3 U S4. Suppose that a,b € S’ are distinct and algebraic. Then,

the possibilities for (a,b) are:
1. a € Sz and b € Ss,
2. a € S;and b € Sy,
3.a€ S;and be S,

The 1% and 2" cases are already addressed in Theorem 6.3.3 and 6.3.4, respectively.
So, consider the scenario when a € S3 and b € S4. Using Equation 6.2 and 6.4, we
have:

wp(’f”l/p(ﬁ + Y% — < ] H(T2/Q1 q) + "Yp)

pa—1 s —
= —log, pq + Z Gy log, (1 = ¢5y) + log, g5 — Z (e 10g, (1 = Chngs)
pg—1 pg—1
= —log, ¢ + Z g 102, (1= ) + Z Cpg 108, (1 = Cy)
(a1 (apa)=p
pg—1 9793 —1
+ Z o log, (1 —¢5) + mlog, g1 + nlog, gz — Z Cq7522 log, (1 ;inqg)
(a, pq) q (t, q1q2) 1
gz —1
Z Cq i logp ;{"qg)'
(t q1q2)¢1

After simplification of the terms, we get:

1 — (@
— Qg 1ng<1 — () + logp(]‘ — Gpg) + Z q Ing < pq)

1<a<pq/2 1= Cpg
(a,pq)=1
1— -G
+ Z By log, T Z dclog, 1—C + aglog, (1 — ()
1<b<q/2 1<e<p/2

1— b
+ a3 Ing(l - qu) - 10gp(1 - Cq}“q;) + Z Qp Ing ( ql)

1 —
1<b<qr/2 CQI
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1—¢d 1 —Cimgn
+ Z 5d logp (1_—512) — Z Qi logp (ﬁ)
1<d<ga/2 e 1<t<qlq} /2 0"y
(t.q192)=1

1- Q;;"qg
+ Z dtlog, | ———= |, (6.9)

1 — m mn
1<t<qq}/2 Caa
(t,q1q2)#1

where aq, ag, asz, ag's,ap’s, ag’s, By’s, 0.’s, d4’s, and d;’s are algebraic numbers. By
applying Theorem 2.3.4 to the maximal linearly independent set of the logarithm of
algebraic numbers in Equation 6.9, we find that it is transcendental, which leads to

a contradiction. O

6.4 Transcendence when ¢ = 2(mod 4)

Theorem 6.4.1. Let p be any prime and q be an element of H where elements of

‘H satisfy conditions of Proposition 2.3.10. Then, we have the following statements:

1. If p| q, then the set of elements:

Ss ={Up(r/q) + 1 :1<r<q,(rq) =1}

are transcendental with at most one exception.

2. If ptq, then the set of elements:

p#
Se = {p#— 1H/:(7*/q)—|—*yp 1<r<gq,(rq) = 1}

are transcendental with at most one exception.

Proof. Firstly, we discuss the case when p | ¢. Let there be two distinct algebraic

elements of the set S5. Then, by Equation 6.2, we have:

¢p(rl/Q) + Y — (wp(r2/Q) + /Vp)

= —log,q+ Z ¢, " log, (1 —¢7) +log, q — Z ¢, log, (1 - ()
a=1

= t=1
1 _ a
- Z Oéalogp<1 Cq),
1<a<gq/2 N Cq
(a,q)=1

where «,’s are algebraic numbers. Then, using Proposition 2.3.10 along with
Theorem 2.3.4, we conclude that this is a transcendental number and hence it gives

us a contradiction.
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For the second case when p 1 ¢, using Equation 6.4, we have:

P P
H,(r1/a) + v — P 1HH<T2/Q) + W

pr—1"
q—1 q—1
= —log,q+ Z ¢, " log, (1 — () +log, q — Z ¢, log, (1 —¢))
a=1 t=1
11—
= Z a, log, (1 _<q>’
1<a<gq/2 q

(a,9)=1

where a,’s are algebraic numbers. Upon revisiting the argument and incorporating
Proposition 2.3.10 together with Theorem 2.3.4, we deduce that the given number

is transcendental, consequently resulting in a contradiction. O]

6.5 Concluding remarks

Theorem 6.3.3 can be extended for the following set:

Sy = {,(r/p*q") + v : 1 <7 < p*¢", (r,pq) = 1}

where p,q € J and m = p®¢® € M. The proof of this follows a similar approach
as of Theorem 6.3.3 and eventually the result is obtained by taking the maximal

linearly independent set of logarithms of algebraic terms.
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