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Abstract

The spin-orbital-angular-momentum (SOAM) coupling has emerged as an important
theme in the field of spinor Bose-Einstein condensates (BECs) since its experimental
realization a few years ago [Chen et al., Phys. Rev. Lett. 121, 113204 (2018), Chen
et al., Phys. Rev. Lett. 121, 250401 (2018)]. The coupling emulates the SOAM coupling
in atomic physics as it couples the spin and the orbital angular momentum of the atom;
in contrast to the spin-orbit (SO) coupling between spin and the linear momentum of the
atom [Lin et al., Nature, 471, 7336 (2011)].

This thesis studies the interplay of SO coupling and rotation in spinor BECs,
specifically at high rotation frequencies. We consider rotating SO-coupled spin-1 and
spin-2 BECs trapped in quasi-two-dimensional harmonic potentials with two types of SO
coupling, namely an equal-strength mixture of Rashba and Dresselhaus couplings and
Rasbha SO coupling. The combined effect of interactions, SO coupling with moderate to
high rotation frequencies are analyzed systematically by variational methods and exact
numerical solutions of the single-particle Hamiltonian. Using single-particle Hamiltonian,
which is exactly solvable for an equal-strength mixture of Rashba and Dresselhaus
couplings, we illustrate that a boson in these rotating SO- and coherently-coupled
condensates is subjected to effective toroidal, symmetric double-well, or asymmetric
double-well potentials under specific coupling and rotation strengths. In the presence
of mean-field interactions, using the coupled Gross—Pitaevskii equations at moderate to
high rotation frequencies, the analytically obtained effective potential minima and the
numerically obtained coarse-grained density maxima position are in excellent agreement.
In the spin-1 system, we observe that at moderate to high rotation frequencies, the spin
expectation per particle of even an antiferromagnetic spin-1 Bose-Einstein condensates
(BEC) approaches unity, indicating a similarity in the response of ferromagnetic and
antiferromagnetic SO-coupled BECs at moderate to fast rotations. Similarly, in spin-2
systems, the antiferromagnetic, cyclic, and ferromagnetic phases exhibit similar behaviour
at higher rotations.

In the second part of this thesis, motivated by the recent experiments [Chen et
al., Phys. Rev. Lett. 121, 113204 (2018), Chen et al., Phys. Rev. Lett. 121,
250401 (2018)], we investigate the low-lying excitation spectrum of the ground-state
phases of spin-orbital-angular-momentum-coupled spin-1 condensates. At vanishing
detuning, a ferromagnetic SOAM-coupled spin-1 BEC can have two ground-state
phases, namely coreless and polar-core vortex states, whereas an antiferromagnetic
BEC supports only polar-core vortex solution. The angular momentum per particle,
longitudinal magnetization, and excitation frequencies display discontinuities across the
phase boundary between the coreless vortex and polar-core vortex phases. The low-lying
excitation spectrum evaluated by solving the Bogoliubov-de-Gennes equations is marked
by avoided crossings and, hence, the hybridization of the spin and density channels. The
spectrum is further confirmed by the dynamical evolution of the ground state subjected

to a perturbation suitable to excite a density or a spin mode and a variational analysis for



ix

the density-breathing mode.

Furthermore, we investigate the collective excitation spectrum of the annular stripe
phase, which breaks two continuous symmetries: rotational and U(1) gauge symmetry.
Since the annular stripe phase becomes more probable in the SOAM-coupling models
corresponding to larger orbital angular momentum transfer imparted by the pair of
Laguerre-Gaussian beams, we consider the Hamiltonian corresponding to 4h orbital
angular momentum transfer. The different considerations of angular-momentum transfer
to the atoms by the pair of Laguerre-Gaussian beams yield different single-particle
Hamiltonians and, consequently, different phase diagrams. In the presence of
antiferromagnetic interactions, for different values of coupling strength and detuning, we
observe the annular stripe phase along with two circular symmetric phases identified by the
charge singularities of (+4,0,—4) and (+8,44,0) in the j = +1,0, —1 spin components,

respectively, and calculate their low-lying excitation spectrum.
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Chapter 1

Introduction

In 1924, Satyendra Nath Bose [7] examined the characteristics of photons, successfully
rederiving Planck’s law for black-body radiation by considering the indistinguishability of
light quanta. Later, Albert Einstein [8] expanded on Bose’s findings in 1925, specifically
addressing the statistical properties of an ideal gas of bosons and predicting a new state of
matter known as Bose-Einstein condensate (BEC). The condensation occurs when weakly
interacting bosons, confined within an external potential, are cooled to a temperature
close to zero [9]. Under these conditions, quantum phenomena manifest themselves at
a macroscopic level, as a significant portion of bosons will autonomously fill the lowest
quantum state [10]. The collaborative work of Bose and Einstein led to the formulation of
the statistical framework (Bose-Einstein statistics) describing the distribution of identical
particles possessing integer spin, known as bosons. Later in 1938, Fritz London proposed
the idea of BEC as a mechanism for explaining superconductivity and superfluidity in
liquid helium [11]. Superfluid helium exhibits many remarkable properties, such as zero
viscosity and quantized vortices [12-16]. Later, it was found that these same properties
are observed in gaseous Bose-Einstein condensates (BECs) [17-19]. These experiments
followed the first successful experimental realization of a BEC by Eric Cornell, Carl
Wieman, and their colleagues at JILA on June 5, 1995, using vapours of 3’Rb [20].
A few months later, BEC of ?*Na atoms was observed by the group led by Wolfgang
Ketterle at MIT [21]. Almost at the same time, the research group of Randall Hulet
at Rice University reported the observation of condensates with “Li atoms [22]. These
condensates of a few hundred atoms led to important experimental findings, such as the
observation of quantum mechanical interference between two different condensates [23],
realization of a pulsed atom laser [24], supernova-like expansion of the condensate [25],
etc. Hence, Cornell, Wieman and Ketterle won the 2001 Nobel Prize in Physics for their
achievements.

In 1999, a significant breakthrough was achieved at JILA when a vortex was
experimentally observed using a BEC of 8’ Rb atoms, incorporating two distinct hyperfine
spin states [17]. Shortly thereafter, the ENS group successfully created vortices in a
rotating, cigar-shaped BEC consisting of a single component, revealing small vortex arrays
containing four vortices [18]. Later, the MIT group achieved a milestone by creating larger
rotating condensates and observed highly ordered triangular lattices known as “Abrikosov”
lattices of vortices [19]. During the same year, Leanhardt et al. introduced an innovative
technique called “topological phase imprinting” to create a coreless vortex within a spinor
f = 1 BEC [26]. A few years later, the JILA group also studied the equilibrium
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properties of a triangular lattice of vortices [27]. Understanding the quantized vortex state
is very important to gain deeper insights into the aforementioned observations related to
rotating condensates and the phenomenon of superfluidity [28-32]. These quantized vortex
states can be routinely detected in various experimental setups, including rotating single-,
multi-component, and spinor BECs [33].

Among the various species where Bose-Einstein condensation has been experimentally
observed include 8"Rb [20,34], 23Na [21,35], TLi [22], ®Rb [25], *He [36,37], 1K [38], 133Cs
[39], 52Cr [40], etc. To facilitate the study of BECs, the mean-field theory is extensively
employed, which involves substituting the two-particle interactions in the system with an
average or effective interaction, often referred to as a molecular field [41]. This approach
simplifies the multi-body problem into a one-body problem, enabling the calculation of
atomic interactions using an effective interaction proportional to the s-wave scattering
length(s). The mean-field model of the condensate is expressed by the Gross-Pitaevskii
(GP) equation [42-45].

1.1 Spinor BEC

The very first BEC was formed utilizing an atom in a single spin state of 'Rb [20], and
later, it was successfully created by using a single state of 2*Na [21]. In these systems,
only the atoms in a week-field-seeking state were magnetically trapped, hence the freezing
of their spin degrees of freedom. In contrast, optical traps allow for the trapping all
the magnetic sublevels of a hyperfine manifold by a state-independent potential, thereby
preserving the spin degrees of freedom [46]. The spin f of the atom is the sum of the
electron spin S and the nuclear spin I, e.g. 2*Na atom with S = 1/2 and I = 3/2 can have
f=1or f =2 The 2f + 1 possible spin states belonging to a given f manifold can be
labelled | f,m). In these optical traps, the 2f + 1 hyperfine spin states (of a spin-f atom)
associated with the spin projection quantum number m = —f, — f+1, ..., f can interconvert
by spin-exchange collisions subject to the selection rules, which is a striking consequence of
the spin degrees of freedom. In experiments, it is possible to have spinor BEC of two spin
states, namely |f,m) and |f,m — 1), which is treated as a pseudospin-1/2 system [47,48].
The spinor BECs of 3’Rb and ?*Na can correspond to hyperfine manifolds with f = 1 or
f = 2 [49], whereas those of 52Cr [50] and ®Rb correspond to f = 3 [1]. In spinor BECs,
several phases are possible depending on the nature of the interactions [1,51-54].

The hyperfine spin states of atoms can change during two-body scattering events in
spinor Bose gases. To incorporate this in the Hamiltonian, one must consider the total
hyperfine spin of the two particles. When two identical spin-f bosonic particles collide,
they can have a total spin F = 0,2,...,2f as the odd F values are prohibited in the s-wave
limit due to symmetry considerations [1]. The scattering length, which is dependent on the
total spin F, can take up to f + 1 distinct values, say ao, az, ..., asy [1]. The Hamiltonian

of a Bose gas with two-body inter-boson interactions can be expressed as [44]

-H:-ﬁ0+ﬁint7 (11)
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where Hy includes the kinetic energy and trapping potential terms and Hiy is the part for
mutual interaction between particles. For a dilute Bose gas with interparticle separation
much larger than the range of interaction, the mutual interaction between the particles
can be replaced by contact interaction, then these two constituents of the Hamiltonian in
Eq. (1.1) are defined as [1]

Hy = /erd)T (—V2+V( )>¢m( Hing = Z e (1.2)

m=+f

where

ar =2 /dr Z Al (0) Apa (v), (1.3)

is the interaction part of the Hamiltonian corresponding to the two bosons mutually
scattering with a total spin of F. In Eq. (1.3), g5 = 4nh%ax/M, where h is the reduced
Planck’s constant and M is the mass of the atom, and A]:M (irreducible operator) is
defined as [1]
/
Apm(c) =Y (F M fom; fym') o (r) iy (), (1.4)

m,m/=—f

which annihilates a pair of bosons at r. Using Eqs. (1.3) and (1.4), Hiy can be rewritten

as
Hos = [ 30 Ol ()] ) () (), L)
m1m2m1m2
where m1 and mo are magnetic quantum number and can take a value from f, f—1,...,—f
and )
Crtm, = % > ar <f,m1;f, ma ‘75}“ fymh; f, m’2>, (1.6)
F=0,2,...2f

with Pr = Z.J;\E/l:—]-‘ |F, M)(F, M| being the projection operator onto a two-body state
with the total spin angular momentum F. Using Eq. (1.2) along with Egs. (1.5) and
(1.6), the second-quantized Hamiltonian for an interacting spin f = 1 BEC can be written
as [1,45,55,56]

H= / [ VO Vi + VOt + w* O D Y + «zﬁ O S-S /wm/]
(1.7)

where the summation over repeated indices is implied, ¥}, (1) is a creation (annihilation)

operator, and ¢y and ¢; are interaction parameters defined as

47rh2(a0 + 2&2) . 47r7i2(a2 — ao)

3M » A= M (1.8)

Cy —

and S = (S, 5y, 5.) with Sy—;, . denoting the irreducible representation of the angular
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momentum operator for a spin-f particle. The (m,m’)th element of these (2f+1)x (2f+1)

matrices are

(Sr)m,m’ = [\/(f —m+1)(f + m)émfl,m/ + \/(f +m+1)(f - m)5m+1,m/} , (1.9a)

(S =5, VT =m+ DT+ m)s =T+ m A D = m)rr ] . (195)

(Sz)m,m’ =MOmm’ - (1.9¢)

HM‘)—‘

Similarly, using Egs. (1.2), (1.5) and (1.6), the second-quantized Hamiltonian for a spin-2
BEC is [1,51,57]

ﬁ:/dr

h2 ~t ~ PTA COo ~+ A4 o~ A Cl ~+ » PPN
oV Om Vi + VOl + SO0t + 5050 S Sy

BBl (2omi 2,m’ [0,0)(0,0 | 2,852, 1)l | (1.10)
where
4mh? (4 4mh?(ay — 4mh?(Tag — 1
o — T (a2+3a4)’ o = wh*(ay a2)7 oy — wh*(Tag Oag—i—3a4)7 (1.11)
™ ™ ™
and (0,0 | 2,1;2,1') can be expressed as [1]
0,0]2,m;2,m'y =48 ﬂ (1.12)
) s 110y &y m+m’,0 2f T 1 . .
1.1.1 Mean-field approximation
In a many-body system with BEC, the field operator can be decomposed as
U (r,1) = D0, (1, 1) + §h (1, 1), (1.13)

where 90 (r,t) is the field operator which annihilates an atom from condensate in the
hyperfine sublevel m, and &ﬁm(r, t) is the fluctuation operator, which can be thermal,
quantum, or any other fluctuation that promotes the atoms to higher energy states.
The operators ¥2, (r,t) and 01, (r,t) can be expressed using the orthonormalized set of

single-particle wave functions ¢ ., (r,t) as

@;(r)n(rv t) = dO,m(t)SOO,m<r7 t)) (1.14&)
577;771(1'7 t) = Z &a,m (t)(Pa,m(ra t)u (1'14b)
a#0

where « is the index of the single particle level, aq m (dTa,m) is the annihilation (creation)

operator, which satisfies the commutation relations

[Gam; d}ik] = 0a,80m ks |Gam Ggk] = [&L,rm&;,k} = 0. (1.15)
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The BEC occurs when one of the single-particle states, say a = 0, is macroscopically
occupied. The number operator of the condensate can be defined as No,m = damdo,m, and
then, ]\Af07m|N07m) = No,m|No,m), where (|[No —¢), |No—f+1)s---,|Nos))T is the condensate
state with No = > Ny, number of atoms. Using the commutation relations, we can

write

J oA
(ao,mao,r?v(]’:o,m%,m)‘ om) = <N;,m> |Nom)s (1.16)
which tends to approach zero in the limit of macroscopic occupation of the ground state.
This allows these two operators to be approximated by numbers, i.e. d;r)’m R om N
\/m. This approximation is termed as Bogoliubov approximation [44,58], which can be

used in Eq. (1.14a) and then to rewrite Eq. (1.13) as

wm(rv t) ~ NO,m @O,m(ra t) + &zm(ra t)7 (1'173)
= P(r, 1) + 6 (r, 1), (1.17b)

where ¥, (1, ) = (1 (r,t)) with (...) denoting the ensemble average is the wave function
of m*™® spin component [59]. Assuming the temperature of the gas is well below the critical
temperature, a significant fraction of the atoms will occupy the same ground state; the
fluctuation operator then can be neglected ¢y, (r,t) = 0, leading to U, (r,t) = Y (r,t),

which is the mean-field approximation.

1.1.2 Mean-field model for a spin-1 condensate

As discussed in the previous subsection, under the mean-field approximation, the field
operators are replaced by c-numbers, resulting in the transformation of Eq. (1.7) to the

energy functional [1,55,56,60]
_ * h? 2 €0 2 | Cl 542
Elpm) = [ dr | > or, 517V V) Ym0+ FIFP (1.18)
m=-+1

where p(r) = > |¥m(r)]? is the total density of the system, and F = (F,, F,,, F}) is the

spin-density vector with three components defined as

F = ji[wr )0+ 4 (4 + $),
F, = ﬁwz — P}t + 5 — v1)],
Fo =) mlyn/*.

The time evolution of the mean-field is given by [1]

Mo OE
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which results in the following three coupled Gross-Pitaevskii equations (CGPEs):

o4 h?v? &
= (= + e F, —F , 1.21
Lh 5 < Wi +V4cpta Vi1 + G =1 ( a)
81/)0 o hQVQ C1
th—— - <— M +V +cop ) Yo+ EF—w—lv (1.21b)

where Fly = F, £.F,.

When the parameter ¢; is positive, the energy functional (1.18) achieves its minimum
value, with a zero magnetization spinor configuration, resulting in the antiferromagnetic or
polar phase as the ground-state phase, and attributed, respectively, to equal populations
in spin states with magnetic quantum numbers m = +1 or all the atoms residing in the
spin state with m = 0 [1,55,56]. In contrast, when ¢; is negative, the ground-state phase is
ferromagnetic, where the system can be considered polarized or magnetic, demonstrating

a net magnetization [1,60].

1.1.3 Mean-field model for a spin-2 condensate

Similarly, using the mean-field approximation in Eq. (1.10), the energy functional of a
spin-2 BEC is [1,51,57,61-63]

(1.22)

Eltm —/drlzw <—v2+v)¢m D+ LEP + 2jop

m=-+2

where

Fy = Yiva+ <\/§¢3 + @Z};) + \/gwo (VT +¢%) + v (\/3% + @ﬁiz) + P tpa,
F, = [¢1¢2+¢1 (\[% 1/)2) \[1#0 (=t + 97 ( \/7%+¢1 2) —Zl)il@bz],

F, = Z mlml?, O = —=(2¢12t_2 — 2¢1p_1 +97),

m=-+2 \[
is the spin-singlet pair amplitude. For a spin-1 BEC, the spin-singlet pair amplitude
O = (2¢19_1 — ¥2)/+/3 and magnetization |F| are related, and either the former or the
latter can be independently varied in the energy functional [1]. In contrast, in a spin-2
BEC, both can be varied independently in a specific region of the (|F|,|©|) parameter
space [1]. The |©] for a spin-2 BEC attains its maximum value for a time-reversal invariant

order parameter of the antiferromagnetic phase, whereas it is zero for the ferromagnetic
phase. From Eq. (1.20) and Eq. (1.22), we get a set of five CGPEs

O G
5 P = Hiwot a(Froun £ 2Fogs) + %9%@ (1.24a)
911 3 o
Lh 5 Hipr1 + a1 [\/;wao + Fitpip & szil} - %@wqﬂ, (1.24Db)
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8¢0 3 Cc2 *
L W = Hiyy + 01\/;(F_¢_1 + F_|_¢+1) + ﬁ@¢07 (1.240)
where
h2V?
H = (— i +V+ Cop) and Fy = F, £.F,. (1.25a)

Depending on the values of ¢; and c¢o, three magnetic phases can emerge, namely
ferromagnetic, antiferromagnetic, and cyclic phase [1,63] as illustrated in Fig. 1.1. In
the case ¢; < 0 and co > 0, the system’s energy decreases with increasing magnetization,
indicating a ferromagnetic ground state. Conversely, when ¢; > 0 and ¢z < 0, the system’s
lowest energy state occurs when magnetization is absent, characterizing these states as
polar or antiferromagnetic. If both ¢; and co are positive, cyclic phase emerges as the
ground state phase [51,61,62]. The strength of interactions, as determined by scattering
lengths, can potentially be controlled through the use of optical or magnetic Feshbach

resonances, providing a means to manipulate the system’s behavior [64].

Figure 1.1: The phase diagram in co-c; plane illustrating ferromagnetic, antiferromagnetic,
polar, and cyclic phases. The order parameter for the ferromagnetic, antiferromagnetic,
polar, and cyclic phases are, respectively, \/n(r)(1,0,0,0,0)”, /n(r)(1,0,0,0,1)T/v/2,
v/n(r)(0,0,1,0,0)T, and y/n(r)(1,0,:v/2,0,1)T /2. The polar and the antiferromagnetic
phases exhibit different symmetries but are degenerate at the mean-field level [1].

1.2 Spin-orbit coupling

Spin-orbit (SO) interaction is an interesting phenomenon that arises due to the coupling

of an elementary particle’s intrinsic angular momentum (spin) with its orbital motion.
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Here, spin is an intrinsic property of an elementary particle, such as an electron, which
does not have a classical counterpart. However, the particle’s momentum or velocity is
directly related to its classical counterpart.

The SO coupling has implications in various systems such as quantum spin Hall
states [65], topological insulators [66], spintronics [67], etc. To understand the SO coupling,
consider an electron moving with velocity v under the effect of the electric field E = FyZ2.
The moving electron experiences a magnetic field B given as

vxE
5

B=— (1.26)

c

This magnetic field B facilitates the coupling between the electron’s spin and its orbital
angular momentum, leading to the SO coupling. The effective SO Hamiltonian can be
defined as

Hso = —pe.B, (1.27a)
geltBS vxE
= — |- - 1.27b
(5°)-(-555): a2
hgeig B
- —%(kxz).a, (1.27¢)
hgepp Eo
= Qk).o, (1.27¢)

where Q(k).o illustrates the coupling between spin S = ho /2 and the momentum hk /M,
e is magnetic moment, g, is Landé’s factor, and up is the Bohr magneton. The coefficient
hgepsFEo/2Mc? in Eq. (1.27b) is the strength of Rashba SO coupling. These SO coupling

Figure 1.2: (a)-(c) represents the spin structure arising from SO coupling in a system
without an inversion center: (a) Rashba, (b) Dresselhaus, and (c) persistent spin texture
configurations. The blue and red arrows signify the spin orientation for the two electronic
subbands resulting from SO coupling corresponding to the SO coupling field Q(k).
Reproduced from Nature Communications vol. 9, 2763, 2018 [2].

interactions typically arise from the absence of mirror symmetry in two-dimensional
systems [68], giving rise to the Rashba SO coupling. However, in bulk crystals, the lack of
inversion symmetry results in a different form of SO coupling, known as linear Dresselhaus
SO coupling [69], where Q(k) in Eq. (1.27c) can be written as vp(ky,kz,0). These
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Rashba and Dresselhaus SO couplings lead to a chiral spin-texture of electronic bands
in momentum space as shown in Figs. 1.2(a) and 1.2(b), respectively. The combination of
symmetric Rashbha and Dresselhaus couplings gives rise to a new SO coupling interaction
[2,70]. This can be attained when the magnitudes of yg and vp are equal, resulting in
a unidirectional SO field with Q(k) = vp(ky,0,0) or Q(k) = vp(0, k;,0). This coupling
couples the atoms in one direction only and is known as a persistent spin texture whose

schematic representation is shown in Fig. 1.2(c).

1.2.1 Synthetic SO-coupled BECs

Both the Rashba and Dresselhaus couplings play pivotal roles in numerous physical
phenomena such as spin Hall effects [65], spintronics [67], topological insulators [66],
quantum simulations [71,72]. Exploring these fundamental phenomena in ultracold atoms
presents a fascinating avenue for research in quantum degenerate gases. However, it is
crucial to emphasize that in atomic gases, the constituent atoms are electrically neutral.
Consequently, the possibility of particles experiencing a Lorentz force in the presence of
external magnetic fields is precluded. In this context, the artificial gauge fields provide a
route for exploring the physics emanating from the Lorentz force using neutral atoms [73].
The experimental realization of artificial gauge fields [73,74] and SO coupling between
the spin and the linear momentum of electrically neutral bosons [75] has paved the
way to hitherto inaccessible research direction to the researchers. The first experimental
realization of synthetic SO coupling in cold gases was done by employing a method based
on Raman coupling [4,75].

To understand the experimentally implemented method for generating SOC through
Raman coupling, we consider a scenario where two lower-energy states are connected by
lasers to a higher-energy state as shown in Fig. 1.3. For that, we consider two laser beams
of frequencies w; and wy which are close to resonance and couple internal states through

a dipolar coupling denoted as Hgs, = —d.E, where d is the dipole operator, and
E = FE;cos (ki -r —wit) + Eycos (k- r — wat) (1.28)

is the electric field. For these two Raman lasers, the electric-dipole interaction Hamiltonian

is expressed as

0 0 di3 - E(r,t)
H(t) = 0 € dys - E(r,t) |, (1.29)
[di3- E(r,t)]* [das - E(r,t)]* €3

where d;; = (i|d|5); [1), |2), |3), are basis states with energies (0, €2, €3), respectively; and

dij . E(’I“, t) = )4 cos (k1 T — wlt) + Q5 cos (kQ T — OJQt) , (130)

here ) = ciij.El and Qy = dij.E2. To remove the time dependence of the Hamiltonian,
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1)

Figure 1.3: The Figure shows the process of generating SO coupling using two Raman
lasers with frequencies wy and wo. (w1 —wy & €2 — €] K €3) which couple low-energy states
1), |2) and |3). This introduces coupling between |1) and |2) states as a second-order
process [3,4].

we consider a time-dependent unitary operator to move the system to a rotating frame of
reference, where /' = Up, and H' = UHU' — . Ud;UT. The appropriate unitary operator

is

1 0 0
U=| 0 eHw—wit : (1.31)
0 0 et
which results in [4]
0 0 di3 - E et
H = 0 ) dys - E e7w2t || (1.32)
[dlg - FE e_w‘)lt]* [Cigg - FE e—szt]* A

where 0 = €2 — (w1 —w2) and A = e3 —wj. As |3) is a bit far from the resonance, we may
adiabatically eliminate state |3). For Eq. (1.32), the Schrodinger equation is td:¢c = H'e,
where ¢ = (01,02703)T. Using ¢3 ~ — (Hjc1 + Hioco) /A, where H;j refers to the ;"
element of matrix H' in Eq. (1.32), in the Schrodinger equations for ¢; and c2, one gets

an effective 2 x 2 Hamiltonian

_’Hi3|2 _HisHés*
A A

Hy = (1.33)

s |
A A

After neglecting the fast-oscillating terms using the rotating-wave approximation, the

resultant Hamiltonian [4]

P9 20 (ki ko)
— 4A 4A
H2 — 9291( L(kl*kg)"f‘ |Q1‘2+|92|2 ) (1.34)
—~le (5 N ol 3 B L2
4A 4A
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where the diagonal term (| |* 4 |Q22|? )/4A is ac-stark shift, and the off-diagonal term
characterizes the spin-flipping process with a momentum transfer of (k; — k2), which is
fundamentally responsible for the manifestation of the SO coupling effect.

For counterpropagating Raman laser beams propagating along xz—direction, the
single-particle Hamiltonian is [4,75]

N ) )

Hy=3r + TR[COS(%L@UI —sin(2kL)y] + 5o, (1.35)
where Qp = —0Q5/2A, k;, = ki1 — k2, and kK = —/V. To make the SO coupling
even more transparent, we perform a unitary transformation using a unitary operator
U = exp(—tkrzo,), and the transformed Hamiltonian is [4,75]

- k> hkrk, Qg 0

H[): W Vi Uz+701+502, (136)

where the SO coupling is now evident from the term o k;o,.

The remarkable achievement of the experimental realization of SO-coupled BECs [75]
provides a perfect gateway to investigating novel exotic states of ultracold quantum gases,
drawing insights from condensed matter physics [66,67]. These experimental advancements
[73-77] led to many theoretical studies in spinor systems, including spin-spiral ordering
[78], vortex and skyrmion crystal [79], ferromagnetic and antiferromagnetic phases
[80], ground-state phases like plane-wave, stripe or standing-wave, vortex-lattice,
zero-momentum phases, etc. [48,81-83]. Besides these unusual phases, self-trapped vortex
solitons [84-87], knotted vortices [88], super-stripes and super-lattices [89,90] can also
emerge as the ground-state solutions of the SO-coupled spinor BECs in different parameter
domains. The specific phases and the transitions among them in the ground-state phase
diagram depend on various factors, such as the strength and nature of the SO coupling

and the interactions between the atoms [48,91].

1.3 Rotating spinor condensates

Following the observation of a trapped BEC in 8’ Rb and ?3Na alkali atoms at ultra-low
temperature [20,21], experiments were conducted to generate rotating trapped condensates
supporting quantized vortices [18] and extensive vortex lattices [19,27] under controlled
conditions for both small and large angular frequencies of rotation. As proposed by
Onsager [92], Feynman [13], and Abrikosov [16], these vortices exhibit quantized circulation
similar to that observed in liquid He II [33]. The quantized circulation can be expressed

as Y

where v denotes the superfluid velocity field, [ is orbital angular momentum, and M is
the mass of the atom. The [ # 0 means a topological defect within the closed path,

manifesting as a quantized vortex line [33]. The observation of unit angular momentum
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quantized vortices was initially reported in a uniform superfluid He II within a rotating
bucket [93,94]. The curl of the velocity field, V x v(r, t), determines vorticity and indicates

the direction of the angular momentum vector.

The spinor BECs can exhibit a diverse range of topological excitations [1,95-97],
which are not achievable in scalar BECs. Depending upon the nature of spin-exchange
interactions, values of longitudinal magnetization f, and rotational frequency o,
a wide assortment of topological structures can appear in the ground states of the
spin-1 BEC [95,96,98]. Among these are thermodynamically stable Mermin-Ho and
Anderson-Toulouse coreless vortices in a ferromagnetic spin-1 BEC [95,96]. The phase
diagram in f,-(,,4 plane reveals that the spin-1 BECs can host different types of both
axisymmetric as well as asymmetric vortices [95]. The stability of former types with a
phase-winding number of individual components between —1 to 1 has also been studied in
f2-Qhot plane [99]. The two distinct vortex-lattice phases of a rotating ferromagnetic spin-1
BEC are a lattice of coreless vortices with non-singular spin-texture and a lattice with
polar cores [98]. Coreless axisymmetric and non-axisymmetric vortices with spin-texture,
respectively, corresponding to a skyrmion and a meron-pair also emerge in pseudospin-1/2
BECs under rotation [100]. As the rotation frequency approaches the trapping frequency,
the BEC enters into a regime where the non-interacting part of the Hamiltonian becomes
equivalent to the Hamiltonian of a charged particle with mass M and charge ¢ in a
magnetic field of magnitude B = 2M Qo /g [101]. In this regime, where mean-field
interaction energy is smaller than 2A€),,¢ and coherence length is of the order of inter-vortex
separation; the bosons occupy the single-particle states corresponding to the lowest Landau
level [101-103] and the GP approximation is valid [45]. With a further increase in rotation
frequency, mean-field interaction energy becomes much smaller than hAf),., resulting in
highly correlated vortex-liquid states which are no longer described by the mean-field GP
equation [102-105]. An important parameter which characterizes the transition between
these two regimes is the ratio of the number of bosons to the number of vortices termed
as filling fraction [104]. In a single-component scalar BEC, a zero-temperature phase
transition corresponding to the transition from vortex-lattice phase to an incompressible
vortex-liquid phase occurs when the filling fraction approximately falls below six [104]. On
the experimental front, the interlaced square vortex lattice in a rotating two-component
pseudospin-1/2 BEC has been experimentally observed [106]. The experiment also
confirmed the stability of the square vortex lattice by exciting Tkachenko modes [16] and
their subsequent relaxation [106]. Spin-1 bosons under fast rotations in the lowest Landau
level regime have been theoretically investigated [107,108], and it has been demonstrated
that, similar to scalar BECs, a transition from vortex-lattice phase to quantum Hall liquid

states at ultra-fast rotations occurs [107,108].

As discussed in Sec. 1.2.1, realization of SO coupling in spin-1 BECs, results in
various ground-state phases like plane-wave, stripe or standing-wave, vortex-lattice,
zero-momentum phases, etc [48,81-83,109]. The realization of the SO coupling has made
it possible to explore the interplay of synthetic non-Abelian and Abelian gauge potential
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arising due to rotation [110,111], e.g. in the two-component SO-coupled [112-116]
or coherently-coupled pseudospin-1/2 BECs [117]. In spin-1 BECs, the interaction
between Rashba SO coupling and rotation under rapid quenching leading to half-skyrmion
excitations [118], hexagonal lattice of skyrmions and a square lattice of half-quantized
vortices [119] has already been theoretically investigated. It has also been shown
numerically that a rotating spin-1 BEC with anisotropic SO coupling can support
vortex-chain solutions [120], whereas the presence of an isotropic Rashba SO coupling
may result in a vortex lattice with a hexagonal or an approximate square-lattice pattern
[121].

1.4 Spin-orbital-angular-momentum-coupled spinor

condensates

Spin-orbital-angular-momentum (SOAM) coupling, which represents the interaction
between the spin and the orbital motion, is a fundamental phenomenon in nature. In
the field of atomic physics, the relativistic interaction between spin and orbital angular
momentum contributes to the fine structure observed in energy levels within hydrogen
atoms [122]. A similar effect is observed for protons and neutrons as they move within
the atomic nucleus, causing shifts in their energy levels within the nuclear shell model
[123]. In condensed-matter physics, a similar interaction arises between the electron spin
and its velocity, known as the spin-linear-momentum or SO coupling, which has already
been discussed in Sec. 1.2. Although SO coupling has been extensively investigated in
the ultra-cold atoms’ field [109,111,124-126], it differs from the actual meaning of SO
coupling in atomic physics, which signifies the interaction between spin and orbital angular
momentum. During the second half of the last decade, a novel coupling, namely the
SOAM coupling, which does couple the spin with the orbital angular momentum of the
atom, was theoretically proposed in cold atoms, significantly enhancing our understanding
of quantum many-body physics [127-134]. These proposals inspired the experimental
realization of SOAM coupling in the spin-1 spinor BEC of 8"Rb atoms [135,136], using
a Gaussian and a Laguerre-Gaussian beam co-propagating along the z-direction (which
leads to an orbital angular-momentum transfer of i to the atoms) [135,136]. This was
followed by the experimental demonstration of spin-polarized and zero-momentum phases
in an SOAM-coupled pseudospin-1/2 BEC of 8"Rb atoms [5]; the work also demonstrated

that Raman-induced gauge fields can lead to an effective rotation.

To understand the SOAM coupling, which connects the two hyperfine states of atoms
by copropagating Laguerre-Gaussian beams, we consider a scenario illustrated in Fig. 1.4.
The distinct orbital angular momentum carried by these beams induces a change in
the orbital angular momentum of atoms during the transition between the two ground
hyperfine states. The Hamiltonian describing an atom influenced by a pair of Raman

Laguerre-Gaussian beams as per the semiclassical theory of atom-light interaction is
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E-l-(rv t)

Figure 1.4: Figure illustrates two hyperfine states of atoms | 1), | ) which are connected
to the excited state |3) via a pair of copropagating Laguerre-Gaussian beams Ey. The A
is representing single-photon detuning and ¢ is two-photon detuning [5,6].

written as [6,127]

h/JJT 0 VT3
Ha=1 0 hw Vs, (1.38)
hwy Vs hws

where | 1), | |), and |3) are the basis states associated with energies hwy, hw), and hws,
respectively. In Eq. (1.38), V, v = (jld.E+|j’), where j,j' =t,|, and 3, d is the dipole

operator, and E1 are electric fields, which can be expressed as

1
E (r,t)= iéi[si(r)e*‘wit + &% (r)e], (1.39)

where €1 represents the unit vectors indicating the polarization direction of light, et
corresponds to the spatial complex amplitudes, and w+ denote the angular frequencies
of the Raman beams. Next, we apply a time-dependent unitary transformation to our

system to move to the rotating frame of reference, where

W =Uy, H =UHs U —U8,UT, (1.40)
for
exp (tmt) 0 0
U= 0 exp (un,t) 0 . (1.41)

0 exp (—ust)
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This results in
th — hiy 0 Vis et(m—ms)t
H = 0 hw, — Ty Vag elm—m)t (1.42)
M¢6L(’73_77T)t Vag e!B=mt  hus — hing
where 7); can be considered as [6]
1
o= lwe tweo fwrtwy), (1.43a)
1
n, = §(w+—w,—|—wT+w¢), (1.43b)
1
N3 = §(w++w,+wT+w¢). (1.43c¢)

For the Hamiltonian in Eq. (1.42), the Schrodinger equation is td;¢ = H'e, where ¢ =

(e, ey, 03)T, and under rotating-wave approximation [137], we obtain [6]

Ocy 0 1, .
Lhﬁ = 54 + §p+£+(r)03, (1.44a)
Ocy 0 1
= - Zpt et 1.44
T e+ Spte (vles (1.44b)
1
chaact?’ = pieq(r)er + Sl (r)e; — Acs, (1.44c¢)

where py = (3|]—d.é4| 1) and p_ = (3|]—d.é_| |) represent the matrix elements of the
electric dipole moment, § = h[(wy — w—_) — (w, — wy)] is two-photon detuning, and A =
h(w4 +w— +w| +wy —w3)/2 is single-photon detuning. As the excited state |3) is far from
the resonance, we can adiabatically eliminate it by considering dcz/0t ~ 0 in Eq. (1.44a)
to obtain [6]

c3 p+;2(1') cr + p;A(r) cl. (1.45)

Using Eq. (1.45), Egs.(1.44a) and (1.44b) can be written as

) (q)_(mr)w/z Q(r) ><T> (1.46)
Ot \cy (r)  x-(r)-4/2) \¢a

_ |pres(o)? _ pip—gi(r)e_(r)
X:I:(I'):T, Q(): + ZA .

The diagonal terms y+, which represent the ac-stark shift in Eq. (1.46), can be eliminated

where

by properly choosing a wavelength of Legurre-Gaussian beams in the experiment
[5,138,139]. The off-diagonal ac-stark shift term Q(r) leads to a space-dependent coupling
between two hyperfine states | 1) and | ), resulting in an SOAM coupling of atoms.

To make the connection with the experiment [5], we consider the pair of Raman beams

applied along the z—direction with the amplitudes

2

x| —r
e4(r) = \/2[pe 1x? (1) e etk?, (1.47)
w
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where (r, ¢, z) are the cylindrical coordinates, w is the width of the beam, and Ij is the
intensity of the beam. The phase winding of e “=¢ reflects the orbital angular momentum
of —l4 carried by the beam. The single-particle Hamiltonian for the spin-1/2 system can

be described as [5]
. h2
Hy = 52 V2 +V(r) + Vig(r), (1.48)
where V(r) is the external trapping potential, and V1, denotes the interaction between

the Laguerre-Gaussian beam and the atoms, which can be represented as [129]

§/2 Q(ryet
o (XS e} o
Q(r)et?  x(r) —4/2
The | = (4 — [-) is the angular momentum transfer to the atom and (r) =
9,2
Qr (%)'MHH e W is coupling strength, where Qp = |p% p—|lo/2A is Rabi frequency.

For simplicity, we have x(r) = x4(r) = x—(r). By introducing a unitary transformation

U = exp(il¢d,), the single-particle Hamiltonian is transformed to

. oo o h? o (L. — 1ho)?
7‘[0— A~ 77+V(I‘)+X(T) I+W

1)
— - Qr)o, + =062, (1.
2Mr 8rrar 2M 022 +0(r)d. + 27 (1.50)

where L, = —1h0/0¢ and &, . are Pauli matrices.

In spin-1 BEC, SOAM coupling has been realized by considering copropagating
Gaussian and Laguerre-Gaussian laser beams with an angular momentum transfer of
[ = h [135,136]. The single-particle Hamiltonian for an SOAM-coupled spin-1 BEC in

the cylindrical coordinate system can be written as [135]

A~

Hy =

2 2 2 92
K a<a> 2 R

“aMror \'or) T 2Mr? T 2M 022

+ hQ(r) cos(¢) Sy — hQY(r) sin(¢)Sy + hdS;, (1.51)

where T is a 3x3 identity matrix, Q(r) = Qgry/e(r/ro)e /27, and ry is the radius of
maximum-intensity (cylindrical) surface [135,136], respectively, § is the Raman detuning,

and S, Sy, and S, are spin-1 matrices.

Both SOAM and SO couplings can yield effective rotations or synthetic magnetic fields
which can result in the ground-state with vortices. The ground states obtained with SOAM
coupling usually have the cylindrical symmetry of the Hamiltonian and are characterized
by angular momentum quantum numbers [135]. With SOAM coupling, the spin-textures
of coreless vortices, skyrmions, monopoles, etc. exhibit cylindrical symmetry because the
unit vector F completes a full rotation of 27 as ¢ varies from 0 to 27, whereas with SO
coupling, F projected on the x — y plane helically precesses along the z-direction and

hence, cannot result in cylindrical symmetry [135].

Among the theoretical studies on the SOAM-coupled pseudospin-1/2 BECs, a stripe,

an annular-stripe, a two-vortex molecule, and a vortex-antivortex molecule ground-state
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phases [130,140-142] and the effects of the ring-trapping potential on the annular-stripe
phase have been studied [129,143]. The ground-state phases of an SOAM-coupled spin-1/2
BEC has also been studied in a toroidal trap [143]. Furthermore, the angular stripe phase
in SOAM-coupled systems started gaining attention [140-144]. However, due to the narrow
range of parameters, this stripe phase has not yet been observed experimentally [142].

Along with the studies on equilibrium ground-state phase diagrams, spectroscopic
studies have been carried out on the SOAM-coupled pseudospin-1/2 BECs [133,141,144].
In particular, the low-lying excitation spectrum, including breathing and dipole modes,
have been studied for the half-skyrmion and vortex-antivortex phases [133,141]. The
ground-state phases and excitation spectrum have also been studied for a pseudospin-1/2
BEC with higher order SOAM couplings [130,144]. The different considerations of
angular-momentum transfer to the atoms by the pair of Laguerre-Gaussian beams yield
different single-particle Hamiltonians and, consequently, different phase diagrams. In this
context, considering a theoretical SOAM-coupled spin-1 model with an angular-momentum
transfer of 27 rather than A realized in the experiment [135,136], the ground-state phase
diagram and the dynamics ensuing on sudden quench of the quadratic Zeeman terms have
been studied [132].

1.5 Collective Excitations

Low-energy excitations of quantum gases, known as collective excitations, can provide
crucial insight into aspects such as ground-state phase stability, fluctuations, and
superfluidity [45,145]. However, this can be done by analyzing collective excitations, which
aid in mapping out the phase boundaries [45,145].

The experimental investigation of BECs started by subjecting the condensate to
extremely low temperatures, eliminating the thermal cloud associated with it. The
collective oscillations were induced through the modulation of the external trapping
potential [146-150], especially a small time-dependent perturbation to the trapping
potential was used to excite the shape oscillations of the condensate [146,147].

Innovative theoretical approaches have been formulated to describe the collective
modes of confined BECs to substantiate the progress in experimentation. Within the
mean-field model, a study was conducted on the linearised GP equation around the
ground state [151]. Remarkably, the experimentally measured frequencies [146,147,152]
demonstrated excellent agreement with theoretical predictions [151,153-156], representing
significant achievements in the field. Collective oscillations can be induced not only by
modulating the external trapping potential [146,147,157-161] but also by modulating
the s—wave scattering length [162-165] In the Thomas-Fermi limit, the frequencies
of collective excitations can be calculated analytically [153]. Due to the inherent
nonlinearity of the equation of motion, various interesting phenomena are observed
in the collective excitations of BECs, including frequency shifts [159,163,166,167],
mode coupling [159,166,167], damping [148,168], as well as the collapse and revival of
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oscillations [159,169,170]. The collective excitations of a system can be calculated by using
the Bogoliubov-de-Gennes (BdG) equations. To introduce BdG equations, we consider
the SOAM-coupled pseudospin-1/2 BEC as discussed in Sec. 1.4. Under the mean-field
approximation, an interacting SOAM-coupled pseudospin-1/2 BEC can be described by

following two dimensionless CGPEs

vy _ 19 8 r? (L, —1)? ) )
=\—-57r—+ = — Q
-y ( 5rar gy T g TXO) o | QYL+ g [T+ gr [y
(1.52a)
Ay 19 o 2 (L. +1)* 1 2 2
I o -0 )
5 ( 5o gy T TX0) T T [ Y+ QU+ g [Ty gy [Ty
(1.52b)
where ¢ = gy = g and gy are intraspecies and interspecies interaction strengths,

respectively, and ¢4 (¢) is the component wavefunction corresponding to 1 (/) spin.
Under the Bogoliubov approach, we consider the fluctuations in the ground state by writing

the perturbed order parameter as
wj(r,t) = [Rj(r) _i_uj(r)eb(quﬁ—wt) +v;f(r)€L(lq¢+wt):| eL(lqu—ut)’ (1.53)

where j =1,], p is the chemical potential, u and v are the Bogoliubov quasi-particle
amplitudes, w is collective excitation frequency, [, = <f)z) is the magnetic quantum number
of the ground state, and I, = 0,%1,£2,---, is the magnetic quantum number of the
excitation. Linearization Eqs. (1.52a) and (1.52b) and the conjugate set of equations
using perturbed order parameter (1.53) yields the following four coupled BdG equations

1o o0 (g + 1. —1)?

Wy = 77+7+X()+ 9,2

2 2
“2r0r Or 2 +29(Ry)* + g1 (R))? — p| up (1.54a)

r2
+ EQ(T)ZQ +g (RT)Q vr + g Ry Ryuy + gr BrRyvy,

— _ ig 2+ﬁ+ ()+M
wor = | 2ror or XA 2r2

+2g(Rt)? + gyy(Ry)? — p| vy (1.54b)
L

2
10 0 r? (g + 1. 4 1)2
S T e R e
2

Q(?”)U¢ + g(RT)QuT + gNRTRwi + guRTRiui,

+ 911 (R1)* +29(Ry)* — i uy (1.54c)

ryur + g(Ry)*vy + g1 RyRyvr + gy Ry Ry,

(
19 8 12 (lg + L +1)2 ) )
WU = | mooa et o HX() g m Fgn (By)T 4 20(Ry)T — oy (154d)
2
.
+ 59(7“)?% + g1 RyRyuy + gy Ry Ryvr + g(Ry)uy

This coupled set of BAG equations can be solved by employing the finite-difference method

to discretize the equations over the spatial radial grid [171] or by using the basis expansion
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method where the BAG amplitudes are written as linear superpositions in terms of a

complete set of suitably chosen orthonormal basis states [172].

1.6 Aims and Objectives

The realization of SO-coupling paved the way to explore the interplay of an artificial
non-Abelian gauge field resulting in SO-coupling and rotation, which itself is equivalent
to an Abelian gauge potential. In the literature on rotating SO-coupled spin-1 and spin-2
BECs, the rotation frequencies considered mostly have been within the range of small to
moderate values. This thesis aims to investigate the combined effect of interactions and SO
couplings, particularly at high rotation frequencies for spin-1 BECs with ferromagnetic or
antiferromagnetic interactions and then broaden the investigation to a rotating SO-coupled
spin-2 system with antiferromagnetic, cyclic, or ferromagnetic interactions. Specifically,
we wish to investigate the various effective potentials an atom in these SO-coupled spinor
BECs may experience under the combined effect of SO coupling and rotation.

As discussed in Sec. 1.4, the experimental realization of SOAM coupling represents
a significant milestone in spinor BECs. For an SOAM-coupled spin-1 BEC with an
angular-momentum transfer of [ = 2h [132], the ground-state phase diagram and the
dynamics ensuing on sudden quench of quadratic Zeeman terms have been studied as
mentioned in Sec. 1.4. In this context, considering the experimentally realized SOAM
coupling with [ = A [135,136], the detailed phase diagrams and excitation spectrums
of SOAM-coupled spin-1 BECs with polar and ferromagnetic spin-exchange interactions
have not been yet theoretically studied. More importantly, collective excitations of
the SOAM-coupled spin-1 BEC have not been studied, irrespective of the theoretical
models employed. We aim to bridge the research gap by investigating the low-lying
excitation spectrum of ground-state phases, specifically focusing on the coreless and
polar-core vortex states of SOAM-coupled spin-1 condensates. We also aim to explore the
annular-stripe phase and its excitation spectrum, which can appear as the ground-state
phase in an SOAM-coupling model with a larger angular momentum transfer (say 4h) to
the condensate atoms. We study the ground-state phases for the model with a larger value
of | = 4h and their excitation spectrum using the Bogoliubov approach.

The main objectives of the thesis are listed below:

e To study the effective potentials experienced by a boson in rotating SO-coupled

spinor condensates.

e To study the vortex-lattice formation in SO-coupled spin-1 and spin-2 BECs under

rotation.

e To study the quantum phases and spectrum of collective modes in a spin-1 BEC
with SOAM coupling.

e To study the collective excitation spectrum of an annular-stripe phase of an
SOAM-coupled spin-1 BEC.



20 Chapter 1. Introduction

To achieve these goals of the thesis, we have to numerically solve the mean-field model
for an SO-coupled spin-f BEC, a set of 2f + 1 coupled time-dependent partial differential
equations with first-order time-derivative and first- and second-order spatial-derivative
terms. These coupled equations cannot be solved analytically without relying on
approximations, and hence one needs to solve the equations numerically. Various numerical
techniques have been employed in the literature to investigate spinor BECs [173-175]. This
necessitates the exploration of numerical techniques to study the ground states and/or
the dynamics of homogeneous or trapped spin-f BECs with SO coupling using (a) Fourier
pseudospectral method and (b) Time-splitting (implicit or semi-implicit) finite-difference
methods (in the first chapter of this thesis). The Fourier pseudospectral method is ideally
suited for systems with periodic boundary conditions, whereas the finite difference methods

offer more flexibility to implement alternative boundary conditions.

1.7 Outline of the thesis

In the first part of Chapter 2, we discuss the time-splitting Fourier pseudospectral method
to numerically solve the CGPEs (for SO-coupled spin-1 or spin-2 BECs) which can be
employed to study the ground state solutions and/or the dynamics of homogeneous or
trapped condensates. As the Fourier pseudospectral method implements the periodic
boundary conditions, we discuss a couple of time-splitting finite-difference methods to
study the SO-coupled spinor BECs in the second part of this chapter.

In Chapter 3, we investigate the combined effects of rotation and SO couplings in
spin-1 and spin-2 BECs systematically using the non-interacting model. By using the
single-particle Hamiltonian, which is exactly solvable for one-dimensional coupling, we
illustrate that a boson in these rotating SO- and coherently-coupled condensates are
subjected to various effective potentials under specific coupling and rotation strengths.
In the presence of mean-field interactions, using the CGPEs at moderate to high rotation
frequencies, we investigate a variety of vortex-lattice structures emerging as ground-state
solutions as a result of the interplay between rotation frequency, SO couplings, and
interatomic interactions. Furthermore, we gain insights into the behavior of both
antiferromagnetic and ferromagnetic interacting spin-1 BECs by examining the spin
expectation per particle at moderate to high rotation frequencies. Similarly, we investigate
antiferromagnetic, cyclic, and ferromagnetic phases under rotation for spin-2 BEC.

In Chapter 4, we investigate the low-lying excitation spectrum of the ground-state
phases of SOAM-coupled spin-1 condensates. Here, we observe that at vanishing detuning,
a ferromagnetic SOAM-coupled spin-1 BEC can have two ground-state phases, namely,
coreless and polar-core vortex states, whereas an antiferromagnetic BEC supports only
polar-core vortex solutions. The phase boundary between the coreless and polar-core
vortex phases is demarcated by changes in angular momentum per particle, longitudinal
magnetization, and excitation frequencies. The low-lying excitation spectrum is evaluated

by solving the BdG equations. The spectrum is further confirmed by the dynamical
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evolution of the ground state subjected to a perturbation suitable to excite a density or
a spin mode and a variational analysis for the density-breathing mode. Additionally, we
discuss the effect of detuning in the excitation spectrum.

In Chapter 5, we introduce the SOAM-coupled spin-1 system with a larger angular
momentum transfer (I = 4h) to the atoms. We explore the ground state phases of this
model with antiferromagnetic interaction and incorporate detuning to obtain an annular
stripe solution. We calculate and analyze the collective excitation spectrum of these
solutions, with a particular emphasis on the annular stripe phase. To further understand
the nature of low-lying collective excitations, we utilize the time evolution of relevant
observables after suitably perturbing the Hamiltonian and validate our calculations of the
excitation spectrum using the BdG equations.

Finally, in Chapter 6, we summarize the main results of the thesis and discuss possible
future research directions.

The thesis has three appendices. In Appendix A, we discuss time-splitting finite
difference methods to solve the CGPEs for an SO-coupled spin-1 BEC. In Appendix B, we
outline the details of the finite difference scheme [171] to solve the (circularly-symmetric)
BdG equations for an SOAM-coupled spin-1 BEC. Lastly, in Appendix C, we provide
the essential details to numerically solve the two-dimensional BdG equations in Cartesian

coordinates using the basis expansion method [172].
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Chapter 2

Numerical Methods

In the absence of thermal and quantum fluctuations at 7 = 0 K, the mean-field
approximation allows one to describe an SO-coupled spin-f BEC by a set of 2f + 1
coupled nonlinear Schrodinger equations [1,51,55-57]. In general, this coupled set of
equations, termed as the mean-field model, is not analytically solvable without resorting to
approximations. In this context, in the absence of SO coupling, a wide range of numerical
techniques have been employed in the literature to study spinor BECs [175-179]. In the
following thesis chapters, we need to solve the coupled Gross-Pitaevskii equations (CGPEs)
for SO-coupled spin-f BECs. This necessitates exploring numerical techniques to study
the ground states and/or the dynamics of homogeneous or trapped spin-f BECs with SO

coupling.

In this chapter, first, we discuss the time-splitting Fourier pseudospectral (TSFP)
method, in which we first split the CGPEs into four sub-sets of equations, where each set
consists of 2f + 1 equations, using Lie operator splitting [180]. The method then involves
solving the aforementioned four sets of equations one after the other over the same time
interval, with a solution to each set serving as the input to the following set of equations.
As the Fourier pseudospectral method implements the periodic boundary conditions, we
discuss a couple of time-splitting finite-difference methods to study the SO-coupled spinor

BECs, which offer more flexibility to implement the alternative boundary conditions.

The chapter is organized as follows. In Sec. 2.1, we present a generalized mean-field
model matrix equation for an SO-coupled spin-f BEC. Sec. 2.2 provides a detailed
discussion of Fourier pseudospectral method employed to solve the CGPEs for spin-2
BECs in three-dimensional (3D), quasi-two-dimensional (q2D), and quasi-one-dimensional
(q1D) settings. Moreover, this section discusses the important conserved quantities of
a spin-2 BEC in the presence and absence of SO coupling. In Sec. 2.3, we employ
a time-splitting Backward—Euler (TSBE) or a time-splitting Crank—Nicolson (TSCN)
finite-difference methods to solve the split equations corresponding to the kinetic energy
and SO coupling operators for a pseudospin-1/2, spin-1, and spin-2 BECs. Furthermore,
Sec. 2.4 presents a few sample results for comparing finite-difference methods with the

Fourier pseudospectral method.

23
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2.1 Mean-field model for a spin-f BEC

A generic spin—f condensate with Rashba SO coupling at 7' = 0 K can be modelled with

a matrix equation of the form [1,48]

ov
Yar = (Hsp + Hsg + Hsoc + Hkr) VY, (2.1)

where ¥ is a 2f + 1 component order parameter. In this chapter, we consider f =1/2,1,
and 2 corresponding, respectively, to pseudospin-1/2, spin-1, and spin-2 condensates. In
Eq. (2.1), Hkg is a diagonal matrix consisting of kinetic energy operators, Hgoc is matrix
operator corresponding to SO coupling, Hsg consists of off-diagonal interaction terms, and
Hgp is a diagonal matrix consisting of trapping potential plus diagonal interaction terms.
Eq. (2.1) is split into four equations by using the standard Lie splitting [180]. Solution to
Eq. (2.1) after time step dt is given as

(t 4 6t) = UW(t), (2.2)

which describes the evolution of the wave function by a unitary propagator U given as

A

U = exp [—t0t(Hsp + Hsg + Hsoc + Hkg)] - (2.3)
The split-operator technique approximates the propagator as

U =~ exp (—t6tHgp) exp (—tdt Hsg) exp (—tdtHgoc) exp (—tot HKg) - (2.4)

Using (2.4), Eq. (2.2) is equivalent to solving following equations successively

Laa—\f = HggrV, (2.5a)
L%‘f —  HsocV, (2.5b)
Laa—\f = HgpV, (2.5¢)
L%\f — HgpV, (2.5d)

over the same period of [t,t + d].

2.2 Fourier pseudospectral method

We discuss the Fourier pseudospectral method for an SO-coupled spin-2 BEC, which
can be described by five CGPEs, and for a spin-1 BEC the method has been discussed
in Ref. [181]. In our discussion, we transform the CGPEs into dimensionless form,
where physical quantities such as length, time, energy, etc., are expressed in terms of

natural scales within the system. This dimensionless representation aids in eliminating
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cumbersome constants inherent in the CGPEs, enhancing both the aesthetic simplicity
and computational efficiency of the numerical solver through less intensive floating-point

operations [182].

2.2.1 CGPEs for an SO-coupled spin-2 BEC: Mean-field model

The quantum and thermal fluctuations in an SO-coupled spin-2 BEC at T' = 0 K can
be neglected, and the system is very well described by the following set of CGPEs in

dimensionless form [1,68]

Ladjigix’t) = Hipio(x,t) + cop(x, t)pra(x,t) + c1[Fx(x, t)11(x, 1)
LR (x, D) (3, 8)] + 3 O “\%Q(X’ Do t), (2.62)
200 .0+ caplo e )+ e |y 2 P e )
+FL (%, )1a(x,t) £ Fu(x,t)11(x, t)] — ¢ O, t)jﬁ?(){’ 2
+I11(x,1), (2.6b)
OB iy 1) + coplox, Dl £) + 1 ﬁ (F ()1 (.1
P (s (x, )] + 0 20 DVOD) e, (2.60)

V5
where suppressing the explicit dependence of component wavefunction v; on x and ¢,

2

V2 2hotp_g — 20191 + b3 .
Ho= —5 V), ©= ki \/51 Lo, Fz—j;ywjr?, (2.7a)
Fo = Fr =2yt 1 + V6™ 10 + V6 + 2007, (2.7b)

and p = Z?:—2 1% is the total density. In 3D setting, x, Laplacian, trapping potential

V(x), interaction parameters (cg, ¢, c2), and SO-coupling terms I" are defined as

0 0 0 a’z? + o2y + a?2?
_ 2_(_ 9 o o _ = y z
x = sk V= (gt gt g ) VO T (280)
o — 47N (4as + 3@4)7 o = 47N (ayq — ag)’ oy — 47N (7ag — 10az + 3as) (2.8b)
7&055 7a0sc 7aosc
Tip = — (% 8;/);'[1 T 815; L 2, 8??) , (2.8¢)
_ OPya \/§ Oy 0o \/§ Oy Oiy
'y = — <’Yx o + 2 B0 + WyTy Fu ?Yyaiy 7 0. | (2.8d)

_ (/3 0% \/§6w1 3%_\/§ 01
To = L<\/;x8x + 21" O T 2 v Jy R oy |’ (2:8)
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where oy, and v, with v = x,y, z are the anisotropy parameters of trapping potential and
SO coupling, respectively; N is the total number of atoms; a.s (oscillator length) is chosen
as a unit of length; and ag, as, a4 are the s-wave scattering lengths in total spin 0, 2 and

4 channels, respectively.

When a spin-2 BEC is strongly confined along one direction, say z, as compared
to other two, i.e. w, > w, & wy, then one can approximate Egs. (2.6a)-(2.6c) by

two-dimensional equations which can obtained by substituting [183]

b o OCS%ZL'Q +042y2
X = (xvy)a v? = <81‘2 + 8y2> ) V(X) = fy? (298‘)

[a, 4w N (dag + 3ay) a, 4N (ag — az)
_ Y G A S 2.9b
€0 27 TGosc ra 27 TQosc ’ (2.9b)

a, 47N (7ap — 10as + 3ay) O+ O
¢ V3 T » To=— v =Fm— =) (2.9¢)

. 0o \/§ o ) \/§ g

'y = L('Yz O + 2735 o ié')/y 8y T+t 27y 8y ) (2'9d)
_ 3O \/§ 01 \/§ o 3 O

To = — (\/g% Ox + 27" B e 2Ty oy fVo oy |- (2.9¢)

Similarly, if the BEC is strongly confined along two directions, say y and z, as compared

to third one, i.e. w, = w, > w,, then one can approximate Egs. (2.6a)-(2.6¢c) by

one-dimensional equations which can be obtained by substituting [183]

0 a2z?
_ 2 _ _
X = I, V = @, V(X) = 1‘2 s (210&)
2N (4a9 + 3a 2N (a4 — a
cp = ,/ayaz(,hj‘l), clzﬁ/ayazw, (2.10Db)
OSC 0OSC
2N (7ag — 10 3 0
0 = ymE T et g0 a0
0OSC

. 0o \/§ o
I‘:i:l - 2 (’Vx O + 5790 o ) y (2'10d)
_ (. [3, 0w \/3 I
Ib—LWWm+2%m) (2:10¢)

The energy of an SO-coupled spin-2 BEC is given as

+2 +2
" 1 Co C1 C2 *
E:/dx > (—2v2+v>wj +5p2+5|F\2+51912+§ T | (2.11)

j=—2 j=—2

where |F|> = F, F_ + F2. The energy, along with the norm N = [ pdx are two conserved
quantities of an SO-coupled spin-2 BEC. The dimensionless formulation of the mean-field
model, i.e. Eqgs. (2.6a)-(2.6c), ensures that A is set to unity. In the absence of SO
coupling, one more quantity longitudinal magnetization f, = [ F.dx is also conserved. The

time-independent variant of Eqgs. (2.6a)-(2.6¢) can be obtained by substituting v;(x,t) =
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d)j(x)e_i"jt, where p1; are the chemical potentials of the individual components.

2.2.2 Fourier pseudospectral methods for a spin-2 BEC

The CGPEs (2.6a)-(2.6¢) can be written in matrix form and four operators in Eq. ( 2.1)

are defined as

0 Hp Hiz 0 0
Hf, 0 Hy 0 0
Hsoc = —i720:Se —ivy0ySy, Hsg = | Hf5 Hjyy 0 Hsy Hss |, (2.12a)
0 0 Hi 0 Hg
0 0 Hj Hi O

-HSP = dlag (H+27H+17H07H—17H—2)7 (212b)
) V2 V2 vz V2

HKE = d1ag<—2 —2[/)/262,—7 —L’Yzaz,—T,—?—i-L’}/zaz,
VZ

where S; and S, are irreducible representations of spin-2 matrices, Hio = V + cop &
201FZ—|—(2/5)02\¢:F2]2, Ho =V +cop+(1/5)caltbo|?, Hy1 =V +copter F, + (2/5)02|1/}¢1\2,
Hiz = ciF_ — (2/5)catp_13p* 5, Hiz = (1/5)catbotr® 5, Hag = (V6/2)crF- — (1/5)cathotp 4,
Hsy = (V6/2)c1 F- — (1/5)coprtbs, Has = (1/5)cotboths, and Hys = c1F- — (2/5)catbaify.
To solve the equations Eqs. (2.5a)-(2.5d) employing the Fourier pseudospectral method,
split equations involving kinetic energy and SO-coupling operators are dealt with in the

Fourier space. The Eq. (2.5a) can be expressed as the following set of decoupled equations

Law‘j(x? Y, z, t) _ 82¢j($a Y, z, t) . 821[)](:67 Y, z, t) B 821/}](11‘5 Y, z, t)
ot 2022 20y? 2022
8%(9?;%2’775)
0z ’

+ jik, (2.13)

where j = +2,41,0, —1, —2. Solution of Eq. (2.13) in Fourier space is given as

Gio(ko, by kot +0t) = thao(ka, ky, ke, t) exp[—u(k2 + k2 + k2 £ 2v.k.)1](2.14a)
bt (kg by kot +0t) = tha1 (b, ky, ke, t) exp[—o(k2 + k2 + k2 £ 7.k.)dt], (2.14b)

Yok by, kzyt +0t) = Po(ka, ky, bz, t) exp[—o(k2 + ki, + k2)6t], (2.14c)

where 1[1j is the Fourier transform of 1; and k., k,, k. are the corresponding Fourier
frequencies. Now @Zj(kx,ky, k.,t + 0t), the transient wave function in Fourier space is
the initial value of the wave function for the Fourier transform of Eq. (2.5b), which in the

Fourier space is given as

La\i/(/cm, ky, ks, t)

BN = ﬁsoc@(k‘x,k‘y,kz,t), (2.15)
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where
0 ’Y.Z‘kCC - [/}/yky O 0 0
Yokz + tyyky 0 \/g(%kz — 1yyky) 0 0
E[SOC = 0 \/g(%k‘x + vyyky) 0 \/g(%:km — tyyky) 0
0 0 V3 Oake + tyky) 0 S ——
0 0 0 Yakz + tyyky 0
(2.16)
and the formal solution of Eq. (2.15) is
U(ky, ky, koyt +0t) = exp(—10tHsoo) W (ky, ky, k2, 1),
= exp(—t0tPDP YU (ky, ky, ks, t),
= Pexp(—10tD) P~ 0 (ky, ky, ks, t), (2.17)

where P is 5 x 5 matrix defined as P = (A1, Ag, As, Ay, As)and D is a diagonal matrix.

The A; with j =1,2,3,4,5 are normalised eigenvectors defined as

T
1 1 V3 ef 1
A = To-uB 2 =g VOO € L 2.1
1 {46 ) 26 72\/57 9 74 ) ( 83‘)
1 B 1 T
AQ - {_2€2Lﬁ7627 ) %75 2L/8} ) (218b)
1 /3 1 1 /3
A3 = {2\/;6_2LB707 27075 5 2L5} Y (2180)
T
1 1 1
A4 - {_2€2L6)_26 LB)O7€27262L5} ) (218d)
T
A = Jloas e VB 01 oy (2.18¢)
4 9 92 72\/57 92 74 ’ :
and D = diag (—2a, —a, 0, «a, 2a) where
_ k
o = \/(V:Dk'z)Q + ('Yyky)z and ﬁ = tan ! <’}/yky> . (219)
Yz Rz

For a q1D condensate, « and 3 reduce to 7.k, and 0, respectively. The solution of split
equation for Hsg is approached similarly with one difference that Hsg is time-dependent.

Taking this into account, solution to equation for Hgg is [177]

t+6t
U(x,t+dt) = exp <—L HSE(a:,t)dt> U(z,t),
t

{ Hsp(w,t) + BEE (2.t + 6t)}
2

A~ exp |—uit U(x,t),
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= exp(—t0tBQB)V(x, 1),
= Bexp(—16tQ)B U (x,1), (2.20)

where H gg (x,t+dt) is estimated by the forward Euler (fE) method, and @ is the diagonal
matrix. The diagonalization of Hgg(z,t) + Hgg (x,t+ dt) is performed numerically using
the external subroutine ZHEEV of LAPACK software package [184]. In the case of the
Intel compiler, LAPACK libraries are included in the Intel Math Kernel Library (MKL)
and can be linked from there also. Hgp being diagonal, the solution to Eq. (2.5d) can be

calculated analytically as
U(xz,y,z,t+ 0t) = exp (—dtHgp) ¥(x,y, 2, t). (2.21)

This final wave function is the solution of Eq. (2.2) after time dt for this system. For a

q2D and 1D condensates, the four operators are defined similarly.

2.2.3 Conservation/Non-conservation of Magnetization

In the absence of spin-orbit coupling, I'to(x,t) = I'y1(x,t) = Io(x,t) =0,

df
% / (2’1/}4-2(}{7 t)’2 + W)-i-l(xv t)‘Q - ‘w—l(xa t)‘Q - 2|¢—2(X7 t)|2) dX,
9 . oMy 0 . WL g,
e . .
* _ o
—1h_q gtl — 2agt 2ty — 2y gt2> dx. (2.22)

Using Egs. (2.6a)-(2.6¢) in Eq. (2.22), we obtain

df-
dt

3
—ic1 / (F_w-ul/}iz — Foplqo — Fup 7 g + F_ ™ 9o + \/;F—l/fol/}%
3 3 3

—\/;F+¢S¢+1 - \/QF+¢01/1*1 + \/;F—¢S¢—1> dx,

3 3
_Lc1/ F_ <¢+1¢12 + Yo+ \/;wéw—1 + \/;¢o¢11>
—Fy (¢+1¢+2 +1iy + \/;/101/1+1 + \/;lbolﬂl)] dx,
= —LCl/ <F_F2‘Jr —F+Z> dx

= 0. (2.23)

In the presence of SO coupling, combining Egs. (2.6a)-(2.6c) with Eq. (2.22) leads to

df-
dt

—L/ (2049 4o + 200 + 1 Tyn + 1Ty — 20750 5 + 29 oI,

+¢*,1F_1 + 'lp_ll—‘*,l) dX,
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£ 0, (2.24)

in general. Therefore, f, is conserved in the absence of SO coupling but not so generally

in the presence of SO coupling.

Simultaneous conservation of Norm and Magnetization

We use the imaginary time propagation method, where ¢ is replaced by —:t7 in CGPEs
(2.6a)-(2.6¢), to determine the stationary states of the system. As the imaginary time
propagation is used to calculate the system’s ground state under the constraint of fixed
norm and magnetization, it conserves neither of the two; one needs to renormalize the
component wavefunctions after each time iteration. This means after each imaginary-time
step 67, the component wavefunctions are rescaled as ¢;(x, 7 + 0t) = o;9;(x,7), where
oj are renormalization factors. These renormalization factors o; satisfy the following

relationships among them [185]

o101 = 0p, (2.25a)
090 _5 = 0f, (2.25b)
0902, = 0f, (2.25¢)
and
uiNs 4+ wBoNT + wP0PNy + wodN_ + 0PNy = NP, (2.26a)
2N + udoN — wP N_y — 204N o = fouv, (2.26D)

with norm and magnetization, where u = 03 and v = 03 and N; = [ |¢;(x,7)[>dx are the
component norms at (imaginary) time 7. In this thesis, we solve Egs. (2.26a) and (2.26b)
using Newton-Raphson method after each iteration in imaginary time. The o; and oy
so obtained can be substituted back in Egs. (2.25a)-(2.25¢) to determine the remaining
renormalization factors ¢. The simultaneous fixing of norm and magnetization is only

implemented in the absence of SO coupling.

2.3 Time-splitting finite-difference methods

To enhance the mean-field model’s generality for a spin- f spinor BEC, we incorporate the
coherent coupling strength absent in the discussion of the Fourier pseudospectral method.
Hence, the set of Eqgs. (2.5a)-(2.5d) can be redefined as

ov

tgy = V= (Hke + Hsoc)¥, (2.27a)
ov

oy = Hses¥= (Hsg + Heon) ¥, (2.27b)
1

o g, (2.27¢)

Yot
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The H, in Eq. (2.27a) and Hcp in Eq. (2.27b) are 2f + 1 x 2f + 1 matrix operators
defined as
(Pat By + B

2
Q
Hcoh = ;Oh SZ‘) (229)

Hp + V(Sxﬁy - Sy]ax), (228)

where 1 represents a 2f + 1 x 2f 4+ 1 identity matrix, v and {2.on are the strengths of SO
and coherent couplings, respectively, p, = —t0/0v with v = z,y, 2z, and and S, and S,
are spin matrices in Egs. (1.9a)-(1.9¢). As the Heop = QconSz/2 also includes off-diagonal
terms, we merge it into the Hgg matrix in Eq. (2.27Db).

The matrix Hgg and Hgp in Egs. (2.27b) and (2.27c¢), respectively, for a pseudospin-1/2

condensate are [48]

VL 2 0
Hep — > i1 9ul] , , | Hse=0, (2.30)
0 V43012 g2t
where . N AN
wiINay TN G 3]
V= 2 ZQZVQa gu = QB =
> Qosc Qosc

where gy and ¢;3-; with [ = 1,2 are intra- and inter-species interaction strengths,

respectively.  The intra-species interaction strengths g1 and g¢oo are proportional,
respectively, to intra-species s-wave scattering lengths a1; and a9, and the total number
of condensate atoms. Similarly, the inter-species interaction strength gis is proportional
to inter-species s-wave scattering length a2 and the total number of condensate atoms.
The equality aj2 = ag; implies that g12 = go1.

The order parameter for three spin systems is normalized to unity as

/Z [Gi(x,t)Pdx =Y N =N =1, (2.31)
l l

The order parameter’s norm, along with the energy of these SO-coupled spinor condensate,

which is defined as

k= / Z wl* (HP + Hsp + HSE+)lm Um | dx, (2.32)
lm

where [, m run over species’ labels, are the two conserved quantities for an SO-coupled

condensate.

2.3.1 TSBE and TSCN methods for spin-1/2 BEC

We describe the (semi)-implicit finite-difference schemes to numerically solve the CGPEs
for SO-coupled spinor condensates. We use TSBE and TSCN methods to solve the coupled

sets of non-linear partial differential equations describing SO-coupled pseudospin-1/2
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BECs. The implementation is explained in detail for an SO-coupled pseudospin-1/2
condensate and then extended to higher spin condensates in Appendix A. The results
obtained with these finite difference schemes are compared with results from the Fourier

pseudospectral method.

2.3.2 Quasi-one-dimensional SO-coupled pseudospin-1/2 BEC

We consider a two-component pseudospin-1/2 BEC confined by a harmonic trapping
potential with Rashba SO and coherent couplings. We first elaborate the method for
solving one-dimensional CGPEs, which describe an SO-coupled pseudospin-1/2 BEC
trapped by a qlD trapping potential. In such a trap, the y and z coordinates can be
integrated out and after a rotation by m/2 about z-axis in spin-space, which changes S,
to —Sg, the resultant matrix operator Hy, is

A2

p ~
H, = 15”” — ¥SyPa

E]_]ii

5 T VSaPe; (2.33)

where 1 is a 2 x 2 identity matrix. The form of H.,, Hsp, and Hgg remain same as in
Egs. (2.29) and (2.30) with

9 o 2Nay\/aya; 2Na;3_1\/0y0;
2L gu = y  g1,3—1 = 5

Qosc Qosc

1
= = —
x=z V 2a

where the terms have the same meanings as described in the previous section, and x = x
is in the units of aese. The order parameter for this system is W(x,t) = [11(x,t), Y2 (x, )]
with 7" denoting the transpose. Using Eq. (2.33), the matrix Eq. (2.27a) in terms of

coupled component equations are

a,t) 1P, t)  Os(x,t)

ot 27 022 U0 (2.342)

where | = 1,2 is species’ label. The spatial domain = € [-L,/2, L,/2) is discretized via N,
uniformly spaced points with a spacing of Axz. The resulting one-dimensional space grid
is x; = —Lg/2+ (i —1)Az where i = 1,2, ..., N;. Using At as the time-step to discretize

lth

time, the discrete analogue of ¢;(z,t) is qﬁ?z. ) which represents the value of {'*" component

of the order parameter at a spatial coordinate x; at time nAt. The discretization scheme

employs either (a) the periodic boundary condition
(b?(ll,l) - ¢?NI+1,l)v ¢?o,z) = ¢?Nz,l), (2.35)
or (b) homogeneous Dirichlet boundary condition
P01 = P(Ner10) = O- (2.36)

In this chapter, from this point forward, indices [ and m are exclusively used for species’

labels, indices 4, j, and k are used to denote only space-grid points, n is the index used
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for time, and v = x,y, z. With periodic boundary condition (2.35), the discrete analogue
of Eq. (2.34a) using Forward-Euler or Backward-Euler or Crank-Nicolson discretization

schemes [186] is

ity ~ Oip = 4LAAt2 [ <¢n;1“ 2000 + O, ) +5 <¢?¢+1,l) = 2¢(p + <Z5?z—1,z)>}
Zﬁ; [a <¢7&11173—l) N ga1(11'J£11,3—l)) +6 (525 i+1,3-1) ¢Z-_1,3_l))} ; (2.37)

where a = 0, § = 2 for Forward-Euler, o = 2, 8 = 0 for Backward-Euler, and o = 8 = 1 for
Crank-Nicolson discretization. The local truncation error incurred in Backward-Euler and
Crank-Nicolson discretizations are, respectively, of the order O(Ax? + At) and O(Ax? +
At?), and the methods are unconditionally stable [186]. The explicit Forward-Euler
discretization scheme with the same local truncation error as the implicit Backward-Euler
is trivial to implement but is only conditionally stable [186]. The solution of Eq. (2.34a)

using Forward-Euler is

" LAE n YAt T, n n
Sty = oA [Pty — 206y + %’—1,1)} ~9AL [¢(i+1,3—l) = @130 | T Py (2:38)

The conditional stability of the Forward-Euler method makes it the least desirable among

the three methods. Now, considering Backward-FEuler discretization, Eq. (2.37) is

¢n+1 . n ¢n+1 (bn—f—l ¢n+1 n+1 _n+l
(3, i+1,0) i—1,0) i+1,3—1 i—1,3—1
— 1y

At B 2Aac2 2Ax

For [ = 1,2, the time evolution as per Backward-Euler is equivalent to

¢n+1 1 T
1 - 6,1
<Z>£’Z+i = (1 + HyAY) d)fj . (2.39)
(Z 2 (172)
where
| [, St
(@ — R n$ N n z . 2.40
p ¢Z+2§ _¢(i11172)_2¢(;r21)+¢(¢t11,2) —y ¢ 1111 1) ¢(1+1171) ( )
2Ax2 z 2Ax

As H, is a Hermitian operator, the time evolution operator (1 + ¢H,At)"! in
Backward-Euler discretization is not unitary, leading to the norm not being conserved.

Similarly, time evolution using Forward-Euler discretization in (2.38) is equivalent to

i) )
|- (-t |60 | (2.41)
(i.2)

corresponding to a non-Hermitian operator (1 —¢H,At). In contrast to this, the time

evolution as per Crank-Nicolson is equivalent to

[qﬁ"fﬁ ] 1A [é(g,l) ] (2.42)
¢7(7:£721) 1 + LHpAt ¢’Eliv2)
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which corresponds to a unitary operator (1 — ¢H,At)/(1 + 1H,At). The Backward-Euler
method is, therefore, not suitable for realtime evolution in contrast to the Crank-Nicolson
method. Nonetheless, in imaginary time evolution, a non-unitary time evolution used to
obtain the stationary state solutions, both Backward-Euler or Crank-Nicolson methods

can be used. Rewriting Eq. (2.37) as

LA [ n+1 ntl g oAt (i n+1
N [¢(i—1l)+¢z+1 l)} {1+ 2A IALZ ¢z1) N (¢(i+1,3—l)_¢(i—1,3—l)>

LBAt BALYN |,
vﬁAt

 4Az <¢3+1734> - “5371734)) v (2.43)

and then using Eq. (2.35) in Eq. (2.43) with i =1,2,..., N, and [ = 1,2, the resulting set

of 2N, coupled linear algebraic equations can be written in matrix form as
1 1
A®PH 4+ BOYt = Dy, (2.44)

where A, B are circulant N, x N, matrices and @?H, D; are N, x 1 matrices. These

matrices can be expressed as

CN LAt LAt LAt i NT
A(Z7 ) - <]- + 2A5L‘27 4Ax27 07 9 07 4Al’2> (C ) 3 (245&)

Sy Aty aAty .

T

n+1 __ n n n n

) ' (qb(;rl1 d)(;ll ¢ 3+l§’ ¢(]¢;J)> ) (2.45c¢)
. LBAt LBALL
VBAL 1, N
N <¢(i+173—l> - ‘%’—1,3—1))] 7 (2.45d)

where A(37,:) and B(i,:) are the ith rows of A and B, respectively, d;(7) is the ith element
of column matrix D;, and C is defined as

0
1 0 ... 0

c=| . (2.46)
0 ... 1 0

For | = 1,2, Eq. (2.44) represents two coupled matrix equations which can be decoupled
to yield
(B? — A%)®" = BD3_; — AD, (2.47)



Chapter 2. Numerical Methods 35

which for [ = 1 and 2 represents two decoupled linear circulant systems of equations. Now,

B? — A? being a circulant matrix can be diagonalised using Fourier matrix as [187]

B?—A? = F7'AF, where (2.48a)
1 2

Fij = o —Nl:(z‘—1)(j—1), and (2.48b)

A = diag[\/N.F{B%(:,1) — A%(:,1)}]. (2.48c¢)

The product of the Fourier matrix (F') with a one-dimensional array is equal to the
discrete Fourier transform of the array, and hence the solution to Eq. (2.47) using Egs.
(2.48a)-(2.48¢) is [187]

o7t = IDFT (DFT(BDs_; — AD,)./DFT(B?(:,1) — A%(:,1))) , (2.49)

where DFT and IDFT stand for discrete forward Fourier and inverse discrete Fourier
transforms, respectively, A%(:,1) and B2(:,1) denote the first columns of A% and B2, and

./ indicates the element-wise division.

With homogeneous Dirichlet boundary condition (2.36), the discretization of
Eq. (2.34a) using Backward-Euler or Crank-Nicolson schemes yields

03 ¢t = s [0 (00~ 2050) + 8 (4~ 200
’YA [ ¢?;31,l)+6¢?273,l)}, (2.50a)
S~ Sy = ﬁ; o (65— 2075+ 0774) + 8 (6510 — 26000
)]~ 2 o (652 — 9L ) +/3(¢ s
~Ofigmy)|s fori=2,3, N, -1, (2.50D)
Oy~ = s [0 (20550 + 0551 ) + 8 (200,06 1)
WAt = a1+ Bin. 13- (2.50¢)

Defining (At/(4Ax?) = n and yAt/(4Az) = K, Egs. (2.50a)-(2.50c) can be written as a

matrix equation
B (I)n-‘rl D
A Lol= ) (2.51)
B A) \oyt Dy

where A and B are defined as

1+2an —an 0
—an 14+ 2an —an
A= : : : : ; (2.52)
0 e —an 1+2an —an
0 . 0 —an 1+ 2an
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0 ark O 0
—axk 0 ar 0
B=1| : S : S (2.53)
0 —axk 0  ak
0 0 —axk 0

and CIJ?H is defined in Eq. (2.45¢). The elements of column vectors D; with [ = 1,2 in
Eq. (2.51) are defined as

dy(1) = (1 - 2B0)¢(1 ) + Bndla gy — BED 54 (2.54)
dii) = B | @10 + ¢?Z’—l,l)] + (1= 28n)¢(,) — B [¢Z+1,3—l) — Pli13-1)

fori=2,3... Ny — 1, (2.55)

d(N;) = Bnd(n, 1 + (1 =280, 1) + BED(N, 1 3-1) (2.56)

where d;(i) denotes the ith element of D;. The Eq. (2.51) is a sparse linear system
of 2N, equations and can be solved by iterative solvers [186,188] or direct solvers
like Intel® oneAPI Math Kernel Library PARDISO [189]. The ease of applying
different boundary conditions is one of the advantages of the finite difference method
over the Fourier pseudospectral method. The Fourier pseudospectral method used to
solve mean-field models of SO-coupled spinor BECs [181] naturally implements periodic
boundary condition (2.35). To the best of our knowledge, the implementation of
homogeneous Dirichlet boundary condition (2.36) is not available with the Fourier
pseudospectral method when applied to SO-coupled spinor BECs. The homogeneous
Dirichlet boundary conditions are the apt boundary for the BEC in an optical box trapping
potential, which has already been experimentally realized [190]. Now, Eq. (2.27b) is
evolved in time from ¢, = nAt to t,41 = (n + 1)At considering Eq. (2.49) as the solution
at t, if periodic boundary conditions are used; with homogeneous Dirichlet boundary
conditions the input solution at ¢, is the solution to Eq. (2.51). The exact analytic
solution to Eq. (2.27b) is

U(x,tnt1) = exp[—tHsp+ At)V(x,t,) = [1 cos (QCOSAt> — 1Sy sin <QCO;At)] U(x,ty).

(2.57)
The last step involves solving Eq. (2.27¢) over the same period treating the solution in
Eq. (2.57) as the solution at t,, = nAt. The exact solution of Eq. (2.27c¢) is

U(x,tnt1) = exp[—tHspAt|U(x,t,). (2.58)

In the rest of this chapter, we will assume periodic boundary conditions to apply TSBE

and TSCN discretization schemes.
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2.3.3 Quasi-two-dimensional SO-coupled pseudospin-1/2 BEC

In a 2D trap with tight confinement along the z axis, the form of matrix operator H}

after integrating out the z coordinate becomes

P2+ p?
2

H, =1 +7(Szpy — Sybz), (2.59)

and the form H,, Hsp, again remain unchanged from those in Egs. (2.29) and (2.30)

with
1 2Napm/ 21
x=(z,y), V= (a2m2 + ozyy 2, Gim = S 0mVETTE (2.60)
aOSC
For this q2D system, Eq. (2.27a) is further split into following two subequations
ov
LE = sz‘ll, (261&)
ov
LE = pr@, (261b)
where H)p, and H), are defined as
b by
Hp, = 131 = vSyDz,  Hp, = 1% + 7 SaDy- (2.62)

The time evolution of the condensate from t, to t,y1 is approximated by successive
solutions to the Egs. (2.27b), (2.27¢c), (2.61a), and (2.61b) over the same period. Here,
we consider a two-dimensional spatial grid defined as v; = —L, /2 + (i — 1)Av, where
1=1,2,...,N,, v =,y in units of axsc, and Av is spatial-step size. The discrete analogue

of component wavefunction is qb ) which is equal to value of the Ith wavefunction at a

(4,9,
space point (z;,y;) at t,, time. Similar to q1D condensates, finite difference equivalents of

each of Egs. (2.61a) and (2.61b) can be simplified to two decoupled matrix equations

(B,* + A X A.Df + (-1)!'B,D (2.63a)
(B,* — A2)Y/™ = B,DYy  —A,DY, (2.63Db)

where A,, B, (with v = z,y), Xl”H, YI”H, Dy are defined

A,,(i,:):<1+;(ZA§, :ﬁﬁ L, ;Zﬁ)(c%—l)f’, (2.64a)
Ba(i,:) = (0, Lfﬁ?, 0, -+, 0, Ljﬁ?)( i-IyT (2.64b)
B,(i,:) = <0, ‘ﬁ?, 0, .0, — ‘j@ty'V)( )T (2.64¢)
X7 = (/5?1?%1) d)n]l) ¢?3fjlz ¢"+j,]z))T’ (2.64d)

(4,1,1)° (4,2,1)° (4,3,1)° (4,Ny,0)

(
Yn+1 <¢n+1 ¢n+1 ¢n+1 - (z)”"’l )T , (2.64e)
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(i) = iiii {¢(7, 1) T Pt l)} + (1 ;BAAt) .

+(_1§l§f& (W&HJ,M) - %1,]-,3;))] : (2.64f)
0 = [0 {6t an + o} + (1 ) o

_m (¢Z’,j+1,3—l) - ¢?z’,j—1,3—l))j| ) (2.64¢g)

where A, (i,:) and B,(i,:) are the ith row of A, and B,, respectively, dy () is the ith
element of column matrix Dy, and C is defined in Eq. (2.46). For a fixed value of j
(y-index) and [ (species index), Eqgs. (2.63a) is a linear circulant system of equations
which can be solved by the same procedure as discussed to solve Eq. (2.47). The solution
to Eq. (2.61a) is obtained by solving Eq. (2.63a) for all j and [ values following the same
procedure as discussed in Sec. 2.3.2. This solution, then, is considered as an input solution
at t, while solving another set of linear circulant systems of Eqgs. (2.63b) over the same
period, from ¢, to t, + At. The solutions to the Eqgs. (2.27b) and (2.27¢) for this case are
again given as in Eqs. (2.57) and (2.58) with W(x,t,) = [¥1(2,y,tn), ¥2(z, y,t,)]T where

T stands for transpose.

2.3.4 Three-dimensional SO-coupled pseudospin-1/2 BEC

Here, we illustrate the extension of the TSBE and TSCN to a three-dimensional
SO-coupled pseudospin-1/2 BEC. In this case, the form of matrix operators Hy, Heon,
Hgp are defined in Egs. (2.28)-(2.30) and Eq. (2.27a) is further split into following three

subequations

L%‘f — H,U, (2.650)
L%\f — H,,V, (2.65b)
L%\f = H,V, (2.65¢)
H,,, Hp,, and Hp, are defined as
PR by P
H, = 1? — ¥SyPz, Hp, =1+ 5 +vSeby, Hp, = 12 2 (2.66)

The time evolution of the condensate from t, to t,y1 is approximated by successive
solutions to the set of Egs. (2.27b), (2.27¢), (2.65a), (2.65b), and (2.65¢) over the same
period. The 3D spatial grid is defined as v; = —L, /2 + (i — 1)Av, where i = 1,2,...,N,,
v = x,y,z, and Av is the spatial-step size along v direction. The discrete analogue
of component wavefunctions is qﬁ&mk’l), which is equal to value of the [th wavefunction
at a spatial point (x;,v;,2,) at t, time. Similar to a q1D condensate, finite difference

equivalents of Eqgs. (2.65a)-(2.65¢) can be simplified to two decoupled matrix equations
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corresponding to [ = 1,2

(B.? + A X = A.Df +(-1)'B,Dj_,, (2.67a)
(B,* - AAHY"™ = B,DY ,— A,DY, (2.67b)
A,z = Dj, (2.67¢)

where A, (with v = z,y,2), B, and B, are same as given in Egs. (2.64a)-(2.64c),
respectively, and X Z”H, YI"H, Zl"H, Dy are defined as

T
n+1 n—+ n+ n+ n+1
Xpt (¢ Lk 90 ,JkZ) o kl R X/FM k,l)> ) (2.68a)
T
}/l = (qb(i—,i_l,k,l)’ ¢(i—}_2,k,l)? ¢(i—,~_3,k,l)’ e gb(i—}_Ny,k,l)) ; (268b)
T
n 1 n—+ n n-+ n+1
Z ! (b 4.J, 1 1) ¢ —;,2,l) ¢ 7, 3 )L ¢(i—,;,Nz,l)) y (268C)
_ LBAL LBAL
dl (Z) = |:4A 5 {¢(z 1,5,k,0) + Qs (i+1,5,k l)} + (1 QA ) ¢(’L,j k)
(—1)1L7BA2€ " .
YT UAr (¢(i+1’j’ku3—l) - ¢(i—1,j,k,3—Z)> ; (2.68d)
Y LBAL B BALY
d ( ) [4Ay {¢( ij—1,k,0) + ¢ (i,j+1,k l)} + <1 72Ay2 (b(i,j,k,l)
_YBAt "
4Ay (¢(i,j+1,k,3—l) - ¢(i,j—1,k,3—l))} ) (2.68¢)
-y tBAL LBAE
dl (Z) = |:4A22 {¢( i5,k—1,0) + (ZS (i,5,k+1 l)} + <1 QA > (;5(” k;,l):| s (2.68f)

here dy (i) is the ith element of column matrix D}. The solution of Eq. (2.65a) is obtained
by solving Eq. (2.67a) for all j, k, and [ values following exactly the same procedure as
discussed Sec. 2.3.2. Then, this solution is considered as an input while solving another set
of linear circulant systems Eq. (2.67b), and then Eq. (2.67c). The solutions to Egs. (2.27b)
and (2.27c) for this system are again given as in Eqgs. (2.57) and (2.58) with ¥(x,t,) =
[V1(2,y, 2, tn), o, y, 2, t0)]F

We have considered standard Rashba coupling in the present chapter. The theoretical
scheme to realize 3D analogue of Rashba coupling has also been proposed [191], and
the finite difference method discussed in this section can be trivially extended to such a

coupling.

2.4 Numerical Results

Here, we present the numerical results with TSFP, TSBE and TSCN methods for
pseudospin-1/2; BECs in the presence as well as the absence of coherent coupling. The
ground-state solution of an SO-coupled BEC can be achieved by considering an initial
guess solution to the CGPEs and replacing ¢t by —ut = t to solve CGPEs. The resultant
imaginary time evolution is not norm preserving, and hence, the total norm needs to be

n+1

fixed to unity after each time iteration. The quantity 7 = max\d) i~ 0 |/ At serves
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Table 2.1: Comparison of ground state energies of a pseudospin-1/2 BEC of 3'Rb obtained
with TSFP, TSBE, and TSCN for different values of v in the absence of coherent coupling
Qcon- The interaction strength parameters are g11 = 446.95, goo = 402.26, and g12 = go1 =
491.65 for the q1D BEC, whereas the same for q2D BEC are g11 = 250.52, goo = 225.47,
and gi12 = go1 = 275.57.

Az = 0.1,At = 0.01 Az = 0.1,At = 0.005
y TSFP  TSBE TSCN  TSFP TSBE  TSCN
qlD 0.5 21.4357 21.4357 21.4357 21.4357 21.4357 21.4357
1.0 21.4186 21.4186 21.4186 21.4186 21.4186 21.4186
1.5 21.3333 21.3334 21.3333 21.3324 21.3324 21.3324
2.0 20.7018 20.7035 20.7022 20.7001 20.7014 20.7011
2D 0.5 5.7201  5.7201  5.7201  5.7201  5.7201  5.7201
1.0 54707 54707  5.4707  5.4707 54707  5.4707
1.5 4.8520 4.8520 4.8520 4.8518  4.8518  4.8518
2.0 39783 39786  3.9787 3.9883  3.9786  3.9786

as the convergence criterion to quantify convergence in imaginary time propagation. The
stationary state solutions reported in this section have been obtained with 7 = 1076, In
contrast to imaginary time evolution, realtime dynamics of the spinor BECs can be studied
with TSCN and not with TSBE, as the latter does not conserve norm as was discussed in

Sec. 2.3.2.

Pseudospin-1/2 BEC

We choose an experimentally realizable 8" Rb pseudospinor-1/2 BEC with scattering length
a11 = 101.8ap, interaction strengths g12 = 1.1¢11, g22 = 0.9g11 and g12 = go1 [192], where
ap is the Bohr radius. We consider 5000 atoms trapped in a q1D trapping potential with
wy = 27 x 20Hz, wy, = 27 x 400Hz and w, = 27 x 400Hz. The interaction strengths in

dimensionless units are given as
(911, g22, glg) = (44695, 40226, 49165), (269)

with g2 = go1. As a q2D BEC, we consider 5000 atoms of 8’Rb in a trap with trapping
frequencies w; = wy = 27 X 20Hz, w, = 27 x 400Hz. In this case, the interaction strengths

g22 = 0.9911, g12 = 1.1¢g11, and g12 = go1 for a11 = 101.8ap are given as
(911, 922, g12) = (250.52, 225.47, 275.57). (2.70)

In both these cases, we compare the results from TSFP, TSBE and TSCN in the presence as
well as the absence of coherent coupling and find an excellent agreement. The comparison
of the ground state energies obtained with three methods for different values of + are
given in Table-2.1 for Q.,, = 0 and Table-2.2 for Q¢ = 0.5. The results with TSBE

and TSCN are in very good agreement with those from TSFP. The component densities
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Table 2.2: Comparison of ground state energies of a pseudospin-1/2 BEC obtained with
TSFP, TSBE, and TSCN for Q.,, = 0.5 and different values of «v. The results have been
obtained with Az = 0.1 and Af = 0.01. The interaction strength parameters considered
for the q1D BEC are g11 = 446.95, goo = 402.26, and g2 = g21 = 491.65, whereas the

same for q2D BEC are g17 = 250.52, g92 = 225.47, and g12 = go1 = 275.57.

¥ TSFP  TSBE  TSCN
qlD 0.5 21.4231 21.4231 21.4231
1.0 21.4002 21.4002 21.4002
1.5 21.3033 21.3034 21.3033
2.0 20.6711 20.6727 20.6715
2D 0.5 5.6457  5.6457  5.6457
1.0 53339 5.3339  5.3339
1.5 4.7181 4.7181  4.7181
2.0 3.8434 3.8438  3.8438

corresponding to the ground state solutions obtained with TSBE and TSCN methods for
qlD 8Rb BEC are also in excellent agreement (not shown here).

We also study the variation of the convergence criterion as a function of f in
imaginary-time propagation with TSBE, TSCN, and TSFP to obtain the ground-state
solution. As an example, in the imaginary-time propagation to obtain the ground state
of the q1D pseudospin-1/2 BEC of 8"Rb starting with normalized Gaussian initial guess
wavefunctions for the two components, the variations of 7 as a function of ¢, obtained with
three methods, are shown in Fig. 2.1(a) for Az = 0.1 and At = 0.01 and in Fig. 2.1(b) for
Az = 0.2 and At = 0.02. It is evident that TSFP and TSCN shows faster convergence
than TSBE. As discussed in Sec. 2.3.2, the TSBE does not lead to a unitary time evolution

10! — 10! 5% 10°=
=== TSFP . ‘N — == TSFP NN,
—=TsBe DX NS —= TSBE 4 100k N
1071} — msex ‘< 10~} — msex RN
QY \\ \.
3x 1078 > 3% 108 —
- 10-3 230 24! - 10-3 230 240 25(
107 1070
1077 ) ' ' ' ' ' 107 ) ‘ : ‘ ! ‘
0 50 100 150 200 250 0 50 100 150 200 250
t t

Figure 2.1: The variation of convergence criterion during an imaginary-time propagation
to calculate the ground state of a qlD pseudospin-1/2 3’Rb BEC with g1; = 446.95,
goz = 402.26, and g12 = go1 = 491.65. In (a), we have chosen Az = 0.1 and At = 0.01,
whereas for (b) Az = 0.2 and At = 0.02.

in contrast to TSCN. In order to confirm this, we consider the real-time evolution of the
ground state solution of the q1D 8"Rb with TSFP, TSCN and TSBE. For this we consider

the ground state solution corresponding to interaction parameters in Eq. (2.69) with
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Figure 2.2: (a) Norm N as a function of time and (b) energy F as a function of time for the
ground state solution of pseudospin-1/2 BEC of 8"Rb with v = Qcon = 0.5. (¢) Norm N
and N as a function of time in realtime obtained for non-stationary initial solution using
TSCN. The real-time evolution of the initial solution has been obtained using TSFP,
TSBE, and TSCN with Az = 0.1, At = 0.005, and the interaction parameters of the
pseudospin-1/2 BEC are g1 = 446.95, g22 = 402.26, and g12 = g21 = 491.65.

v = Qecon = 0.5 as the initial solution at ¢ = 0 in real-time evolution. The variation of total
norm and energy as a function of time obtained using TSFP, TSBE, and TSCN are shown
in Fig. 2.2(a) and 2.2(b), respectively. The non-conservation of norm and hence energy in
TSBE makes the method unsuitable to study any real-time dynamics. The dynamics of
the ground state, a stationary state, is trivial in the sense that besides norm and energy,
the expectation values of various operators are also conserved. Next, we consider the
dynamics of a non-stationary state using TSCN. We first obtain a non-stationary state by
solving CGPEs for the q1D 8"Rb with interaction strengths as defined in Eq. (2.69) and
v = Qcon = 0.5 under the constraint of zero polarization. The solution thus obtained is
non-stationary and is then evolved in realtime (without any additional constraint) using
TSCN. The variation of component norms and total norm as a function of time is shown
in Fig. 2.2(c). The total norm A in TSCN is again conserved, illustrating the unitary

time evolution.

2.5 Summary

In the first part of this chapter, we discussed the numerical algorithm using the Fourier
pseudospectral method to solve the CGPEs for an SO-coupled spin-2 BEC which can
be used to calculate the ground state solutions and/or the dynamics of homogeneous
or trapped condensates. In the second part of the chapter, we discussed time-splitting
Backward-Euler and Crank-Nicolson methods to study the SO-coupled CGPEs for
pseudospinor BEC. Depending on the nature of the problem, without any loss of generality,
we employed the Cartesian grid spanning either three-, two-, or one-dimensional space for
numerical discretization. For some cases, we compared the ground state energies and the
component density profiles calculated using the TSFP, TSBE, and TSCN methods. The
numerical results for stationary states obtained with the three methods agree very well.
In imaginary-time propagation, TSFP and TSCN exhibit faster convergence compared to
TSBE. Moreover, the time evolution per TSCN is unitary, consistent with the underlying

Hermitian Hamiltonian. This is not the case with TSBE, which results in non-unitary time
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evolution and thus renders the method unsuitable for studying any real-time dynamics.
The numerical methods developed in this chapter can be easily extended to higher spin

systems. The numerical methods provided in this chapter are discussed in Refs. [193,194].
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Chapter 3

Rotating spin-orbit-coupled spinor
BECs

As discussed in Sec. 1.2.1, one of the most important advances in the field of cold atom
physics in the last decade has been an experimental demonstration of synthetic SO coupling
in a spinor quantum gas [73-77], which has opened up new research direction in the field
of quantum degenerate gases. The realization of SO-coupling paved the way to explore
the interplay of an artificial non-Abelian gauge field resulting in SO-coupling and rotation,
which itself is equivalent to an Abelian gauge potential. For an SO-coupled BEC, merely
rotating the trapping potential will result in a time-dependent Hamiltonian, which can
not have stationary vortex-lattice solutions [4]. This can be remedied by rotating both
the (anisotropic) trap and the laser fields responsible for the creation of SO and coherent

couplings, in which case the Hamiltonian in the rotating frame is time-independent [4].

In the literature on rotating SO-coupled spin-1 and spin-2 BECs discussed in Sec. 1.3,
the rotation frequencies considered mostly have been within the range of small to moderate
values. In this chapter, we aim to investigate the combined effect of interactions and
SO couplings, particularly at high rotation frequencies for these higher spin systems. We
examine systematically the combined effect of rotation and SO coupling in the spin-1 BECs
with ferromagnetic or antiferromagnetic interactions and then broaden the investigation
to a rotating SO-coupled spin-2 system with antiferromagnetic, cyclic, or ferromagnetic
interactions. Specifically, we investigate the various effective potentials an atom in these
SO-coupled spinor BECs may experience under the combined effect of SO coupling and

rotation.

This chapter is organized as follows. The analytic solutions of the single-particle
Hamiltonian corresponding to the SO-coupled spin-1 and spin-2 BECs under rotation are
provided in Sec. 3.1. We present the mean-field CGPEs for a rotating SO-coupled spin-1
BEC in Sec. 3.2. The stationary-state solutions for the interacting SO-coupled 8"Rb and
%Na spin-1 BECs in a rotating frame are discussed in Sec. 3.2.1. The response of the
system is further explored through the computation of the spin expectation per particle as
a function of rotation frequency in Sec. 3.3. The CGPEs for an SO-coupled spin-2 BEC in
the rotating frame and the numerical solutions have been discussed in Sec. 3.4. In Sec. 3.5,

we present a summary of the chapter.
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3.1 Single-particle Hamiltonian

Under a 2D harmonic confinement, the Hamiltonian of an SO-coupled spin-f boson in

the rotating frame in the dimensionless form is given by [113]

Pz + By
Hy = Ty + V(a:, y) — ot L, | T+ ’Yxsxﬁx + Vysyﬁy + QeconSe, (31)
where p, = —19/0, with v = (2,y), V(z,y) = (2% + y?)/2 is an isotropic harmonic

trapping potential, (.. is the angular frequency of rotation around z axis, 7, and -, are
the SO-coupling strengths, (e is the coherent-coupling strength, L, = (zp, — yp,) is the
z component of the angular-momentum operator, I'is a (2f+1) x (2f +1) identity matrix,
and S, is the irreducible representations of the angular momentum operator for a spin-f
system. The units of length, time, energy, and energy eigenfunctions are considered to be
Aose = \/B/(Mwy), w;t, hw,, and azl, respectively, where M is the mass of the boson and
w, is the harmonic oscillator frequency along z-direction. To delineate the combined effect
of rotation, SO, and coherent couplings, we calculate the minimum-energy eigenfunctions

and eigenenergies of the Hamiltonian for two analytically tractable cases:

Vx 7é 07 Qcoh 7é 07 (323)
Yo=Y =770, Qeon =0, (3.2b)

where (3.2a) represents an experimentally realizable equal-strength mixture of Rashba and
Dresselhaus couplings [75,76], which couples the spin with the linear momentum along the
z-direction and the latter (3.2b) employs the Rashba SO coupling [68,195] which couples

the spin with linear momentum along z-y plane.

3.1.1 Equal-strength mixture of Rashba and Dresselhaus couplings

The calculation of the eigen-spectrum of Hy in the former case (3.2a) is facilitated by a

unitary transformation, Hy — U tHyU with

1 —v2 1
1
U:§ V2 0 —v/2|and (3.3a)
1 v2 o1

1 -2 V6 -2 1
2 -2 0 2 -2
U=-]v6 0 -2 0 6], (3.3b)
2 2 0 -2 -2
1 2 V6 2 1

for spin-1 and spin-2 systems, respectively. The operator U rotates the spin state about

y axis in an anticlockwise direction by an angle 7/2 [196]. The transformed Hamiltonian
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UtHyU = diag (hg,hp_1,...,h_y), where diag (...) stands for a 2f +1 x 2f 4 1 diagonal

matrix (operator). The operators h; are

(e + 728 + Doth)® (5, — Qo) 2, o2
h] — 1 Qlrot + (py rOtx) + (1 _ QIQ-Ot) ($ Yy )
2 2 2
)
J Vx .
— 5~ t Jcon; (3.4)
2(1 - Q?ot)
where j = f,f —1,...,—f, ¥ = y — j72w0t/(1 — Qfot) and py; = —.0/0y is

the canonical conjugate momentum of . The decoupled eigenvalue equation for
hj is hj¢j(x,y) = E;¢;(x,y) which can be simplified by substituting ¢;(z,y) =
¢;(x,7) exp[—tjyza/(1 — Q2,)] to obtain

ﬁ+%+ﬁ+ﬁ

9 9 - Qrot(lﬁg - gﬁx) + jQCOh GZ;j(% g) = qu;j(x7 g) (35)

The Hamiltonian on the left-hand side of Eq. (3.5), barring the constant terms, is that
of a two-dimensional isotropic harmonic oscillator under rotation. It is to be noted that
the eigenfunctions of this Hamiltonian are also the eigenfunctions of the Hamiltonian
representing an isotropic harmonic oscillator in the absence of rotation, which commutes

with L, [196]. The ground state eigenenergy is, therefore, given by

1+ Qeon) (1 = QF) — 5293

2(
E; =
! 2(1 - Q?ot) 7

(3.6)

and the corresponding eigenstate is ¢;(z,¥) = exp[(—z? — §2)/2]/y/7. On the x-y plane,

we thus obtain

. 2
2 _ 77z ot .
oi(x,y) = iexp _5’3 i (y 16 ) S - (3.7)
AR 1-a;

rot

The 2f + 1 minimum-energy vector eigenfunctions of the original Hamiltonian Hy with
eigenenergies E; can now simply be written as ®;(z,y) = ¢;(x,y)U(;, where U and
¢j(x,y) are defined in Egs. (3.3a), (3.3b) and (3.7), respectively. Here (; are the 2f + 1
eigenvectors of S,. In the absence of coherent coupling, Q. = 0, the eigenfunctions
®_f(x,y) and Py¢(x,y) become degenerate having the least energy. Under these
considerations, the principle of linear superposition further admits cy® s + c_®_; to
be a possible degenerate eigenfunction subject to the constraint |ci|> + |c—|? = 1. In the
presence of infinitesimally small repulsive interactions, say spin-independent interactions,
the interaction energy is minimized if |c;| = |c_| = 1/v/2 resulting in a equal-strength
mixture of ®4(z,y). The resultant density, [|¢4/(z,y)|* + [¢—s(z,y)|?] /2, is bimodal
with equal-height peaks at (0, 27, fQrot/(1 — Q2,)); this is indeed reflective of an effective
two-well potential experienced by the boson. The presence of coherent coupling Q¢on # 0,

however, results in the lifting of the degeneracy between ®_;(x,y) and ®¢(z,y) with
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AE=E ;- E_; =2fQcp.
The exact effective potential experienced by the boson can also be computed through
vector and scalar potentials [112]. To identify these potentials for the former case (3.2a),

we rewrite h; in Eq. (3.4) as
(P = 42)° | (py — A)°

hy= g

+ Wiz, y) + V(z,y), (3.8)

where A} = — 37— ot ¥, Ag = Oot are the x and y components of the vector potential,
and the scalar potential Wj(z,y) = [2jQon — 5%7* — 2j7Qoty — Q% (2% + y?)] /2. With
these definitions, the effective potentials [112] for j = f, f — 1, ..., — f magnetic sublevels
are given as

Vi(z,y) = = [(1— Q2 ) (@ +v?) — 5272 + 25Qc0n — 2772 Qroty] - (3.9)

DN | =

40

20

‘/:!H(Oa y)

40

20

K&H(Oy y)

Figure 3.1: Sketch of the effective potential Vejﬂr (experienced by the three eigenvectors
of ), viz. Eq. (3.9), along y-axis: (a) 7. = 1, 7y = 0, Qcon = 0, and Qo = 0.5, (b)
Ye =1, 7 =0, Qeon = 0, and Qyot = 0.95, (¢) 72 =0, 7y =0, Qeon = 1, and Qo = 0.95,
and (d) 7. =1, 7 =0, Qcon = 1, and Qe = 0.95.

From Eq. (3.9), for f = 1, the V' (z,y) and Vz'(z,y) cross at ¥ = Qeon/7sProt
for v, # 0 and Qo # 0. In the region, ¥y < Qcon/7Vz rot, Vegl is lower than than the
other two and with a minima at v, /(1 — Q2), whereas for ¥ > Qcon/7zQrots Vegl
). Which are also

as discussed earlier. We illustrate

is the low lying potential curve with a minima at —v;Q0t/(1 — Q2
2,

the positions of the density maxima of |®y;(x,y)

the effective potential energy curves for the two representative cases with v, = 1 and
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Yy = Qeon = 0: under a moderate rotation frequency (2., = 0.5) in Fig. 3.1(a) and a high
rotation frequency (4ot = 0.95) in Fig. 3.1(b) . The potentials thus experienced by the
boson are effectively equivalent to symmetric double-well potentials with minima occurring
at (r =0,y = F0.67) and (x = 0,y = F9.74), respectively. Depending on the values of v,
and y,, the presence of the coherent coupling modifies the effective potential landscape in
different ways, for example, with ¢, = 1 it is harmonic potential for v, = v, = 0 with
minima at origin and an asymmetric double-well potential for 7, = 1 and ~, = 0 with a
global minima at (r = 0,y = —9.74). These are, respectively, shown in Figs. 3.1(c) and
(d). From Eq. (3.9), for f = 2, V.i*(z,y) and Vz*(z,y) overlap at (z = 0,y = 0) for

1
1
1
1
1

‘/(‘ff(o'/ y)

Figure 3.2: Effective potentials Vejf?(O,y) for v, =1, Qecon = 0: (a) oy = 0.5, (b) Qpor =
0.7, and (c¢) Qo = 0.9. The potentials incurred by boson are effectively equivalent to
symmetric double-well potentials with minima at (z = 0,y = F1.33), (x =0,y = F2.74),
and (x = 0,y = F9.47) for Q¢ = 0.5,0.7, and 0.9, respectively.

Qcon = 0 as shown in Figs. 3.2(a)-(c) for Qo = 0.5,0.7, and 0.9, respectively.

3.1.2 Rashba SO coupling

For the latter case (3.2b), namely v # 0 and Q. = 0, the eigenvalue problem for the
Hamiltonian Hj is not exactly solvable. We, therefore, use the variational method to
calculate an approximate minimum-energy solution. For that, we consider the following

variational ansatz in polar coordinates for the spin-1 system

exp (= 1)
_ In| jtng [n+1| jt(n+1)¢ In+2| jt(n+2)p\T
Dar (1, D) _\/7ra2”+4F(n ) X (LAr™e ™ — Agr e ,LA3T e ),

(3.10)

where Aq, As, A3 are the variational amplitudes, ¢ is the variational width of the ansatz,
and n is a variational integer. In the absence of rotation, the ground state of the single
particle Hamiltonian is a circularly symmetric (—1,0,+1) type multi-ring solution with
+1 components hosting F1 phase-singularities [81,82]. This allows us to fix the integer

n >= —1. The normalization condition imposes the constraint

AT (In| +1)
o2(=Inl+n)(n 4 2)

+ [A3(n +2)0® + A3] =1, (3.11)
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on the variational parameters A, As, A3, n, and o. The variational energy in this case is

o.—2(n+2) 1
BEuar(Ar, Ag, Ag,n,0) = m[(\/iAlAw(—\n\+3n+2)olnl+n+2r <2{n + |n| + 2})
+ 226200 (|n] + D){(c* + 1)|n| — 2002 Qer + 0* + 1} + (0 + 1)o?F2T(n + 1)
{=2V24A5437v(n + 2)0? + A3(n + 2)o%(no? — 2002 Vet + n + 30 — 4020 + 3)

+ A3(no? — 2n0°Quor + 1 + 201 — 2072 Qe +2)}]. (3.12)

This energy can be minimized with respect to all variational parameters subject to the
constraint in Eq. (3.11) to fix the variational parameters. To illustrate the validity of the

variational method in this case, we consider three sets of parameters

N =05 Qun=0, Qoi=0.95 (3.13a)
Y= 17 Qcoh = 07 Qrot = 05; (313b)
v=1, Qwn=0, Quot=0.95. (3.13¢)

The  minimization  of  (3.12) results  in (A1, Ay, Az, n,0) =

x10~! x 10" x10~!
03 Ql‘ot =0.95 Qe = 0.5 =~ Prvar le =0.95
l’.| 7 =0.5 v=1 ® pnum v=1
0.2r ® -
R U
= 0.1F '.' ||* HRY L ’.&*
) ¢ () N o 23
0 5) 100 2.5 50 5 10 15
T T r

Figure 3.3: Total single-particle densities corresponding to variational (pyay) and exact
numerical solution (ppum) of the eigen-value problem for (a) v = 0.5, Qcop = 0, Quot =
0.95; (b) v =1, Qcon =0, Qo = 0.5; and (¢) v =1, Qeon = 0, Lot = 0.95. The charges
of phase singularities in the component wavefunctions corresponding to the total densities
in (a), (b) and (c) are (+24,+25,+26), (0,4-1,42), and (498,499,4-100), respectively.

(—2.463, 0.707, 0.099, 24, 0.975) for parameters’ set (3.13a), (Aj, As, As,n,0) =

(0.517, — 0.675, — 0.336, 0, 0.828) for (3.13b), and (Aj,As, As,n,0) =
(—4.861, 0.707, 0.051, 98, 0.975) for (3.13c). The comparison of variational,
pvar(1) = |@yar(r, ¢)?], and exact numerically evaluated single-particle density profiles,

Poum (1), for (3.13a), (3.13b), and (3.13c) are shown in Figs. 3.3(a), 3.3(b), and 3.3(c),
respectively. The charges of phase singularities in the component wavefunctions obtained
with the variational analysis, i.e., (+24,425,+26) for set (3.13a), (0,+1,+2) for set
(3.13b) and (498,499, +100) for (3.13c) match with the exact numerical results. For
the sets (3.13a), (3.13b), and (3.13c), the peaks of total variational densities lie along

circles of radii 4.88, 0.40 and 9.70, respectively, and are reflective of the effective toroidal
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potential experienced by the boson.
For a spin-2 BEC, we consider Rashba SO coupling as v(Szp, — Sypz), which under
a unitary transformation transforming S, — —S, and S, — S, is equivalent to the

Y(Szpe + Syby) [109]. The suitable variational ansatz in polar coordinates is

exp <—27;2)
_ [n| eng [n+1| je(n+1)¢ In+2| jt(n+2)¢
q)var(ry ¢) = \/7T0'2n+4r(n T 2) X (Al’F e R AQT e ,A37“ e ,

A4T|n+3\€L(n+3)¢7 A5r|n+4|eb(n+4)¢)T7 (314)

where the various symbols have the same meaning as in Eq. (3.10).
The normalization condition and the variational energy are
2
Aj

(n + 2)0[(n + 3)0*{AZ(n + 4)0® + A]} + A3] + A3 + D = 1, (3.15)

2<n+1m4
+(n+2)a?(2V6A3A4y(n + 3)0” + (n + 3)0? (444 A5y (n + 4)0” + AF(n + 4)o*({n + 5}
(0" +1) = 2(n+4)02 Qo) + AG{(n+4) (0 +1) = 2(n + 3)0* Qo }) + A3{(n +3)(c* +1)—

2(n+2)0% ot }) +A5({n+2} (0 +1) = 2(n+1)0*Qot) Y+ AH{ (n+1) (0 4+1) = 2102 Dyt }.-
(3.16)

Evar (A1, Ao, Az, Ay, As,ny0) = [4A1A27(n+1)02+(n+1)02{2\/6A2A37(n—|—2)02

As an example, to check the validity of the variational method, we choose (v =
1, = 0.9), and the minimization of (3.16) gives (Aj, Ag, A3, Ay, A5, n,0) =
(—2.3728,0.5012, —0.0645, 0.0055, —0.0002, 98, 0.9491). The variational py.(r), and exact
single-particle density profile pnum(r) agree with each other; the peak of total variational
density lies along a circle of radius 9.47 (not shown here).

Although, the variational ansatz are reminiscent of the vortex-bright solitons which
emerge as the ground states of SO-coupled spinor BECs with attractive mean-field
interactions [84,85], the nature of the mean-field interactions (whether attractive or
repulsive) and the emergent solutions (whether self-trapped or confined by a net trapping
potential) are starkly different. In this chapter, we consider the SO-coupled spin-f BECs
interacting with net repulsive mean-field interactions under net harmonic confinement.
Hence, the single-particle solutions discussed in this section and the multi-particle solutions

of the CGPEs in the following Section are not self-trapped or bright solitons.

3.2 Rotating SO-coupled spin-1 BEC

In a typical experiment, the BEC can have atom numbers ranging from a few thousand
to up to a few tens of a million, which primarily interact via s-wave scattering. At

temperatures very close to absolute zero, this ultra-dilute quantum degenerate system
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is usually studied using a mean-field approximation that neglects quantum and thermal
fluctuations. In the mean-field approximation, a rotating SO-coupled spin-1 BEC in a
2D harmonic trapping potential V(z,y) can be described by three CGPEs [1,81], which

in the dimensionless form are

)
LEL = s oo oY + et = = (unv Oy
QCO
+ ﬁh%, (3.17a)
20 byt expytbo + 2extb bt — 1258, (b + 1) + 220, (i — 1)
ot 0 1P+%0 1YP+1%-1%g 2 z (P+1 -1 V2 y \P+1 -1
QCO
- ﬁhwqu), (3.17b)
where

~2
Z p Z
H: ?V+V(x7y)+cop_QrOtL27p: pj? pj: |wj’27 Pj::p—l—lj:p—h
v=x,y Jj==%1,0

(3.18)

co and c; are interaction parameters defined as

N(ao + 2a2)

3osc

N(az — ap)

, c1 = V8T«
3osc

co = V8« , (3.19)

where « is the ratio of trapping frequency along the axial direction to the radial x direction,
N is the total number of atoms in the BEC, and a¢ and ay are the s-wave scattering lengths
in total spin 0 and 2 channels, respectively. The CGPEs, viz. (3.17a) and (3.17b), can be
numerically solved using, for instance, time-splitting methods discussed in the previous

chapter.

3.2.1 Numerical solutions of CGPEs

We consider 10° atoms of spin-1 BECs like 8’Rb and 23Na in an isotropic q2D harmonic
trap with o = 10. The trapping frequencies are w, = w, = 27 x 10 Hz resulting in
Rb — 341 pum and a2 = 6.63 pum, respectively, for 8"Rb and ?*Na spinor BECs. The

aOSC osc

ferromagnetic 87Rb has ap = 101.8ap and as = 101.4ap [197], and anti-ferromagnetic
23Na has ag = 50ap and as = 55.01ap [198], where ap is the Bohr radius. The resultant
dimensionless interaction strengths for ' Rb are cg = 2482.21 and ¢; = —11.47, and the
same for 2>Na are cg = 674.91 and ¢; = 21.12. As ¢y > c1, both the systems are repulsively
interacting spinor BECs. We solve CGPEs (3.17a) and (3.17b) on a two-dimensional
512x512 spatial grid with a spatial-step size Az = Ay = 0.1 and a temporal step size
At = 0.005 using a time-splitting Fourier pseudospectral method discussed in the previous
chapter. We calculate the stationary-state solutions by solving the CGPEs in imaginary
time with an apt initial guess solution. In order to study the vortex-lattice states that

can emerge as the minimum energy solutions of an SO-coupled spin-1 BEC in a rotating
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frame, we consider the following SO-coupling strengths
Yo =1,7%=0; =05 vy=1, (3.20)

where as defined earlier v = 7, = ,.

We first study the rotating SO-coupled 3’Rb and *)Na spinor BECs with these
SO-coupling strengths without coherent coupling. For this, we use the non-rotated ground
states as the apt initial guess solutions to evolve the CGPEs (3.17a) and (3.17b) in
imaginary time with €., # 0. For v, = 1, v, = 0, the ground state is a plane-wave
phase [81] for 8"Rb and a stripe phase for 23Na [199]. The plane-wave phase, whose
phase structure is identical to a single plane-wave is the ground state phase for ¢; < 0
as it ensures |f(r)|?> = 1, where f(r) = F(r)/p(r). In contrast to the plane-wave phase
the stripe phase corresponds to the superposition of the two plane waves yielding zero
magnetization, i.e. |f(r)[? =0 [81]. At small rotation frequencies for v, = 1 and v, = 0,
the phase-singularities (vortices) in the component wave functions exclusively align along
the z-axis. The central chain of holes in the individual component densities arising due to
these phase-singularities with Qyr = 0.5 is evident in Fig. 3.4(A) for 8"Rb and Fig. 3.4(C)
for 2Na.

At still higher rotation frequency of Q.. = 0.95, the majority of vortices arrange
themselves on both sides of the central chain of vortices as shown in Figs. 3.4(B) and
3.4(D) for 8"Rb and ?3Na, respectively. The appearance of central chain of vortices,
which appears along the line of the intersection of V;&l(x, y) and V;ﬁl(x, y), is a generic
feature of these systems with a sufficiently strong one-dimensional SO coupling [120,200].
The density is lower along this line of intersection of the effective potential curves,
and it is energetically favorable for the vortices to align along this line, especially at
the lower rotation frequencies. In both systems, the symmetric effective double-well
potential leads to the condensate occupying the pairs of potential minima at (zr =
0,y = 40.67) and (z = 0,y = £9.74), respectively, when rotated with Q.o = 0.5
and 0.95. This can be seen more vividly in the coarse-grained total density defined as
p(r) = [ C(r —r')p(r')dr’, where C(r —r’) is a normalized Gaussian with a width larger
than the average inter-vortex separation. The coarse-grained total density peaks at the
minima of the effective potentials. To illustrate, we refer the reader to (r) in Figs. 3.5(A)
and 3.5(B) corresponding to the total density in Figs. 3.4(A) and 3.4(B), respectively.
The p(r) peaks at (x =0,y = +0.6) and (z = 0,y = +9.7), respectively, in the two cases.
The role of effective potential on the ground-state solution, say (v41,%0,%_1)T, becomes
obvious if one considers the unitary transformation (¢1, dg, d—1)" = U (¢41,%0,0-1)7,
where component wave-function ¢; is subjected to an effective potential Vgﬁ(az,y) as
discussed in Sec. 3.1. The component densities obtained by transforming the solutions
shown in Figs. 3.4(C) and 3.4(D) for 2*Na, for instance, are shown in Figs. 3.6(A) and
3.6(B), which as discussed in the Sec. 3.1 are the solutions corresponding to 7,S.ps
coupling in the mean-field model. The coarse-grained peak values of densities of j = +1

components (which are not shown here) occur at (0, £0.6) and (0, +9.7) when rotated with
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Figure 3.4: Equilibrium density profiles of the individual components of the SO-coupled
87Rb spin-1 BEC with ¢y = 2482.21, ¢; = —11.47, 7, = 1, and 7, = Qcon = 0: (A) with
ot = 0.5 and (B) with Q¢ = 0.95. Similarly, (C) and (D) show the component densities
for 22Na with ¢y = 674 91 and ¢; = 21.12. The spatial coordinates and densities are in the

units of aesc and a s, respectively, where aosc = 3.41 pum for 87Rb and 6.63 pm for *3Na.

OSC’

ot = 0.5 and 0.95 are in agreement with the effective potentials in Figs. 3.1(a) and 3.1(b),
respectively. In the absence of rotation, v,5.p, SO coupling favors miscibility of j = +1
components for anti-ferromagnetic interactions, whereas it leads to phase-separation if
the coupling strength is above a critical value for ferromagnetic interactions [199]. In the
presence of rotation, the effective potential can lead to the phase-separation not only for a
ferromagnetic 8”Rb (not shown here) but also for an antiferromagnetic >3Na as is seen in

the component density profiles in Figs. 3.6(A) and 3.6(B) for 23Na. The j = 0 component
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Figure 3.5: (a) and (b), respectively, show the coarse-grained densities j(r) corresponding
to the total densities in Figs. 3.4(A) and (B); the peak values of the coarse-grained densities
at (x = 0,y = £0.6) and (z = 0,y = +9.7) are marked by dots. Similarly, (c¢) and (d),
respectively, show p(r) corresponding to the solutions in Figs. 3.7(B) and (D) and the
respective peaks of p(r) are marked by dashed circles of radii 4.7 and 9.7. The spatial
coordinates and densities are in the units of ags. and agsi, respectively, where agse =
3.41 pm.

occupies the cores of vortices in j = +1 component at Q,o¢ = 0.5 in Fig. 3.6(A). With
an increase in rotation frequency, the number of atoms in j = +1 components keeps on
increasing at the cost of atoms in j = 0 component. Hence, at a larger rotation frequency
of Qyot = 0.95 in Fig. 3.6(B), there are no atoms in the j = 0 component. Another
consequence of the phase-separation is that the spin expectation per particle (which is
independent of rotation in spin space) tends to approach one for all the results shown
in Fig. 3.6 and consequently in Fig. 3.4. Thus, 7,5.p, SO coupling provides a simpler
description of the results in Fig. 3.4.

Next for isotropic SO coupling with v = 0.5 and Q,,t = 0.5, the small number of
vortices which nucleate are unable to crystallize in a triangular vortex-lattice pattern as
shown in Figs. 3.7(A) and 3.7(E) for 8"Rb and ?*Na, respectively, which are consistent with

the observations in Refs. [19,121]. The vortex patterns in the component densities near
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Figure 3.6: (A) and (B) are the individual component densities of the stationary
SO-coupled spin-1 BECs of 23Na corresponding to Hsoc = YupS. for 7, = 1 with
Qrot = 0.5 and Q¢ = 0.95, respectively. The j = 0 component is fully absent in (B). These
solutions have been obtained by operating U on the solutions corresponding to Hgoc =
YePeSz shown in Figs. 3.4(C) and Figs. 3.4(D) for 22Na BEC. The spatial coordinates and

densities are in the units of aqs. and agSQC, respectively, where aos. = 6.63 pm for 23Na.

the center in Fig. 3.7(E) resemble square lattices consistent with a similar observation
in Ref. [121]. The two condensates rotated at a high rotation frequency Qo1 = 0.95
are shown in Figs. 3.7(B) and 3.7(F); here, the phase profiles of both the condensates
(which are not shown) reveal that the center of the condensates have phase singularities of
charges (0,+1,+2) in j = +1, 0, and —1 components, respectively. At this large rotation
frequency, more vortices are created in condensates, which relax in a triangular lattice
pattern. The coarse-grained peak value of the total densities for the two condensates
lie along a circle of radius 4.7, e.g. p(r) corresponding to the solution in Figs. 3.7(B) is
shown in Fig. 3.5(C), which is in a decent agreement with the variational single-particle
density maxima position at 4.88 in Fig. 3.3(a). The circle encloses approximately 24
phase singularities, which agrees with phase-winding numbers calculated using variational
analysis of the single-particle Hamiltonian. Next with v = 1 and Q.o = 0.5, the component
ground-state densities are shown in Figs. 3.7(C) and 3.7(G). The centers of both the

condensates, in this case, have phase singularities of charges (0,41, +2), respectively, in
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Figure 3.7: Equilibrium density profiles of the individual component densities of the
SO-coupled spin-1 BECs: (A)-(D) 8"Rb with ¢ = 2482.21, ¢; = —11.47 and (E)-(H)
2Na spin-1 BEC with ¢y = 674.91 and ¢; = 21.12. (A) and (B) have been obtained with
Qrot = 0.5,0.95, respectively, and SO-coupling strength of v = 0.5. Similarly, (C) and
(D) correspond to SO-coupling strength of v = 1 with Q.o = 0.5, and 0.95, respectively.
For SO-coupled **Na, the plots (E) and (F) correspond to v = 0.5 and Qy0; =0.5,0.95,
respectively, and (G) and (H) correspond to v = 1 with Q¢ = 0.5,0.95, respectively. Blue
circles in (B), (F), (D) and (H) correspond to the peak in coarse- grained total density p(r).
The spatial coordinates and densities are in the units of aqsc and a_
Qose = 3.41 pm and 6.63 pm for ' Rb and 23Na, respectively.

o2, respectively, where
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j = 41, 0, and —1 components, respectively. When rotated with a higher frequency
of 0t = 0.95, the condensate densities acquire a giant hole at the center as shown
in Figs. 3.7(D) and 3.7(H) with an annulus of triangular vortex-lattice pattern in each
component. The coarse-grained peak values of the total densities in this case, too, are along
a circle of radius 9.7 as is seen in Fig. 3.5(D) for " Rb, which agrees well with the variational
single-particle density peak in Fig. 3.3(c). The circle contains approximately 100 phase
singularities in each component in agreement with the single particle. The appearance of
a giant vortex at the trap center in the component densities surrounded by singly charged
vortices arranged in an annulus for sufficiently strong isotropic SO-coupling strengths at
fast rotations is a generic feature of these systems [113,116]. The quantitative differences
in respective component densities of 8Rb and ?*Na when rotated with Q,o; = 0.95 is

primarily a consequence of ¢y for the two BECs being 2482.21 and 674.91, respectively.

3.2.2 Effect of coherent coupling

To highlight the effects which can solely be attributed to an interplay of rotation,
coherent coupling, and interactions, we first consider 2>Na BEC without and with coherent
coupling at a rotation frequency of .t = 0.95 in the absence of SO coupling. Here,
without coherent coupling, the BEC supports an array of double-core vortices [30]
in each component, which arrange themselves in a square-lattice pattern as is shown
in Figs. 3.8(A). Each double-core vortex core consists of two non-overlapping phase
singularities of unit charge, each marked with white dots in Fig. 3.8(A). With coherent
coupling of Q. = 1, the system at the same rotation frequency of ..t = 0.95 hosts
a triangular-lattice pattern in each component as shown in Fig. 3.8(B), where a typical
vortex core in each component consists of a single phase singularity. Here the effective

potential is an isotropic harmonic potential V&l as shown in shown in Fig. 3.1(c).

Next, we consider the combined effect of SO and coherent couplings on the ground-state
vortex configurations. Here, we consider two parameter sets- first with v, = v, = 1,
Qcon = 1, and second with v, = 1,7, = 0, Q¢on = 1. In the former case, the ground state
density has a hole whose center is shifted along +y direction as shown in Fig. 3.8(C). In
the latter, the component densities distribute in two unequal triangular lattice patterns
above and below the z-axis, as shown in Fig. 3.8(D), and with an increase in oy, the
size of the smaller triangular lattice pattern in the upper-half plane decreases further
with a corresponding increase in the size of one in the lower-half plane. The splitting
of the component densities into two unequal parts can be attributed to the effective
potential experienced by the system, which is an asymmetric double-well potential created
by V3! (z,y) and Vi (z,y) with a global minima at (z = 0,y = —9.7) and a local minima
at (x = 0,y = +9.7) as shown in Fig. (3.1)(d). We obtain similar results for 3’Rb spin-1
BEC at .ot = 0.95 which have not been shown here.
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Figure 3.8: Equilibrium density profiles of the individual components of ?*Na spin-1 BEC
with interaction parameters ¢y = 674.91, ¢; = 21.12, when rotated with Qo = 0.95. (A)
has been obtained for Q¢op = v, = 7y = 0 and Qo = 0.95, whereas (B), (C), and (D)
have been obtained with coherent-coupling strength .., = 1 and SO-coupling strengths
of vz =77 =0,7 =7 =1, and 7, = 1,7 = 0, respectively. The spatial coordinates and

respectively, where a)% = 6.63 pm.

densities are in the units of a)2 and [ Obc]
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3.2.3 Stability and expansion dynamics

All the stationary states discussed in the present work correspond to repulsively interacting
spinor BECs subjected to rotation and SO coupling and are dynamically stable in the
rotating frame. As an illustration of this, we consider the real-time dynamics of the
solutions in Figs. 3.4(C) and 3.4(D) with a random (complex) Gaussian noise 61);(z,y)
added to each component wavefunction v;(x,y) at t = 0, which then are taken as initial
solutions to solve CGPEs. (3.17a) and (3.17b) in real time. We consider 6v;(x,y) =
1072n;(z,y), where 7;(z,y) is a distribution of complex Gaussian random numbers. We
observe that the condensates retain their structure including the lattice patterns during
the real-time evolution. This is evident from the component densities in Figs. 3.9(A) and
3.9(B) corresponding to solutions in Figs. 3.4(C) and 3.4(D), respectively. It is to be
noted that anomalous flux created by SO coupling plays an important role in stabilising
the q2D SO-coupled spinor BEC interacting with attractive mean-field interactions against
collapse instability [201]. The condensates considered in the present work are interacting
by net repulsive mean-field interactions and hence are not expected to have any collapse
instability. Nonetheless, in the experiments, the vortex lattice in the BECs are imaged
after releasing the condensate from the trap, and in this context, for the solutions in the
present work, such an expansion dynamics on switching off the trap in the lab frame
will be dictated primarily by an interplay of the anomalous flux and the centrifugal flux
due to the angular momentum in the system. As an example, we consider the expansion
dynamics of the solution in Fig. 3.6(B) with v.S.p, SO coupling, when V(z,y) and Qo
are both set to zero at ¢ = 0, thus mimicking the expansion dynamics in the experiments.
The ensuing evolution of the total density is shown via the images of the total density at
three instants in Fig. 3.10, where j = 4+1 (j = —1) component contributes to the density
above (below) y axis. In this case, the center of mass of j = +1 component moves with
velocity v = F9.3% in the dimensionless units. Using the minimum energy single particle
solutions ® = (¢41,0,0)7 and ® = (0,0,¢_1)7, where ¢; are defined in Eq. (3.7), the
velocity [201]

v— @% & (2val —aive) + ol(r5.)0],

rot

where — sign corresponds to (¢41,0,0)” and + to (0,0,¢_1)7. The anomalous velocity
contribution to the velocity is -y, which is consistent with Ref. [201], and the remaining is
arising as an interplay of coupling and rotation. For v = 1 and Q. = 0.95, Eq. (3.21)
yields v = F9.25% in agreement with results in Fig. 3.10. Similarly, we observe that
with two-dimensional Rashba SO coupling too the centrifugal flux during the expansion

dynamics (results not shown here) is created by an interplay of SO coupling and rotation.
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Figure 3.9: Realtime evolution of the stationary states perturbed with an addition of a
random complex (Gaussian) noise at ¢t = 0: (A) p;(z,y,t) corresponding to the solution in
Fig. 3.4(C) with ¢y = 674.91, ¢; = 21.12, 7, = 1 and Qo = 0.5 at t = 0 and ¢ = 100, and
(B) corresponding to the solution in Fig. 3.4(D) with Qo = 0.95 with same interaction
and SO coupling.

3.3 Spin-expectation per particle and spin-texture for
spin-1 BECs

As noted in Sec. 3.2.1, the ground state solutions of the rotating SO-coupled 8’Rb and
2Na BECs at moderate to high rotation frequencies are qualitatively similar, and the
quantitative differences stem from the different magnitudes of ¢g. To ascertain this further,
here we consider SO-coupled 8Rb and ??Na spin-1 BECs with v = 0.5 or 1, Qcon = 0 and
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P(t=0.5)
0 0.005

Figure 3.10: Expansion dynamics of the solution in Fig. 3.6(B) with ¢y = 674.91, ¢; =
21.12, and ~, = 1 in absence of trapping potential and rotation: (a) p(z,y,t = 0), (b)
p(x,y,t = 0.5) and (c) p(z,y,t = 1). The component densities pyi(x,y,t) are moving
with speed 9.3 along Fz directions.

(approximately) same cg but with different atom numbers. For 8"Rb, we again consider
co = 2482.21 and ¢; = —11.47 corresponding to 10° atoms, whereas for 2>Na we consider
3.68x10° atoms resulting in ¢y = 2482.35 and ¢; = 77.68. We define the spin-density
vector F = (F,, Fy, F,) where

Fy(xay) = Z w:n(xay)(su)mm/l/)m’(xay)v (3'22)

and f = [|F(z,y)|dr/ [ p(x,y)dr, which serves as a measure of spin-expectation per
particle for an inhomogeneous system. We examine the angular momentum per particle,
f, and spin-texture [1] f(x,y) = F(x,y)/p(z,y) as a function of rotation frequency. In the
absence of rotation, the 8Rb and ?*Na spin-1 BECs have f = 1 and 0, respectively [1].
The f as a function of rotation frequency .ot for the two systems is shown in Fig. 3.11,
which illustrates that with increase in Quor, f — 1 for 22Na whereas it remains close
to 1 for 8Rb. We also analyse spin-expectation per particle using the single-particle
variational solution @y, in Eq. (3.14) to evaluate f. The variational analysis predicts
f~1fory=0.5 (1) and Qo = 0.6 (0.4), which is consistent with the numerical results
for ’Rb and 2Na BECs at moderate to high rotations as is shown in Fig. 3.11. The
differences in numerical and variational f values for Q¢ < 0.6 (0.4) are mainly because of
spin-dependent interactions, which expectedly become increasingly less important with an
increase in rotation frequency. Next, we consider the spin-texture of 8Rb and 2*Na BEC
with v = 0.5, Qcon = 0 when rotated with Q. = 0.1 and 0.95. The component densities
for 8"Rb and 2*Na when rotated with ¢ = 0.1 are shown in Figs. 3.12(A) and 3.12(B),
respectively, and the corresponding spin textures are in Figs. 3.12(a) and 3.12(b). At
this frequency 8"Rb hosts three skyrmions in Fig. 3.12(a) as compared to two for ?2Na in
Fig. 3.12(b) (near the center of the trap). The generation of skyrmion and half-skyrmion
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Figure 3.11: Variation of spin-expectation per particle f with rotation frequency obtained
from the variational method discussed in Sec. 3.1 and the numerical solutions of the
CGPEs for the SO-coupled 8"Rb and ?3Na BECs.

excitations in rotating SO-coupled BECs is discussed in Refs. [115,118]. The spin-textures
at Qor = 0.95 are shown in Fig. 3.13(a) for 8”Rb and Fig. 3.13(b) for *Na, here both
the systems have a skyrmion at the center surrounded by a lattice of half-skyrmions. The
spin-texture of 8Rb corresponds to the component densities shown in Fig. 3.7(B), whereas
the component densities of 22Na which are indistinguishable 8’Rb are not shown here. The
similarity of the two systems at faster rotation is also reflected in the spin-textures. The
similarity in the response of the two systems at fast rotations has also been confirmed

based upon their mass and spin currents.

3.4 Rotating SO-coupled spin-2 BEC

Under a 2D harmonic confinement, a rotating SO-coupled spin-2 BEC under mean-field

approximation can be described by a set of five CGPEs [1]

0 O
‘ ngz = Hibaz + e (Feun £ 2F:4040) + 2 :’ﬁ? + T, (3.23a)
0 3 o
’ gjﬂ = Mata (\[QF#/)O + Fitpen + szﬂ> —cy :ﬁgl +T11, (3.23b)
L% = ot Cl\g(F—@/’—l + Fuar) + o \;%0 + T, (3.23¢)

where ¥ = (42,%41,%0,¢_1,%_2)" is a five component order parameter, H is same
in Eq. (3.18). In Egs. (3.23a)-(3.23c), I'; for an equal-strength mixture of Rashba and
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Figure 3.12: (A) displays the component density of the SO-coupled ’Rb BEC with
Yo = Yy = 0.5 when rotated with Q,oq = 0.1 and (B) displays the same for 23Na,
BEC. The interaction strengths for 8"Rb and 23Na are ¢y = 2482.21, ¢; = —11.47 and
co = 2482.35, c¢1 = T7.68, respectively. The locations and signs of phase-singularities
in each component are marked with + signs. (a) and (b), respectively, show the
spin-textures corresponding to the densities in (A) and (B), where (a) has the three
skyrmions (marked by red dots), and (b) has two near the center of the trap in addition
to two cross-disgyrations in spin-texture along x-axis coinciding with 4+1 phase singularity
in j = 0 component. The spatial coordinates and densities are in the units of aes. and
a2, respectively, where aose = 3.41 pm and 6.63 pm for 8’Rb and 23Na, respectively.
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Dresselhaus couplings are
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Figure 3.13: (a) shows the spin-texture for 8"Rb system and (b) shows the same for 2*Na
system at rotation frequency €.t = 0.95. Both figures have a skyrmion at the centre
(marked by a red dot) and in the rest of the regions, half-skyrmion lattice (black dot
marks the center of one such half-skyrmion). The respective interaction parameters are

the same as those considered in Fig. 3.12.

for Rashba coupling are
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and rest of the quantities have the same definitions as in Egs. (2.7a), (2.7b), (2.9a)-(2.9¢).

| )

3.4.1 Numerical Results for spin-2 BEC

We consider 50,000 atoms of spin-2 BECs like 23Na and 8"Rb in an isotropic q2D trap
with w; = wy = 27 x 10 Hz and w, = 27 x 100 Hz. The oscillator lengths are 4.69um
and 2.41um for 22Na and 8"Rb, respectively. The three scattering lengths for 2Na are
ap = 34.9ap,as = 45.8ap, and a4 = 64.5ap [61] and the same for 8"Rb are ag = 87.93az,
ag = 91.28ap, and ay = 99.18ap [202]. The triplet of dimensionless interaction strengths
are (co, c1, c2) = (340.45, 16.90, — 18.25) and (co,c1,c2) = (1164.80,13.88,0.43)
for 2Na and 3Rb, respectively. The SO-coupled spin-2 BEC can exhibit various
ground-state solutions depending on the interaction parameters and the strength of the
SO coupling in the absence of a rotation [185,203,204]. For example, the axisymmetric
solution characterized by (—2,—1,0, 41, +2) charge phase singularities in the component
wavefunction can arise from the equal-weight superposition of an infinite number of plane
waves [90,203]. Additionally, other patterns such as stripe [90,203], square lattices [90,203],

or triangular lattices [90,203] can arise through the superposition of counter-propagating
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Figure 3.14: Ground-state component densities of an SO-coupled 23Na BEC with ¢y =
340.45,¢1 = 16.90, and ¢y = —18.25 for (A) 7, = 1,7y = 0 and (B) vy = 1. (C) and (D)
show the same for 8"Rb with ¢g = 1164.80, ¢; = 13.88, and ¢y = 0.43.

plane waves, four plane waves with propagation vectors at a right angle to each other, or
three plane waves with propagation vectors at an angle of 27 /3 to each other, respectively.

In the absence of rotation, for an equal-strength mixture of Rashba and Dresselhaus
couplings with 7, = 1 and Q¢ = 0, the ground-state density profiles for both
antiferromagnetic and cyclic interactions have vertical stripe patterns [see Figs. 3.14(A)
and 3.14(C)]. For Rashba SO coupling with v = 1 and Q.. = 0, the ground-state density
profiles for the two interactions are qualitatively different with a horizontal stripe for the
antiferromagnetic and a triangular lattice for the cyclic interaction [cf. Figs. 3.14(B) and
3.14(D)].

Antiferromagnetic interactions

In the rotating frame, the component density profiles with rotation frequencies Q.o =
0.5,0.7, and 0.9 are shown in Figs. 3.15(A)-3.15(C), respectively. With the increase
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Figure 3.15: Ground-state component densities of an SO-coupled 2*Na BEC with ¢y =
340.45, ¢1 = 16.90, cp = —18.25, 7, = 1,7y, = 0: (A) Qyot = 0.5, (B) ot = 0.7, and (C)
Qrot = 0.9.

in rotation frequency, the asymmetric double-well potential experienced by the boson
becomes apparent in Fig. 3.15(B) and 3.15(C), as was discussed in Sec. 3.2.1 for spin-1
BEC.

For Rashba SO coupling, the component density profiles for €2, = 0.5,0.7, and 0.9 are
shown in Fig. 3.16. When rotated with ., = 0.7, the central region of the condensate has
phase singularities with charges (0, +1,+42,+3,+4), respectively [see Fig. 3.16(B)]. The
charges of these singularities have been determined from the phase of the order parameter
(not shown here). At a larger rotation frequency Q0 = 0.9, the component densities
acquire a ring-type structure with a giant vortex at the center, which again is reminiscent

of an effective toroidal potential as discussed in Sec. 3.2.1.

Cyclic interactions

The density profiles for different 2,4 are shown in Fig. 3.17 for the equal-strength mixture
of Rashba and Dresselhaus couplings and in Fig. 3.18 for Rashba coupling. The density
profiles for moderate to high rotation frequencies are qualitatively similar to 23Na with
antiferromagnetic interactions; the minor differences in density profiles may be attributed
to different values of c¢y.

The rotational energy of a scalar BEC (with a large number of vortices) in the rotating

frame, E(Qot #0) — E(Qoy = 0), is comparable to the energy of a rigid body under
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Figure 3.16: Ground-state component densities of an SO-coupled 23Na with ¢y =
340.45,¢1 = 16.90,co = —18.25, 7 = 1: (A) Qo = 0.5, (B) Qyot = 0.7, and (C) Qyor = 0.9.

rotation, i.e. —IQ2 /2, where I is the moment of inertia of the condensate [33,121]. We
illustrate in Fig. 3.19 the rotational energy as a function of €24 for SO-coupled BECs with
both antiferromagnetic and cyclic interactions. The rotational energy for both systems
decreases as —Q2.;.

The SO-coupled BEC with realistic ferromagnetic interactions under moderate to
high rotation frequencies behaves similarly to the BECs with antiferromagnetic/cyclic

interactions and has similar equilibrium density profiles (not shown here).

3.5 Summary

We have studied the stationary-state vortex lattice configurations of rotating SO-coupled
spin-1 and spin-2 BECs trapped in q2D harmonic potentials. Using exact numerical
solutions complemented by a variational analysis, we have shown that the non-interacting
part of the Hamiltonian can be translated to the rotating effective potentials with
symmetric, asymmetric double-well, and toroidal structures. @ We have illustrated
using the mean-field GP formalism, employing the realistic experimental parameters,
at moderate to high rotation frequencies, the analytically obtained effective potential
minima and the numerically obtained coarse-grained density maxima’s position are in
excellent agreement. The effects of rotation are further elucidated by computing the
spin expectation per particle for the ferro- as well as the antiferromagnetic BECs. For

the former, the spin expectation is always close to unity, irrespective of the rotation
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Figure 3.17: Ground-state component densities of an SO-coupled 8’Rb BEC with ¢y =
1164.80, ¢1 = 13.88, c2 = 0.43, 7, = 1,7, = 0: (A) Qot = 0.5, (B) Qpor = 0.7, and (C)
Qrot == 09

frequency. Meanwhile, for the latter, the spin-expectation value increases with an increase
in rotation frequency and tends to approach one. For the simpler one-dimensional coupling
(ox vS.ps), spatial segregation between the j = +1 components results in spin-expectation
per particle approaching one for the antiferromagnetic BEC; similarly, single-particle
variational analysis with Rashba SO coupling also indicates the spin-expectation per
particle approaching one irrespective of the spin-exchange interactions with increasing
rotational frequency. The similarity in the response of the fast-rotating spin-1 BECs
with ferromagnetic and antiferromagnetic interactions, and similarly, the response of
spin-2 BECs with ferromagnetic, antiferromagnetic, and cyclic interactions highlights
the much-diminished role of the spin-exchange interactions vis-a-vis the other competing
terms in the system’s Hamiltonian. The results reported in this chapter are discussed in
Refs. [205,206].
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Figure 3.18: Ground-state component densities of an SO-coupled 8’Rb BEC with ¢y =
1164.80, ¢; = 13.88, co = 0.43, v = 1: (A) Qyot = 0.5, (B) Qyot = 0.7, and (C) Qo = 0.9.

E<Qr0t 7é 0) - E<Qrot = O)

—_—— 87Rb

-20F

0 0.2 0.4 0.6 0.8 1
Qrot

Figure 3.19: Rotational energy F(Qyot # 0) — E(Qot = 0) as a function of €2, for Rashba
SO-coupled ?Na and 8"Rb BECs.



Chapter 4

Quantum phases and the excitation
spectrum of an SOAM-coupled
spin-1 BEC

As discussed in Sec. 1.4, the experimental realization of SOAM coupling represents
a significant milestone in the research field of spinor BECs [6]. In this chapter, we
calculate the low-lying excitation spectrum of ground-state phases, specifically focusing
on the coreless and polar-core vortex states of SOAM-coupled spin-1 condensates. These
two solutions are circularly symmetric and have been experimentally realized [136]
by employing a Gaussian and a Laguerre-Gaussian beam that co-propagate along the
z-direction, resulting in an angular momentum transfer of A to the atom.

The chapter is organized as follows. In Sec. 4.1, we present the Hamiltonian describing
an SOAM-coupled spin-1 BEC in cylindrical coordinates and the reduction to a q2D
formulation through a set of CGPEs. In Sec. 4.2, we discuss the ground-state phases
of SOAM-coupled ferromagnetic and polar BECs in the limit of vanishing detuning. In
Sec. 4.3.1, we discuss the spectrum of the noninteracting SOAM-coupled spin-1 BEC, and
follow it with the collective excitations of the interacting SOAM-coupled spin-1 BECs
in 4.3.2. In Sec. 4.3.3, we explore the effect of detuning on the ground-state phases
and excitation spectrum. In Sec. 4.3.4, starting with the ground state solution, we
study the low-lying collective excitations which are excited with the addition of suitable
perturbations to the Hamiltonian at ¢ = 0. In Sec. 4.3.5, the variational method to study
a few low-lying modes is discussed, which is followed by the summary of key results in
Sec. 4.4.

4.1 Mean-field model for an SOAM-coupled spin-1 BEC

In this chapter, we consider SOAM-coupled spin-1 BECs in which the orbital angular
momentum of the center of the mass of the atoms is synthetically coupled to their
internal spin states [5,135]. In the cylindrical coordinate system, the non-interacting

(single-particle) part of the Hamiltonian for the spinor BEC is [135,136]

H, = +V(r)|I

oMo (o, L » o
2M rOr T@r 2Mr2  2M 0z2

+ Q(r)[cos(¢) Sy — sin(¢)S,] + 65, (4.1)
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where I is a 3x3 identity matrix, V(r) = M (w3r?/2 + w?22)/2 constitutes the external
harmonic potential to trap the atoms of mass M, L, = —thd/0¢ is the angular
momentum operator, Q(r) = Qqv/e(r/ro) exp[—r%/2r3] is the Raman-coupling strength
with ¢ and rg as the Rabi frequency and the radius of the maximum-intensity
(cylindrical) surface [135,136], respectively, 0 is the Raman detuning, and S, S, and S, are
irreducible representations of the spin-1 angular momentum operators. Under mean-field
approximation, the interacting part of the Hamiltonian Hijy is given by [1]

o c1

Hiyy = —p+

Jo+ SES (4.2)

with ¢y and c¢; as the mean-field interaction parameters. The total density of the system
is given by p, F = (Fy, F,, F.) is the spin-density vector, and S = (S, Sy,S). Since the
SOAM coupling is restricted to the radial plane, and we consider w, > wg, the dominant
dynamics is constrained to the same plane with frozen axial degrees of freedom. We can
then integrate out the z degree of freedom from the condensate wave function and describe
the system as q2D on the radial r-¢ plane. Starting from the Hamiltonian H = Hg + Hiyy,

in polar coordinates, we obtain the following coupled q2D CGPEs in dimensionless form

0 Q

L g;ﬂ = Hs1 +c1(po £ p— )1 + Cﬂﬁ}ﬂl}% + g1 + \;;) eiL¢ip0, (4.3)
0 0 B L

Li%? = Hho + c1p4tbo + 2e19 191905 + Oﬁ(e S+ ey y),  (4.3b)

V2
where
1o (0N IZ 2
=50 (Tar) tos Tyt p= D, ppi =0l pr=paEp

j=%1,0

Under geometric renormalization, in terms of s-wave scattering lengths ag and ay in the

total spin 0 and 2 channels, respectively, ¢y and ¢; take the form

N 2 N —
co = VEraNlaot2e) e Nla —ao) (4.4)

3aosc 3aosc

denoting the spin-independent and spin-dependent interactions, respectively.  The
anisotropy parameter o = w,/wp is defined to be the trapping frequency ratio along
the axial to the radial direction, and N is the total number of atoms. The units of length,
time, energy, and energy eigenfunctions are considered to be aosc = \/h/(Mwyp), wy L hwo,

and ag., respectively, and [ rp(r)drd¢ = 1.

osc?

4.2 Ground-state quantum phases of SOAM coupled spinor
BEC

To understand the intercomponent phase relationship imposed by various competing

terms in the Hamiltonian, we consider a generic circularly symmetric ansatz, ¢; =
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fj(r)e‘(wj¢+6j), for the component wavefunctions, where w; and 3; are, respectively,
the phase-winding number and constant phase associated with the radially-symmetric
real function f;. The phase-dependent part of the interaction energy is minimized,
provided [99]

w4y — 2wo +w—1 =0, (4.5a)

2nm  for ¢1 < 0,
B =260+ o1 = (4.5b)
(2n' + )7 for ¢; > 0,

where n and n’ are integers. Similarly, the SOAM-part of the energy is minimized if

W41 — Wy = 1, wy —wW-1 = 1, (4.6&)

Be1—Po=(2p+1)m, fo— B =20+, (4.6b)

where p and p’ are again integers. If the conditions on the winding numbers in Eq. (4.6a)
are satisfied, the condition in Eq. (4.5a) is satisfied too. On the other hand, conditions
between the constant phase factors in Egs. (4.5b) and (4.6b) can be simultaneously satisfied
for ¢; < 0 only.

To further substantiate the intercomponent phase relationships imposed by
SOAM-coupling, we extract S = Spcos¢ — Sysing [140] from the single-particle
Hamiltonian Hg. In the limit when Qg is large, c¢i-dependent part of the Hamiltonian
can be neglected, and the phase structure of the emergent ground-state solution is mainly
determined by S via its minimum energy eigen spinor. The normalized eigen spinor of
S with minimum eigen energy —1 can be written as (e/™+D9 — \/2¢ermé  eHm=1)T /9
with m being any integer. The phase structure of this eigenspinor is consistent with
phase relations in Egs. (4.6a) and (4.6b). With an increase in m, there is an energy
cost from the phase-dependent part of the kinetic energy, suggesting that only small
values of phase-winding numbers may emerge. Numerical results confirm this, where
we obtain a solution corresponding to m = 0 in large )y limit irrespective of the nature
of spin-exchange interactions. The spinor part of the ground state in this limit tends to

approach the aforementioned eigenstate of S with m = 0.

Various numerical techniques have been employed in the literature to study spinor
BECs in q1D, 2D, and 3D settings as discussed in Chapter 2 [172,181,207]. In practice,
we choose the time-splitting finite-difference method and choose different initial guess
solutions as an input to Eqgs. (4.3a) and (4.3b) to arrive at ground-state solutions. As
an example, we take initial states U ~ e /2 x (etmtDe  _ \/2eme  oum=1ANT /o with
different values of m. Besides these initial states, we consider a random initial guess where

1;(r) are complex Gaussian random numbers.

At the outset, motivated by the experimental realization of the SOAM-coupled
BECs [135,136] using spin-1 8’Rb atoms, we validate our numerical simulations to study

and emulate the observed ground-state quantum phases of the ferromagnetic system in
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the absence of detuning § = 0 first and later with 6 # 0. It is to be noted that in
the experiments [136], both zero and non-zero values of detuning have been considered.
Similar to the experiment, we consider the 8"Rb atoms confined in an anisotropic harmonic
trap with wy = 27 x 140 Hz and 79 = 15 pm [136]. However, we take w, = 27 x 2400
Hz, enabling us to perform q2D simulations. Here ag = 101.8ap and as = 101.4ap with
ap as the Bohr radius [197]. The ground-state densities and phase distributions, obtained
numerically by solving the CGPEs (4.3a) and (4.3b) with imaginary-time propagation,
for given €y and N, are in qualitative agreement with the experimental results. The
ground-state densities calculated for a pair of ¢ values with N = 5000 are shown in
Figs. 4.1(a) and 4.1(b). For Qy = 0.25, the solutions with (+2,+1,0) and (0,—1,—2)

0.05~. - =t Py
'\.\ — /o
\ - pa
0.03} Y
SN \
\‘
\.
0.01} Y -
(a) Moo Q=025 [|[(DLm=<NL Q=1
0 3 6 0 3 6

r r

Figure 4.1: Ground-state densities of the SOAM-coupled 8"Rb spin-1 BEC with ¢y =
121.28 and ¢; = —0.56 corresponding to N = 5000 for (a) Q9 = 0.25 and (b) Qo = 1.
The j = +1,0, and —1 spin components carry phase winding numbers of +2,+1, and 0,
respectively, in (a) and 41,0, and —1, respectively, in (b). As discussed in the text, the
various quantities in this and the rest of the figures are dimensionless.

phase-winding numbers are two degenerate ground states, and with Qy = 1, (+1,0,—1)
state is obtained as the ground state solution. As we vary €y from 0 to 20, at small g, due
to the co-action of spin-dependent interaction term and SOAM coupling, (+2,41,0)-type
solution appears as the ground state. After a critical value of coupling strength (say ),
QS primarily dictates the nature of the solution to result in (+1,0, —1)-type phase. The
condition (S) ~ —1 is satisfied in this latter phase for sufficiently large €y as shown in
Fig. 4.2(a), which indicates that no further phase can be expected with higher €. We
term these two phases I and II. In contrast to 8’ Rb, (+1,0, —1)-type is the single ground
state phase for 23Na with ¢; > 0. In this case too, (S) ~ —1 at large )y as shown in
Fig. 4.2(a).

Longitudinal magnetization per particle f, = [ F.dr, spin expectation per particle

f = [ |F|dr where |[F| = /F2 + F2 + F2, and angular momentum per particle (L.) can
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Figure 4.2: (a) (S) as a function of SOAM-coupling strength Qg for 3’Rb with ¢y = 121.28
and ¢; = —0.56 and ?Na with ¢y = 121.35 and ¢; = 3.80. Inset in (a): (L,) for 8’Rb as
a function of Qg. (b) |f.| and f for ¥ Rb and ?*Na as a function of SO coupling strength
Q0. The cq and ¢; for ’Rb and ?*Na are the same as those in (a).

be used to characterize these ground-state phases. In the ferromagnetic domain with
co = 121.28 and ¢; = —0.56, for Qy <= Qf = 0.3, i.e. in phase I, (L.) # 0 and increases
continuously as shown in the inset of Fig. 4.2(a), whereas |f,| ~ 1 and f =1 as shown in
Fig. 4.2(b). For Qg > Qf, the transition to phase II is accompanied by discontinuities in
(L.),|f-|, and f, where the former two reduce to zero, the latter becomes less than one.
In the antiferromagnetic domain, e.g. with ¢g = 121.35 and ¢; = 3.8, there is no phase
transition with an increase in )y resulting in smooth behaviour of the same quantities.

Here f asymptotically approaches one, whereas |f,| and (L), expectantly, remain zero.

Furthermore, we calculate the ground state phase diagrams in ¢;/co-o plane, where
we fix ¢g = 121.28 and vary ¢;, and N-{y plane for fixed ¢1/cg = —0.0046 which
corresponds to 8’Rb. The ratio ¢;/cy may be manipulated experimentally by tuning one
of the scattering lengths by optical Feshbach resonance [208]. These two are respectively
shown in Figs. 4.3(a) and 4.3(b), thus again illustrating that an antiferromagnetic BEC
has one ground-state phase in contrast to the ferromagnetic one. It can be seen that
with a decrease in ¢; (keeping ¢g fixed) in the ferromagnetic phase, the domain of phase
I increases, whereas with an increase in the number of atoms (keeping c;/co fixed), it
decreases. Phase I and II also have distinctive topological spin textures F = (F,, F, F).
For the solutions in Figs. 4.1(a) and 4.1(b) spin-textures are shown in Figs. 4.4(a) and
4.4(b), respectively. The spin-textures in Figs. 4.4(a) and 4.4(b) are in agreement with
those reported in Ref. [136]; at the centre, F points along negative z direction in Fig. 4.4(a),
whereas it is zero in Fig. 4.4(b). The details of the spin-textures allow the identification
of phases I and II with the coreless vortex and polar-core vortex states, respectively. It is
to be noted that in Ref. [132], the two reported circularly symmetric phases correspond
to (—4,—2,0)- and (—2,0, +2)-type solutions distinct from phases I and II in the present

work.



Chapter 4. Quantum phases and the excitation spectrum of an SOAM-coupled spin-1

76 BEC
x10°
0.4} Polar-core vortex (a) (b)
(+1,0,-1) II 50
0.0 60
o N
€0 40
-0.4
I II
20

Coreless vortex
_0.8} (2, +1,0) I
‘ 0

0 9 A 6 3 02 03 04 05 06
Q() Q()

Figure 4.3: The ground-state phase diagrams in (a) ¢;/co-Q and (b) N-Qq planes. In (a)
cp was kept fixed at 121.28 while varying ¢;. In (b) ¢1/co = —0.0046 corresponding to
87Rb.

4.3 Collective excitation spectrum

To study the excitation spectrum, we exploit the innate circular symmetry of the
Hamiltonian. To this end, we perform a local spin rotation about Z by the azimuthal
angle -¢ to remove the ¢ dependence from the Hamiltonian. As a result, the order
parameter ¥ = (¢, 1,%0,%_1)7 is transformed to e 520 = (e7*P4p 1,10, e ?_1)T, and
the transformed Hamiltonian takes form
2

H = {—;Tgr (ri) + (L;;QS) +V(r) | I+ Qr)Sy + Hins, (4.7)
where Hiny = cop/2 + c1F.S/2. The Hamiltonian in Eq. (4.7) is circularly symmetric, and
one can seek the simultaneous eigenfunctions of H and L, with fixed angular momentum
[, =0,1,.... For example, the solutions presented in Figs. 4.1(a) and 4.1(b) can now be
seen as corresponding to [, = 1 and 0, respectively. The single-particle Hamiltonian in Eq.
(4.1) is symmetric under the transformation defined by an operator R = exp(—iS,7)K,
where K is complex-conjugation operator. This implies that for any [, # 0, there will
be two degenerate solutions connected by R. For example, for [, = 1, the degenerate
counterpart with [, = —1 corresponds to (0,—1,—2) phase-winding numbers in the
component wavefunctions.

We use the Bogoliubov approach to study the excitation spectrum. In which we

consider the fluctuations to the ground state by writing the perturbed order parameter as
U(r, ¢, t) = e HFEFIDNG (1) + 6T (r, t)eta?], (4.8)

where Weq(1) = [Ry1(r), Ro(r), R_1(r)]T is the radial part of the order parameter with

R; as the radial wavefunction corresponding to the 4*" spin component, y is the chemical
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Figure 4.4: (a) and (b) show the spin-texture for 5000 atoms of 8’Rb system with the
coupling strength Qg = 0.25 and Qy = 1, respectively. The length of the arrows shows the
projection of F(z,y) on the x-y plane, and the colour bar indicates its component along
z axis; F(x,y) vector field lies on the z-y plane in (b).

potential, and [, = 0,%£1,42,... is the magnetic quantum number associated with the
angular momentum of the quasiparticle excitations. The details of the BAG analysis are

given in Appendix B.

4.3.1 Non-interacting system

To understand the effect of coupling strength, we first study the single-particle excitation
spectrum. The ground-state solution has phase-winding numbers (4+1,0) in j = £+1,0 spin
states, respectively. The excitation spectrum is shown in Fig. 4.5. For €y = 0, the n'P
energy level is 3(n + 1)-fold degenerate, as the single-particle Hamiltonian is identical to
a system of three decoupled isotropic two-dimensional harmonic oscillators. For example,
excitations with energies 0 and 1 are three- and six-fold degenerate, respectively. The
SOAM-coupling lifts the degeneracies partially. For example, for g # 0, there is only one
zero-energy excitation; similarly, the red lines in the spectrum in Fig. 4.5 correspond to
non-degenerate excitations, whereas the black ones to two-fold degenerate modes. The
non-degenerate modes have the magnetic quantum number of the excitation l, = 0,

whereas modes with two-fold degeneracy have [, # 0.

4.3.2 Interacting spin-1 BEC

Here we study the excitation spectrum (a) as a function of € for fixed ¢y and ¢; and
(b) as a function of N for fixed Qy and cy/c; ratio. Both Qy and N can be varied in
an experiment [135,136]. As was discussed in Sec. 4.2, for ¢; < 0, both phases I and II
can appear as the ground-state phases with a variation of either 5 or N. We primarily

consider 8’Rb BEC in the following discussion.
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Figure 4.5: (Color online) Single particle excitation spectrum for spin-1 BEC as a function
of SOAM coupling strength wy.

Phase I: Here we consider ¢y = 121.18 and ¢; = —0.56 and vary 9. The excitation
spectrum for phase I is shown in Fig. 4.6(a) for I, = 0,£1 and (b) for |[;|] > 2. The
modes with frequencies 1 and 2 are, respectively, dipole and density-breathing modes in
Fig. 4.6(a) . This identification of a mode is based on the real-time evolution of the
expectation of a suitably chosen observable, as will be discussed in the next subsection.
The presence of ferromagnetic interactions further aids the lifting of the degeneracy, in this
case between the modes with magnetic quantum numbers £/;, which are degenerate at the
single-particle level. We have confirmed this, for example, by examining the excitation
spectrum of a system with ¢p = 121.18 and ¢; = —0.6¢9g < —0.56 (not shown here),
where the non-degenerate nature of the spectrum is clearly seen. In phase I, there are two
zero-energy Goldstone modes corresponding to two broken continuous symmetries, namely
gauge and rotational symmetry. The latter corresponds to the symmetry transformation
generated by L.

Phase II: As already mentioned in Sec. 4.2, the transition from phase I to II occurs
at Qp > 0.3 for ¢¢ = 121.18 and ¢; = —0.56. The transition is accompanied by
the discontinuities in the excitation spectrum. The excitation spectrum for phase II is
shown in Fig. 4.6(c). Here, among the low-lying modes are dipole and breathing modes
corresponding to both density and spin channels. Both density- and spin-dipole modes
are doubly degenerate, corresponding to magnetic quantum number [, = +1. On the

other hand, both density- and spin-breathing modes are non-degenerate with [, = 0.
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Figure 4.6: Low-lying excitation spectrum of 8Rb SOAM-coupled spin-1 BEC with ¢y =
121.18 and ¢; = —0.56 as a function of coupling strength €29 of phase I with [, = 0,+1
in (a) and l; = +2,43,£4,... in (b); among the named modes, [, = 0 for density-
and spin-breathing, [, = +1 for density-dipole, I, = —1 for spin-dipole, I, = +2 for
density-quadrupole, and [, = —2 for spin-quadrupole modes. (c) shows the same for phase
II, where [, = 0 for density- and spin-breathing, [, = %1 for density- and spin-dipole, [, =
+2 for density- and spin-quadrupole modes. In (a) and (c), the dashed magenta-colored
line is the variational estimate for the density-breathing mode.

At small values of €y, the energies of the spin modes are less than their density-mode
analogues. There is a single zero-energy mode due to the broken gauge symmetry in this
phase. Besides these modes, the density- and spin-quadrupole modes are also marked in
the excitation spectrum in Figs. 4.6(a)-4.6(c). As the collective excitations characterize a
system’s response to small perturbations, these can be experimentally studied using Bragg
spectroscopy [209,210].

Additionally, the variation in SOAM-coupling strength leads to avoided crossings
between the pairs of excitations, a few of which are identified by the black circles in
Fig. 4.6(c). We observe that the avoided crossing occur between the density and spin
oscillations associated with the same magnetic quantum number /,. In the vicinity of the
avoided crossing, the roles of the density and spin modes are interchanged as shown in

Fig. 4.6(c). We study this mode mixing by examining the density (dp) and spin fluctuations
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(0F;,0Fy,,dF,) yielded by the perturbed order parameter and defined as

0p =2Re _v;ou;, (4.92)
J

5Fy =v2Re(tp41605 + o0’ + h_1605 + 1hodv)™ ), (4.9b)

0F, = — v2Im(— 11695 + Podhy + Y1695 — oo™ y), (4.9¢)

SF, =2Re(tha 00, — 180" ,), (4.94)

where ‘Re’ and ‘Im’ denote the real and imaginary part, respectively. For a pure density
mode, one would expect that dp # 0 and 6F, = 0, similarly for a pure spin mode
one would expect that dp = 0 and at least one of the dF, # 0. The order-parameter
fluctuation U (r, ¢, )
the Bogoliubov quasiparticle amplitudes v and v corresponding to the frequency w of the
T, P, t) o etleti+le)¢ uj(r)e "t —

and hence density and spin fluctuations, can be constructed with

<
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Figure 4.7: (A) shows the density fluctuations, dp(r,¢ = 0,t), and spin-density
fluctuations, 6F,(r,¢ = 0,t), with v = z,y, z corresponding to wp = 1. (B)-(D) present
the same for wgp = 0.08, wp = 1.97, wgp = 0.37, respectively. The radial and time
extents, along horizontal and vertical directions, respectively, in each subfigure are 4acgc
and 5T, respectively, where T' = 27 /w is the time period of the corresponding mode with
w frequency. The presence of both density and spin fluctuations in (A)-(C) is an outcome
of the avoided crossing between the pairs of modes in the excitation spectrum shown in
Fig. 4.6(c).

oy
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Fig. 4.6(c) at Q9 = 1, the density- and spin-dipole modes’ frequencies are wp = 1 and
wgp = 0.08, respectively, and the density- and spin-breathing modes’ frequencies are wp =
1.97 and wgp = 0.37, respectively. One can see that the density-dipole, density-breathing,
and spin-dipole modes encounter avoided crossings, whereas the spin-breathing mode does
not. This observation agrees with the density and spin-density fluctuations evaluated
along the ¢ = 0 line and shown in Figs. 4.7(A)-4.7(D). For the density-dipole mode with
wp = 1, both density and spin channels are excited as is seen from dp(r,¢ = 0,t¢) and
0F,(r,¢ = 0,t) in Fig. 4.7(A), where v = z,y, z. Similarly, number density, longitudinal
(F.), and transverse magnetization (Fj,F,) densities oscillate in time, corresponding to
the spin-dipole mode in Fig. 4.7(B), and density-breathing mode ends up exciting both
the number and transverse magnetization densities in Fig. 4.7(C). On the other hand,
the spin-breathing mode excites the spin channel alone in Fig. 4.7(D). The density and
spin-quadrupole modes also excite the density and spin fluctuations, which are not shown.
This mode mixing indicated by both density and spin fluctuations is absent in ql1D
SO-coupled BECs where any collective excitation yields either density or spin fluctuations
[211]. The nomenclature of the modes in Figs. 4.6(a)-4.6(c) is consistent with the density,
op(x,y,t), and longitudinal magnetization density, d F.(z,y, t), fluctuations corresponding
to density, breathing, and quadrupole modes in Fig. 4.8 shown at t = 0,7'/4,7/2,3T/4,
and T instants, where T is the period of the collective excitation.

Next, we study the excitation spectrum as a function of N for ¢;/co = —0.0046. Here
first, we fix ¢ to 0.3, where a phase transition from phase I to II occurs at N = 5700.
The excitation spectrum, in this case, for phase I and II are shown in Figs. 4.9(a) and
4.9(b). The same for y = 3 is shown in Fig. 4.9(c), where phase II is the ground state
phase with no phase transition. The modes in phase II are, again, either non-degenerate
or with two-fold degeneracy. For SOAM-coupled ?*Na BEC with cg = 121.35 and ¢; = 3.8
the excitation spectrum, which is not shown here, is similar to the spectrum in Fig. 4.9(c)

with some quantitative differences attributable to different ¢; values.

4.3.3 Non-zero detuning

In this subsection, we consider the effects of the detuning on the phase diagram and
excitation spectrum. In Fig. 4.10, we show the phase diagram in the number of atoms
versus the detuning (N-¢) plane for a constant coupling strength of Qo = 5 and ¢;/¢o =
—0.0046 corresponding to 3"Rb. We observe for a small value of §, the polar-core vortex
(phase II) emerges as the ground-state solution. However, at a critical detuning d., a
phase transition from (41,0,-1)-type solution (phase II) to (42,41,0)-type solution (phase
I) occurs. For example, for Q9 = 5 and N = 5000 corresponding to ¢y = 121.18, ¢; =
—0.56, the phase transition occurs at . = 0.3. Phase II at smaller detuning and phase
I at larger detuning values in Fig. 4.10 is in qualitative agreement with the experimental
findings [136]. It is worth noting that the presence of ¢ in the Hamiltonian leads to
the breakdown of the symmetry defined by R. As a result, (+2,+1,0) and (0,-1,-2)-type

solutions corresponding to [, = 1 and —1, respectively, are no longer degenerate. To
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Figure 4.8: Density and longitudinal magnetization density fluctuations at ¢t =
0,7/4,7T/2,3T/4, and T where T' = 27 /w with w as the mode-frequency: (A) dp(x,y,t)
for the density-dipole mode with wp = 1, (B) dF.(x,y,t) for the spin-dipole mode with
wsp = 0.08, (C) dp(z,y,t) for the density-breathing mode with wp = 1.97, (D) 0 F,(x,y,t)
for the spin-breathing modes with wsp = 0.37, (E) dp(z,y,t) for the density-quadrupole
mode with wg = 1.46, and (F) 6 F,(z,y,t) for the spin-quadrupole mode with wgg = 0.46.
The box size in each subfigure is 6.4a0sc X 6.4Ga0sc-

illustrate the effect of detuning on the excitation spectrum, we contrast the collective
excitation spectrum of the condensate with N = 5000, Qg = 5 for (a) 6 = 0 and (b)
0 = 0.2. The ground-state phase in both these cases is phase II, as can be seen from the
phase diagram in Fig. 4.10. The excitation frequencies as a function of [, for these two
cases are shown in Figs. 4.11(a) and 4.11(b). As discussed in Appendix B, the presence of
detuning leads to the lifting of the degeneracies in the excitation spectrum about I, = 0.
The low-lying modes have been identified in Figs. 4.11(a) and 4.11(b). In Fig. 4.11(a),
the density-dipole, spin-dipole, density-quadrupole, and spin-quadrupole exhibit two-fold
degeneracies corresponding to £l,. However, in the presence of d, all these modes become

non-degenerate and are highlighted in Fig. 4.11(b).
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Figure 4.9: Low-lying excitation spectrum for 8’Rb spin-1 BEC with ¢;/cg = —0.0046
as a function of the number of atoms N: (a)-(b) for Qy = 0.3 with a phase transition
from phase I to II at N = 5700 and (c) 29 = 3. (a) corresponds to the spectrum of
phase I, whereas (b) and (c) correspond to the spectrum of phase II. The different point
styles in (a) signify non-degenerate modes with different [,, while in (b) and (c), 'red
circle’, 'black right-pointing triangle, 'green down-pointing triangle’, and ’blue square’
correspond, respectively to the modes with [, = 0, £1,+2, £3, and so on.

4.3.4 Dynamics

We examine the nature of low-lying collective excitations through the time evolution of
the expectation of physical observables, which also serves to validate our calculation of the
excitation spectrum from the BdG equations. Here, we consider the Hamiltonian with an
appropriately chosen time-independent perturbation, say H. added to its single-particle
part Hg. This modifies the CGPEs (4.3a) and (4.3b) with an added term corresponding
to H[WU(r, ¢,t) in each equation. We then solve these resultant CGPEs over a finite period
of time by considering previously obtained ground-state solutions as the initial solutions
at t = 0. Numerically, one needs to consider a two-dimensional spatial grid over here, for

which we choose the Cartesian z-y grid.

We consider ¢y = 121.28, ¢; = —0.56, and ¢ = 1, which yielded the ground-state
phase in Fig. 4.1(b) as an example set of parameters to study the dynamics. To
excite the density-dipole mode, we take the perturbation H! = Az, where A < 1.
We then examine the dynamics of the center of mass of the BEC via zem(t) = (z) =
> j=x10J 2pj(2,y,t)dxdy which is plotted in Fig. 4.12(a). We also compute its Fourier
transform Zep (w) to demonstrate that the dominant frequency resonates at w = 1 as can
be seen in Fig. 4.12(b) and matches with wp = 1 in the BdG spectrum in Fig. 4.6(c).
We could have chosen H. = Ay and then calculated yem(t) giving us the same excitation
frequency. This is a consequence of the two-fold degeneracy in the density-dipole mode.
We have checked that this mode can also be excited by shifting the minima of the external
trapping potential. This particular way of exciting this mode has direct relevance from an
experimental point of view, where the minima of potential can be easily shifted. Similarly,
to examine the excitation of the density-breathing mode with H! = A(z? + y2), where

2

the relevant observable is 1?2 = 22 + y?, we calculate mean square radius 72(t) = (r?)
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Figure 4.10: The ground-state phase diagrams in N-§ plane for c¢;/cg = —0.0046
corresponding to 8”Rb spin-1 BEC and Qg = 5.
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Figure 4.11: Collective excitation spectrum for ferromagnetic 8’Rb spin-1 BEC with
interaction parameters ¢y = 121.28, ¢; = —0.56, and coupling stength ¢ = 5 for (a)
9 =0 and (b) 6 = 0.2. The ’black down-pointing triangles’ and ’green crosses’ denote the
density and spin modes, respectively.

as a function of time, which is plotted in Fig. 4.12(c). The Fourier transform ;1211\5(“’)
of r2.(t) reveals a dominant peak at w = 1.99 in Fig. 4.12(d) which is close to BdG
result of Qg = 1.97. This mode, again, can be excited by perturbing the trap strength,
which can be achieved in an experiment with ease and thus giving access to this mode.
Similarly, the spin-dipole mode can be excited by adding a perturbation H' = xS,
or \yS, with xS, or yS, as the pertinent observable corresponding to the spin-dipole

mode. The two possible observables again reflect the two-fold degeneracy of spin-dipole
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Figure 4.12: (a) shows the center of mass oscillations, i.e. x.y(t) as a function of time and
(b) corresponding Fourier transform with a dominant peak at w = 1 for 8’Rb spin-1 BEC
with ¢y = 121.28, ¢; = —0.56, and ©y = 1. (c) shows the oscillations in the mean square
size of the system r2_(t) and (d) the corresponding Fourier transform with a dominant
peak at w = 1.99 for the same interaction and coupling strengths.

modes. The time-variation of d,(t) = (#S.) = > ;_,, 1 [ #p;(z,y,t)dvdy is shown in
Fig. 4.13(a) and its Fourier transform in Fig. 4.13(b) has a dominant peak at w = 0.1, which
corresponds to the spin-dipole mode labelled in Fig. 4.6(c) with wgp = 0.08. Similarly,
the spin-breathing mode corresponds to observable r2S,. In Figs. 4.13(c) and 4.13(d),
we show the dynamics of d?(t) = (r?S,), i.e. the relative difference in the mean-square
radii of the j = +1 components and the associated Fourier transform, respectively, with
a dominant peak at w = 0.37, in agreement with wgp in Fig. 4.6(c). The very small
secondary peaks present in Fig. 4.12(b) and 4.12(d) correspond to the spin-dipole and
spin-breathing modes, respectively. These peaks become prominent when subjected to
appropriate perturbations and are observed through relevant observables, as shown in
Fig. 4.13. Likewise, the small peaks appearing in Fig. 4.13(b) and 4.13(d) also signify
modes present in the BdG spectrum. Finally, the density- and spin-quadrupole modes’
frequencies calculated from the time evolution of (zy) and (xyS,) are in agreement with
the numbers in Fig. 4.6(c).

4.3.5 Variational analysis

For an SOAM-coupled spin-1 system, a few low-lying modes can be studied using a

time-dependent variational method [212]. For example, to calculate the density-breathing
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Figure 4.13: (a) shows d(t) as a function of time and (b) corresponding Fourier transform
with a dominant peak at w = 0.1 for 8’Rb spin-1 BEC with ¢y = 121.28, ¢; = —0.56, and
Qo = 1. Similarly, (c) and (d) show the d2(t) and its Fourier transform with a dominant
peak at w = 0.37 for the same interaction and coupling strengths.

mode in the absence of detuning, we consider the following variational ansatz

ct(m+1)¢
U= _ex —L + wa(t)r?| x \V/2erm (4.10)
~ o /w12 P | 20(1)2 B ew '
eL m—

i

where o(t) and «(t) are time-dependent variational parameters used to denote the width
of condensate and chirp of Gaussian pulse, respectively, and m = +1 for phase I or 0 for

phase II. The Lagrangian of the system is given by
) o (Ch
L= drdo— (v5—2 E 4.11
;/T%(wﬂ A 8t> ’ (4.11)

where energy F is defined as

E= //[Zd){ 2rar<aar> L2 TZ}% *p+2(p+1+po—p71)p+1

p-1+ po— pi1)p—1 + V20(r)Re(d] 1€ + 0¥ e )

+ 2(P+1+P 1)po + 2(

+ 2¢c1Re (v gyt ) | drds. (4.12)
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For m = £1, the (coupled) Euler-Lagrange equations are

6\/%\/690\/%4‘7% (’I”g - 2T802) co+c1+ 107 ( )
-2 + —, 4.13a
(27“8 + 02)4 8ma?

where " denotes the time derivative. The equilibrium width og of the condensate satisfies

/ /1 2 7 5 .2

4nog (213 +3)’*

= 2.

The frequency of the oscillation in width calculated by linearizing Eq. (4.13a) about

equilibrium width g is

1/2
ol | 15V2776Ve0eQo(3r — 208) /2 + of + 1 B(eo + 1 + 10m) (4.14)
B (27“% —1—03)5 87r061
Similarly, for m = 0 in Eq. (4.10), the density breathing mode is
1/2
Il — | 15V2mrgy/eooQo(3rg — 208) /2 + 0 +1  3(co + 1 + 6m) (4.15)
B (27“(2) + 08)5 87r061

The variationally calculated density-breathing mode’s frequency agrees with the values
in the BAG spectrum as demonstrated in Figs. 4.6(a) and 4.6(c) for phases I and II,
respectively. As mentioned in Sec. 4.3.4, density breathing mode can be easily excited by

modulating the trapping potential strength in an experiment.

4.4 Summary

We have investigated the low-lying collective excitations of the coreless and the polar-core
vortex phases supported by the spin-1 BECs with SOAM coupling. The existence of
the two phases is seen in the full phase diagrams in the ratio of interaction strengths
versus coupling strength and also the number of atoms versus coupling strength planes.
We have studied the excitation spectrum as a function of two experimentally controllable
parameters, namely coupling strength and the number of atoms. The excitation spectrums
are characterized by the discontinuities across the phase boundary between the two
phases and within a phase by avoided crossings between the modes with the same
magnetic quantum number of excitations. The avoided crossings signal the hybridization
of the density and spin channels; the nature of spin and density fluctuations has indeed
confirmed this. Among the low-lying modes, we identify dipole, breathing, and quadrupole
modes for density and spin channels. The frequencies of these named modes are further

validated from the time evolution of the expectations of the physical observables when
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an apt time-independent perturbation is added to the system’s Hamiltonian. An analytic
estimate for the density-breathing modes has also been obtained using the variational
analysis. Our results can serve as a benchmark to compute the finite-temperature
phase diagram and spin dynamics. With the experimental observation of collective
excitation, dispersion (excitation energies as a function of wavenumber) in Raman-induced
SO-coupled BECs [209,210], we expect that our results can also be verified in future
SOAM-coupled experiments. The results reported in this chapter are discussed in
Ref. [213].



Chapter 5

Excitation spectrum of an

annular-stripe phase in an
SOAM-coupled spin-1 BEC

With the SOAM-coupling models corresponding to larger orbital angular momentum
imparted by the pair of Laguerre-Gaussian beams to the BEC atoms, the annular
stripe phase can emerge as one of the ground state phases [142,143]. With such an
SOAM-coupling model, in this chapter, we study the ground-state phases and their
collective excitation spectrums with a special focus on the the annular stripe phase, which
spontaneously breaks two continuous symmetries: rotational and U(1) gauge symmetry.

The chapter is organized as follows. In Sec. 5.1, we discuss the ground-state solutions
and excitation spectrum of the single particle Hamiltonian for an SOAM-coupled spin-1
system. In Sec. 5.2, we describe the interacting mean-field model and discuss ground-state
phases of an SOAM-coupled antiferromagnetic BEC. In Sec. 5.3, we discuss collective
excitations of the interacting SOAM-coupled spin-1 BEC and calculate some low-lying
modes by using real-time dynamics, which is followed by the summary of key results in
Sec. 5.4.

5.1 Single-particle Hamiltonian

For an orbital angular momentum transfer of [ by the Laguerre-Gaussian beams, the
single-particle SOAM-coupled Hamiltonian is [135,136]

72 2
_1o <r§r> Ly % + V()| T+0()[cos(6) Sy — sin(i6)S,] + 55., (5.1)

H =
0 2 ror 2r2

where Q(r) = Qoe!/?(r/w)! exp[—1r? /2w?], is the Raman-coupling strength [142] with €
and w as the Rabi frequency and beam waist, respectively, and rest of the quantities
having the same definitions as in Eq. (4.1). As was done in Chapter 4 to obtain Eq. (4.7),
we consider the unitary transformation with unitary operator e***¢ for arbitrary I. The

transformed Hamiltonian is

19 oY | (L.+18.)?
o= [_27“81" <T87’> + g V) [ T4 Q)8 + 08, (5.2)

89
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with the transformed order parameter (e “®¢,1,10,e%%1p_1)T. The simultaneous
eigenstates of (5.2) and L, are characterized by orbital angular momentum quantum
number [,, whose value is related to the angular momentum of each spin component
l; in the laboratory frame as [; = [, + jl [6,132] in the presence of §. The eigenstate of a

single-particle Hamiltonian (5.2) can be defined as
U(r,¢) = =Ty (r), (5.3)

where Weq(r) = [41(r),v%o(r),v_1(r)]T with ¢;(r) as the radial wavefunction
corresponding to the 5" spin component. In order to obtain an annular stripe, we consider
the orbital angular momentum transfers to the atoms [ = 4 and beam waist w = 5. The
energy spectra of the single-particle Hamiltonian (5.2) are shown in Figs. 5.1(a)-(d) for

four pairs of coupling strengths and detuning. In the absence of detuning, the [, = 0 is the
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Figure 5.1: The single-particle energy spectrum for (a) Qo =4, § = 0; (b) Qo = 10, § = 0;
(¢) Qo =10, =1; and (d) 2o =10 and 6 = —1.

ground state corresponding to the (44, 0) charge singularities in component wavefunctions
j = £1,0, respectively, [see Figs. 5.1(a) and 5.1(b)]. With non-zero detuning (however
small it may be), the ground states correspond to I, = +4 or —4, depending on whether
0 is positive or negative; e.g. with ¢y = 10,6 = 1 and Q¢ = 10,6 = —1, the ground
state has [, = 4 and —4, respectively [see Figs. 5.1(c) and 5.1(d)]. Like Hamiltonian (4.1),
Hamiltonian (5.1) for 6 = 0 is symmetric under the transformation defined by the operator
R = exp(—tS,m) K, explaining the degeneracy of I, solutions with [, # 0; in the presence
of detuning, the symmetry is no longer present, as evidenced by the non-degenerate 41,
pair of solutions.

We use the Bogoliubov approach to study the excitation spectrum of these

circular-symmetric solutions, as discussed previously in Sec. 4.3. Fig. 5.2(a) shows the
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Figure 5.2: The single-particle excitation spectrum of an SOAM-coupled spin-1 BEC with
(a) Q9 =4, =0and (b) Qy =4, 6 = 1. The ground state corresponds to I, = 0 in (a)
and [, =4 in (b).

excitation spectrum of the ground-state solution [, = 0 obtained for 2y = 4 and § = 0,
and (b) shows the same for [, = +4 obtained with Q¢ =4 and § = 1. For § = 0, all modes
corresponding to [, # 0 are doubly degenerate. However, with the introduction of d, this

degeneracy is lifted, and no mode remains degenerate [cf. Figs. 5.2(a) and 5.2(b)].

5.2 Ground-state phases of interacting system

Under mean-field approximation, the interacting system is described by the following set
of three CGPEs

g 0
‘ g: L= Hpsr + ca(po % po )t + et g £ S + \%)ei“‘%o, (5.4a)
Q
L% = Hipo + c1p+tho + 2194191905 + \2)(6_“1%/41 +€e“%y_1), (5.4Db)

where r = /22 +y2, ¢ = tan"!(y/x), and various other terms have the same definitions
as in Egs. (4.3a) and (4.3b).
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Figure 5.3: The ground-state phase diagrams of an SOAM-coupled spin-1 BEC with ¢y =
10 and ¢; = 3 (a) as a function of g for 6 = 0.1 and (b) as a function of ¢ for g = 5.
In (a), a phase transition from an annular stripe to [, = 0 phase occurs when 2y exceeds
4.4, and in (b), a phase transition from the annular stripe to [, = 4 phase occurs when ¢
exceeds 0.26. In (a) and (b), Qp and ¢ ranges are not-to-scale.

In the previous chapter, we focused on investigating the excitation spectrum of the

emergent circularly-symmetric solutions of the mean-field model, which did not permit the
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Figure 5.4: Ground states of the SOAM-coupled spin-1 BEC with ¢y = 10, ¢; = 3: (A)
and (D) the component densities and phases, respectively, for § = 0.1 and Qy = 2; (B)
and (E) the densities and phases, respectively, for 6 = 0.1 and Q¢ = 6; and (C) and (F)
the densities and phases, respectively, for § = 0.3 and Qy = 5. In (E), +1,0, and —1
components have phase singularities of charges +4,0, and —4, respectively, and in (F),
the corresponding charges are +8, +4, and 0.

annular-stripe phase as the ground-state solution. To achieve the annular-stripe phase with
the mean-field model in Egs (5.4a) and (5.4b), we consider the BEC with antiferromagnetic
interactions with ¢yp = 10 and ¢; = 3. We first calculate the ground-state phases for a
fixed detuning value of § = 0.1. While varying the SOAM-coupling g from 0 to 10, a
phase transition from an annular-stripe phase to [, = 0 phase occurs at 2y = 4.4. For
an alternate set of parameters, we fixed 2y to 5 and varied 6 from 0 to 0.6. In this
case, the phase transition from the annular-stripe phase to I, = 4 occurs at § = 0.26
[see Figs. 5.3(a) and 5.3(b) for schematic illustrations of the phase diagrams]. We also
examine the longitudinal magnetization f, = [ F.dzdy and spin expectation per particle
f = [ |F|dzdy, where |F| = |/F2 4+ F? + F2, to ascertain the transition points between

the annular-stripe and circularly-symmetric phases.

Annular-stripe phase

The interatomic interaction in the spinor BEC is one of the most important parameters
to affect the parameter space in which the annular stripe phase is the ground state. This
phenomenon closely resembles the emergence of the stripe phase in a linear SO-coupled
BEC [214]. Fig. 5.4(A) displays the ground-state densities for a typical annular-stripe
phase calculated with 9 = 2 and 6 = 0.1. In this phase, the orbital angular momentum
is not a good quantum number, as evidenced by the absence of rotational symmetry [see

top row of Fig. 5.4]. The longitudinal magnetization |f,|, and and spin expectations per
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Figure 5.5: |f,| and f, as a function SOAM-coupling strength Qp, for a SOAM-coupled
spin-1 BEC ¢y = 10, ¢y = 3, and § = 0.1.

particle f are both non-zero, as shown in Fig. 5.5.

Circular-symmetric phases

As discussed previously, a phase transition from the annular-stripe phase to I, = 0 or 4
phase occurs above a critical coupling strength or detuning. The component densities and
corresponding phases for a typical rotationally-symmetric [, = 0 phase, which has (44, 0)
charge singularities in 5 = £1,0 components, respectively, are shown in the middle row
of Fig. 5.4. As Qg exceeds the critical coupling strength, the transition to [ = 0 phase is
characterized by the discontinuities in |f,| and f as shown in Fig. 5.5. Similarly, a typical
rotationally-symmetric [, = +4 phase is shown in the bottom row of Fig. 5.4. The three
phases, namely annular-stripe, [, = 0, and [, = 44, are characterized by distinctive spin
textures [cf. Figs. 5.6(a)-5.6(c)]. The spin-texture of the annular-stripe phase has spins
pointing in opposite directions in the adjacent density petals (lobes); F.(z,y) = 0 in the
spin-texture of [, = 0 phase; and F,(z,y) # 0 in [, = +4 phase.

5.3 Collective excitation spectrum

Using the Bogoliubov approach, we write the perturbed order parameter as
U(z,y,t) = e Weq(2,y) + 6 (, y, )], (5.5)

where Ueq(z,y) = [Y41(2,v), %o (z,y),—1(x,y)]T is the equilibrium order parameter with
Yj(x,y) as the wavefunction corresponding to the 7' spin component, y is the chemical

potential. The fluctuation d¥(x,y,t) to the equilibrium order parameter in Eq. (5.5)

eLwt

is written as 0U(z,y,t) = u(x,y)e ! + v*(x,y)e"?, where u and v are Bogoliubov
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Figure 5.6: The spin-texture of SOAM-coupled spin-1 BEC for (a) 6 = 0.1 and Q¢ = 2, (b)
d=0.1and Qy =6, and (c) § = 0.3 and Qp = 5. In (a)-(c) ¢g = 10, ¢; = 3. The arrows
show the projection of F(z,y) on the z-y plane, and the color indicates its component
along z axis; F(x,y) vector field lies on the z-y plane in (b).

amplitudes and w is the excitation frequency. Here, unlike in Chapter 4, Weq(z,y),
U(z,y,t), u(x,y), and v(x,y) are not presumed to be circularly symmetric to accommodate
the BdG analysis for the annular-stripe phase. The linearization of the three CGPEs
(5.4a) and (5.4b) and the corresponding conjugate equations, using the perturbed order
parameter as defined in Eq. (5.5), results in the set of coupled BdG equations; the details
of the BAG analysis in this case are discussed in the Appendix C.

We study the collective excitation spectrum (a) as a function of )y for fixed interaction
parameters and d, and (b) as a function of 0 for fixed interaction parameters and
Q. The collective excitation spectrum as a function of Qg for ¢g = 10, ¢; = 3, and
6 = 0.1 is shown in Fig. 5.7. In the excitation spectrum, a few low-lying modes have
been identified and labelled, such as density-dipole mode (wp) highlighted by filled red
circles and density-breathing mode (wp) with asterisks. The methodology to identify the
collective modes has been discussed previously in Chapter 4. In the annular-stripe phase,
two continuous symmetries, namely gauge and rotational symmetry, are broken, which
manifest as two zero-energy Goldstone modes in the excitation spectrum (see Fig. 5.7).
When 4 > 4.4, the transition to phase [, = 0 is accompanied by the discontinuities in
the excitation spectrum in Fig. 5.7. There is a single zero-energy mode due to the broken
gauge symmetry in this phase.

The collective excitation spectrum as a function of § for ¢g = 10,¢; = 3, and g = 5
is shown in Fig. 5.8. The transition from annular-stripe to [, = 4 phase is discernible by
the appearance of a roton mode, similar to the roton in the plane-wave phase with linear
momentum SO coupling [209,210,215-217]. Within [, = 4, phase the roton mode is softens
with a decrease in 0 and vanish at the transition point [141]. A few low-lying modes are
marked in both the phases in the excitation spectrum in Fig. 5.8.

As discussed in Sec. 4.3, in this chapter, too, we validate our calculations of excitation
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Figure 5.7: The excitation spectrum of the SOAM-coupled spin-1 BEC with ¢y = 10, ¢; =
3, and § = 0.1 as a function of Q3. The blue “circles” and black “triangles” correspond,
respectively, to annular-stripe and [, = 0 phases. For ¢ > 4.4, there is a phase transition
from the annular stripe to the circularly symmetric [, = 0 phases. The density-dipole and
density-breathing modes are, respectively, marked by red circles and stars.
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Figure 5.8: The excitation spectrum of the SOAM-coupled spin-1 BEC with ¢y = 10,
c1 = 3, and ¢ = 5 as a function of §. The blue “circles” and red “triangles” correspond,
respectively, to the annular-stripe and [, = 4 phases. For § > 0.26, there is a phase
transition from the annular stripe phase and the circular symmetric [, = 4 phase. The
density-dipole and density-breathing modes are, respectively, marked by black circles and
stars. The roton mode is highlighted by a black circle and labelled as wg.

spectrum and identify a few low-lying modes by adding a suitable time-independent
perturbation H " to the Hamiltonian.

To excite the density-dipole mode, we choose H = Az, where A < 1, and study
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Figure 5.9: (a) shows the center of mass oscillations, i.e. xm(t) as a function of time
and (b) corresponding Fourier transform with a peak at w = 0.98 for antiferromagnetic
spin-1 BEC with ¢y = 10, ¢; = 3, § = 0.1, and Qy = 2. (c) shows the oscillations in the

mean square size of the system 72 (t) and (d) the corresponding Fourier transform peaks

at w = 1.95 for the same interaction and coupling strengths.

the time evolution of the center of mass of the BEC. The time evolution of e (t) =
(x) for ¢g = 10, ¢; = 3, 6 = 0.1, and Q¢ = 2 is shown in Fig. 5.9(a) and its Fourier
transform in Fig. 5.9(b) peaks at 0.98, which matches with wp in Fig. 5.7. Similarly, we
excite the density-breathing mode with H = A2 + y?), and examine the mean square
radius 72,4(t) = (22 + y?) as a function of time and its Fourier transform r/frz(w) [see
Figs. 5.9(c) and 5.9(d)]. The oscillation frequency of 72 () matches with the frequency of

density-breathing mode (wp = 1.95).

5.4 Summary

We have investigated the ground-state phases and the low-lying excitation spectrum
of an SOAM-coupled spin-1 BEC with antiferromagnetic interactions. We use the
SOAM-coupled model corresponding to an angular momentum transfer of [ = 4h to the
atoms, which permits the annular stripe phase as one of the ground state phases. For the
chosen set of interaction parameters (c¢o = 10 and ¢; = 3), we observed a phase transition
from an annular stripe phase to a circularly symmetric I, = 0 (or I, = +4) phase as
coupling strength (or detuning) exceeds a critical value. The circularly symmetric [, = 0
phase is characterized by phase singularities of order (4+4,0,—4) in j = (+1,0,—1) spin
components, respectively. Similarly, for [, = +4 phase, (+8,+4,0) are the respective
charges of the phase singularities. Using the Bogoliubov approach, we have studied the
excitation spectrum (a) as a function of € for fixed interaction parameters and § and (b)

as a function of ¢ for fixed interaction parameters and g. For (a), the excitation spectrum
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shows discontinuities across the phase boundary between the annular stripe and [, = 0
phases, and in (b), collective modes vary smoothly across the phase boundary between the
annular stripe and [, = +4 phases. We also identify a couple of low-lying density modes

in the excitation spectrum using the perturbative dynamics discussed in Chapter 4.
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Chapter 6

Summary and future directions

6.1 Thesis summary

In summary, we have studied the SO-coupled spin-1 and spin-2 BECs under rotation with
an emphasis on moderate to high rotations using mean-field models. Our analysis of the
eigenfunctions and eigenenergies of the non-interacting part of the Hamiltonian, using
variational analysis and exact numerical solutions, shows that a boson in such BECs can
be subjected to a variety of rotating effective potentials including symmetric, asymmetric
double-well, and toroidal potentials.

For an SO-coupled spin-1 BEC under rotation, the shape of these effective potentials
is consistent with the component density profiles for 8Rb and 23Na BECs with
experimentally realizable interaction parameters. We show the spin expectation per
particle for a ferromagnetic BEC stays close to one as a function of rotation frequency,
whereas for an antiferromagnetic BEC it starts increasing with an increase in rotation
frequency and tends to approach one at high rotations. For an SO coupling between the

spin and the linear momentum along one direction, i.e., 7, S, pz, spatial segregation of the

+

=) of the single particle Hamiltonian in the presence of moderate to high

eigenfunctions (®
rotations, which translates to a spatial segregation between m; = +1 components in an
equivalent v,.5,p, coupling, can result in spin-expectation per particle approaching one for
an antiferromagnetic BEC. For an isotropic SO coupling without coherent coupling, our
variational analysis also predicts spin expectation per particle approaching one at moderate
to high rotations. This results in a similar response of the two systems at moderate to large
rotations, as exemplified in similar spin-texture, mass-current, etc., and component-density
profiles of the two systems. Similarly, for SO-coupled spin-2 BECs under rotation, we
illustrated using the mean-field CGPEs, employing the realistic experimental parameters,
the spatial distribution of 8"Rb, 23Na, and %Rb are consistent with the inhomogeneity
of the effective potentials. The similarity in response of the fast-rotating cyclic phase
8TRb, antiferromagnetic ?*Na and ferromagnetic 8’Rb highlights the much-diminished
role of the spin-exchange interactions vis-a-vis the other competing terms in the system’s
Hamiltonian.

Motivated by the recent experiments [Chen et al., Phys. Rev. Lett 121, 113204
(2018), Chen et al., Phys. Rev. Lett. 121, 250401 (2018)], which demonstrated the
coupling between the spin and orbital angular momentum of the atoms, we investigated
the ground-state phases and low-lying excitation spectrum of the SOAM-coupled spin-1

condensates with both ferromagnetic and antiferromagnetic interactions. Without
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detuning with ferromagnetic interaction, the ground-state phase is either a coreless or
a polar-core vortex state. In contrast, with antiferromagnetic interaction, it is the
polar-core vortex. We calculated the phase diagrams in the ratio of interaction strengths
versus coupling strength (¢1/co — o) and the number of atoms versus coupling strength
(N — Qo) planes. We studied the excitation spectrum of the system as a function of
two experimentally controllable parameters, namely coupling strength and the number
of atoms. The excitation spectrum of the coreless vortex phase is non-degenerate,
whereas in the polar-core vortex phase, [, modes with I, # 0 are degenerate. The
excitation spectrum is characterized by the discontinuities across the phase boundary
between the two phases and within a phase by avoided crossings between the modes with
the same magnetic quantum number of excitations. The avoided crossings signal the
hybridization of the density and spin channels; the nature of spin and density fluctuations
has confirmed this. Among the low-lying modes, we identify dipole, breathing, and
quadrupole modes for density and spin channels. The frequencies of these named modes
are further validated from the time evolution of the expectations of the physical observables
when an apt time-independent perturbation is added to the system’s Hamiltonian. For
the density-dipole, density-breathing, and density-quadrupole modes, the perturbations
considered are Az, A\z?, and Azy, respectively. For the spin-dipole, spin-breathing, and
spin-quadrupole modes, the apt perturbations are A\S,z, AS,x?, and \S,zy, respectively.
The corresponding physical observables are (z), (z?), and (zy) for density modes and
(xS.), (x2S,), and (2yS,) for spin modes. An analytic estimate for the density-breathing
modes has also been obtained using variational analysis. In the presence of detuning, £,
modes become non-degenerate in the polar-core vortex phase.

We consider an SOAM coupling model corresponding to an angular momentum transfer
of | = 4h to the atoms, which permits the symmetry-breaking annular stripe phase as one
of the ground state phases. For a chosen set of interaction parameters, we observed an
annular-stripe phase along with two circular symmetric phases, namely [, =0 and [, = +4
phase characterized by the charge singularities (44,0, —4) and (48, +4,0), respectively.
We observed a phase transition from an annular stripe phase to a circularly symmetric
[, = 0 (or I, = +4) phase as coupling strength (or detuning) exceeds a critical value.
Using the Bogoliubov approach, we studied the excitation spectrum (a) as a function of
Qp for fixed interaction parameters and § and (b) as a function of ¢ for fixed interaction
parameters and §2y. For (a), the excitation spectrum shows discontinuities across the
phase boundary between the annular stripe and [, = 0 phases, and in (b) collective modes

vary smoothly across the phase boundary between the annular stripe and [, = 44 phases.

6.2 Future directions

In the near future, we aim to study the low-lying excitation spectrum and ground-state
phase diagram of Raman-induced SO-coupled spin-1 BECs at zero and finite temperatures;

the existing literature on this theme is primarily on pseudospin-1/2 BECs [218-220].



Chapter 6. Summary and future directions 101

On the theme of SOAM-coupled spinor BECs the annular stripe phase has a semblance
with the supersolid stripe phase in an SO-coupled BEC [81,214,216,221-224]; just like
the supersolid stripe phase annular stripe breaks two continuous symmetries, namely
rotational and gauge symmetry. Our work in this thesis also shows that the roton
mode vanishes at the boundary of annular-stripe and [, = 44 phases. Recently, a
temperature-induced supersolidity has been proposed in an SO-coupled pseudospin-1/2
BEC [225]. This motivates us to study the fate of the annular-stripe phase at finite
temperatures in future.

The single-particle SOAM-coupled Hamiltonians considered in this work are
rotationally symmetric. If this rotational symmetry is explicitly broken by replacing the
isotropic harmonic trapping potential with a box-trapping potential, the ground state
phase diagram will change drastically. In this context, it will be interesting to study such
a system’s ground state phase diagram in the future, especially since the box-trapping

potential is now experimentally realizable [190].
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Appendix A

Time-splitting finite-difference
methods for an SO-coupled spin-1
BEC

The Hgp and Hgg matrices in Eqs. (2.27b) and (2.27¢) for a 3D spin-1 condensate are
[1,55,56]

V 4+ cop+c1(po + p-) 0 0
Hgp = 0 V 4+ cop+ c1ps 0 , (A.da)
0 0 V 4 cop + c1(po — p-)
0 wovr; O
Hsg =c1 | dg—1 0 i |, (A.1b)
0 Yoy 0

where p; = [¢|? with [ = 0,£1, p =", p1, p+ = p+1 % p_1, and dimensionless interaction

strength parameters are

_ 4N (ag + 2az) and ¢ — 47N (a2 — ap)

3aosc 3aosc

o (A.2)

In Egs. (A.la) and (A.1b), the x dependence of trapping potential, densities, and

component wavefunctions has been suppressed.

A.1 Quasi-one-dimensional SO-coupled spin-1 BEC
In a q1D trap, H, matrix in Eq. (2.27a) for SO-coupled spin-1 BEC takes the form

Hp = 17" + 7Supa, (A.3)

where 1 is a 3 x 3 identity matrix, and S, is the 3 x 3 spin-1 matrix. The form of H.., Hsp,
and Hgg, respectively, in Egs. (2.29), (A.la), and (A.1b) remain unchanged, provided

2N (ag + 2as) 2N (ay — agp)
e A= /eyt
0SC

1
x=zxz, V= 504926332, co = /oy

3aosc

103
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Using the first-order time-splitting, the solution of the Eq. (2.1) is equivalent to solving
the set of Eqgs. (2.27a)-(2.27¢c) successively. The W(x,t) = [¢1(x, 1), Yo(x, 1), ¥_1(x,t)]"
is the order parameter for spin-1 system. We solve Eq. (2.27a) using finite difference
schemes described in detail for pseudospin-1/2 BEC. Using Backward-Euler (and/or
Crank-Nicolson) discretization schemes along with periodic boundary conditions, viz. Eq.

(2.35), Eq. (2.27a) reduces to three coupled matrix equations

A + Begt! = Dy, (A.4a)
ARt 4 BT 4 o™ = D, (A.4b)

Egs. (A.4a)-(A.4b), can be decoupled into following three independent matrix equations,

(2B%A — A3®TY = (B? — A%)D4y + ABDy — B*D+, (A.5a)
(A2 —2B*)®"™ = AD,— B(D; + D_1), (A.5D)

where A and @?H with [ = 1,0, —1 are same as in Eq. (2.45a) and Eq. (2.45¢), respectively,

whereas rows of B and elements of D; are now defined as

, aAty alAty i
B(Zu:) = (07 mv 07 ) 07 - 4\/§A$) (C 1)T7 (AGa‘)
BAL (,, n LBAL
d+1(7) |:4Ax2 {¢(i—1,:|:1) + ¢(i+1,i1)} + (1 AL > b1
VBAL (o, n
NI (¢ i41,0) ~ %‘-1,0))] : (A.6b)
BAL n BALYN |,
do(i) = {W {¢ i-10) %’H,O)} + (1 - 2Az2) (i,0)
T 1oAs (¢ ir1,1) ~ Pli-1,1) T Pli1,-1) ¢(i—1,—1)):| ' (A.6c)

The decoupled matrix Eqgs. (A.5a) -(A.5b) are linear circulant systems of equations
which can be solved by using the method described for pseudospin-1/2 BEC. The analytic
solution to Eq. (2.27b) is [181]

cos( —1

CQ

U(X, bps1) A (1 + B T SARHZ,, — SmCAtHsm) U(x, 1), (A7)

where ¢ = At\/|01¢o¢f1 Legn |2 + ey + C"“ |2 Finally, the solution to Eq. (2.27c¢)
is again given as in Eq. (2.58) Wlth the caveat that the various quantities are identified as

those corresponding to spin-1 BEC.

A.2 Quasi-two-dimensional SO-coupled spin-1 BEC

Here the form of matrix operator H, is same as in Eq. (2.59) with 1 representing a 3 x 3

identity matrix, and S, with v = z, y denoting the spin-1 matrices. Also, the form of H.gy,,
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Hgp, and Hgg in Egs. (2.29), (A.1a), (A.1b), respectively, remain unchanged, provided

2

(z,y), V= Z a2 (A.8)

v=t,y

2N(a2 — ao)

Bosc

2N 2
co = \/QWQZM, c1 = V2may,

3osc

(A.9)

The CGPEs of a 2D spin-1 BEC with Rashba SO coupling, where H,, is further split into
Hy, + Hy, , where H,, and H), are defined in Eq. (2.62) with 1 and S, being identified as
3x 3 identity and spin-1 matrices, respectively. Similar to a 2D pseudospin-1/2 BEC, each
of Eq. (2.61a) and Eq. (2.61b) can be discretized into three decoupled matrix equations,

such as

(A2 + 24, B X! = (A2 + B2)D%, F Ay By D + BiD%,, (A.10a)
(A2 + 2B XP = A, D¢ + B,(Dj — D) (A.10b)

for Eq. (2.61a), and

(2B;A, — AV = (By — A2)DY, + AyB, DY — B;DY,, (A.11a)

(A2 —2B)Y'*! = A,D§ — By(D{ + DY), (A.11b)

for Eq. (2.61b). Here, A, (with v = z,y), XZ"'H, YI"'H, are defined as in Eq. (2.64a),
Eq. (2.64d) and Eq. (2.64e) respectively, whereas B, D} are now defined as

, LAty LAty ) T
By(i,) = (0, L2297 o ... o, i, A12
(i,2) < 420z 4fo ( ) ( 2)
, alAty aAty > I\T
B,Gi,:)= (0, 229 0, ..., 0, - oty A.12b
(i = (0 250 ) (A120)
S LBAL n LBAE
1100 = LA:UQ {¢(z 1j+1) T ¢(i+1,j,:|:1)} + (1 AL > Dl jx1)
WBA n
4\fA (¢ i+1,5,0) ¢(z’1,j,0))] , (A.12¢)
e | LBAL n BALYN
0(i) = [4A 5 {¢ i-1,5,0) T ¢(z’+17j70)} + <1 - 2Ax2> (3.3.0)
WBALY (1, n n n
+4\fA (¢ G41.51) — Pli—151) — (Dliz1j—1) — ¢(i+1,j,_1))>] ; (A.12d)
v o BAL n B LBAL n
diq (i) = [4Ay {éﬁ(-,jq,ﬂ) + ¢(i,j+1,il)} + (1 27y Ps.4.41)
VBAE n n
A (¢ o) — ¢(i7j170)>] : (A.12e)
v LBAL n LﬂAt
dO(Z) - |:4Ay {d)( 1,7—1,0) + ¢(i,j+1,0)} + (1 2A ¢(Z] 0)
_4\/§Ay (¢( i,j+1,1) (b(i,jfl,l) + ¢(i,j+1,71) - ‘z’(i,jl,l))} : (A.12f)
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Egs. (A.10a) and (A.10b), and (A.1la) and (A.11b) are linear circulant systems of
equations, and thus can be solved as described for a pseudospin-1/2 condensate in Sec.
2.3.2. The solution to Eqgs. (2.27a)-(2.27c) is also similar as described for a q1D spin-1

condensate.

A.3 Sample numerical results

We consider (1) 22Na and (2) 3Rb spin-1 BECs corresponding to antiferromagnetic and
ferromagnetic phases. The scattering lengths corresponding to systems (1) and (2) are
ap = 50.00ap, a1 = 55.0lap [198] and ap = 101.8ap, a1 = 100.4ap [192], respectively.
We consider 10000 atoms trapped in a q1D trapping potential with w, = 27 x 20 Hz and

wy = w, = 27 x 400 Hz. The interaction strengths ¢y and cp in dimensionless units for

Table A.1: Comparison of ground state energies of SO- and coherently-coupled spin-1
BECs using TSFP, TSBE, and TSCN methods with Az = 0.1 and At = 0.005. The
energies correspond to different values «. The coherent coupling used for q1D and 2D
systems are 0.5 and 0.1, respectively. The interaction strength parameters considered for
the q1D BECs are ¢y = 240.83, ¢; = 7.54 for 3Na and ¢y = 885.72, ¢; = —4.09 for 8Rb,
whereas the same for q2D BECs are ¢y = 134.98, ¢; = 4.22 and ¢y = 248.22, ¢; = —1.15,
respectively.

v 23Na 87Rb

TSFP TSBE TSCN  TSFP TSBE  TSCN

0.5 15.0623 15.0623 15.0623 35.7812 35.7812 35.7812

qlD 1.0 14.6873 14.6873 14.6873 35.4062 35.4062 35.4062
1.5 14.0623 14.0623 14.0623 34.7812 34.7812 34.7812

2.0 13.1873 13.1876 13.1876 34.9062 33.9062 33.9065

0.5 43797 43797 43797 8.2638  8.2638  8.2638

2D 1.0 3.9602 3.9602 3.9601  7.8747  7.8747  7.8747
1.5 3.3303 3.3303 3.3303  7.2435  7.2435  7.2435

2.0 24486  2.4489 24489 6.3658 6.3661  6.3661

aforementioned two systems are

(1) (co,c1) = (240.83,7.54), (A.13a)
(2) (co,c1) = (885.72,—4.09). (A.13D)

The same number of atoms trapped in a 2D trapping potential with w, = w, = 27 x 20

Hz and w, = 27 x 400 Hz leads to following interaction strengths

(1) (co,c1) = (134.98,4.22), (A.14a)
(2) (co,c1) = (248.22,—1.15), (A.14D)

for 23Na and 8"Rb spin-1 BECs, respectively. The oscillator lengths for systems (1) and

(2) are 4.69 um and 2.41 pm, respectively. For these two cases, the comparison of ground



Appendiz A. Time-splitting finite-difference methods for an SO-coupled spin-1 BEC 107

state energies obtained from TSFP, TSBE and TSCN shows an excellent agreement as
reported in Table-(A.1). The numerically obtained component densities in the ground
states of harmonically trapped q1D 23Na and 8"Rb spin-1 BECs with different values of v

and Qcon are (not shown here) in an excellent agreement.
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Appendix B

Solving BdG equations using finite

difference method

The fluctuation §W(r,t) = [6tpy1(r,t),0%0(r,t),0%_1(r,t)]T to the equilibrium order
parameter in Eq. (4.8) is 6¢;(r,t) = u;(r)e ™! + v;(r)eiwt, where u;(r) and v;(r) are
Bogoliubov quasi-particle amplitudes for j*! spin component and w is the excitation
frequency. Linearization of CGPEs (4.3a) and (4.3b) and the conjugate set of equations
using the perturbed order parameter in Eq. (4.8) yields following six-coupled BdG

equations:
\ 2 lg+1.+1)2
wuy, = | — 7+%+6 (q2) — p+co(2R%, + R + R2,)
2 2 2 Q(r)
+c1(2R%; + R — R% ) |ugr + Vi + Ry1Ro(co +c1) +2c1RoR_1 | u
+R%,(co + c1)v41 + Ry1Ro(co + c1)vo + Ry R—1(co — c1)u—1
+[R+1R71(CO — Cl) + 261R3]’U71, (Bla)
V2 2 ly+1.+1)2
—wuy = | — 2T+T2+5+("2) — 4 co(2R%, + R + R2,)
2 2 p2 Q(r)
+c1(2R3 + Rj — R2 ) |vp1 + W5 + Ry1Ro(co + c1) +2c1RoR-1| vo
+R3_1(CO + Cl)’UJ+1 + R+1R0(C0 + Cl)UO + R+1R,1(Co — Cl)U,1
—|—[R+1R71(Co — Cl) + 261R(2)]’LL,1, (Blb)
VZ o2 (g +1)?
ow = |-GG+ B amg e ) - el + R0
Q(r
+ [ \55) R+1 (co+ Cl)] us1 + Ry1Ro(co + e1)vyr + (C()R% +2c1R41R_1)v
Q(r
+ [ \;; (CO + Cl) — 202R+1R0:| U_1+ R+1R_1(CO + cl)v_l, (B.lC)
2 l lz 2
g = [ # o+ T e 2R 4 R - (R R0
+ [ (2) R+1 (Co + Cl)] V41 + R_HR()(C() + cl)u+1 + (CQR% + 201R+1R_1)UQ
(r)

|

5 + RoR_1(co + 1) — 201R+1R0:| v_1+ Ry1R_1(co+ cl)u_l, (B.1d)
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2 2 l lz -1 2
wu—1 = —%—{_%_6 (q—'—2)_M+CO(R3_1+R3+2R2_1)
2 2 2 Q(r)
+Cl(2R_1 + RO — R—H) U_1 + ﬁ + RoR_l(CO + Cl) +2c1R11 Ry | uo
+(co — c1)Ry1R_quy1 + [RiaR_1(co — 1) + 2¢1 R3v41
+R2 1 (co + c1)v—1 + Ry1Ro(co + c1)vo, (B.1e)
Vi o? ly+1, —1)2
—wuoy = | - 7+% —5+(‘12) — p+ co(R3, + Rg +2R%))

Q(r)
——= 4+ RoR_1(cog+c1) +2c1 R R
NG oR_1(co + 1) 1Ry1 Ry

+(co —c1)Ry1R_1vi1 + [Ry1R_1(co — ¢1) + 21 R3Ju gy
+R2(co + e1)u—1 + Ry1Ro(co + c1)uo, (B.1f)

+Cl(2R2_1 + Rg - Ri—l) v_1+ o)

where V2/2 = §%/(20r?)+0/(2ror) and I, = 1 for phase I (coreless vortex) and 0 for phase
IT (polar-core vortex). To solve coupled Eqgs. (B.1la)-(B.1f), we use the finite-difference
method to discretize these equations over the radial grid r; consisting of N, points with
i=1,2,...,N, [171]. To discretize the terms involving the kinetic energy operator, say

V2f(r) = f"(r), we employ the finite difference approximation as follows

Flria) =2f(rig)+F(ri) | frisn) —f(ri) ifi=1

Ar? riAr
f(ri) e § )2 OOR () | S =iz i = 9 to N, — 1 (B.2a)
f(T’i)—Qf(TAi;;)-i-f(?“id) + f(ﬁ);ﬁ(rmfl) if i = N,.,

where f(r) is either u;(r) or wv;(r), and Ar is radial step size. The discretization of
each of the six BdG equations yields N, equations corresponding to each grid point.
These equations can now be combined as a single matrix eigenvalue equation, where the

dimension of the matrix is 6V, x 6N, with the eigenvector of the form

[ut1(r1), uga(ra), s ugr (rn, ) v41(r), v4a(r2), - - o v (7w,
uo(r1), uo(r2), - - ., uo(rn,.), vo(r1),vo(re), ..., vo(rN,),
ufl(rl), ufl(m), N ,ufl(rNT), Ufl(Tl), U71(7“2), e ,Ufl(TNr)]T. (B.3)

In this thesis, we used a radial grid consisting of IV, = 256 points with a radial step-size of
Ar = 0.05, which results in a 6N, X 6V, matrix eigenvalue problem, which can be solved

using standard matrix diagonalization subroutines.

It is to noted that Egs. (B.1a)-(B.1f) for I, = 0 and ¢ = 0, remain invariant if [, # 0 is
changed to —I, with simultaneous interchange of the j = 41 and j = —1 components. It
implies that for non-zero magnetic quantum number of excitation (I, # 0), £, excitation
modes in the single-particle excitation spectrum, viz. Fig. 4.5, will be degenerate. For

the same reason, +/, modes with [, # 0 of a polar-core vortex phase are also degenerate,
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for example in Fig. 4.6(c). In the presence of detuning (§ # 0) or angular momentum
(I, # 0), this invariance is not there, and as a result, +[, excitations with [, # 0 are no

longer degenerate in the coreless vortex phase.
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Appendix C

Solving  two-dimensional BdG

equations using basis expansion
method

The linearization of the CGPEs (5.4a) and (5.4b) and the corresponding conjugate
equations, using the perturbed order parameter as defined in Eq. (5.5), results in the

following set of six-coupled two-dimensional BAG equations:

u’\ u/\
(122 Pzil) <VA> - <VA>’ (©.1)

where

hi1 41 hi1o (co—c1)(-197)
b= Wit ho,0 ho,—1 ;
(co—c1)(Wi¥-1) h§_y h_1,-1
(co+ c1)vi, (co+c)povsr  (co— c)Y_1941 + a1y}
Py = (co+ c1)V1170 co + 2e19419—1 (co + c1)v—17o ;
(co —c1)—1 + g (co+ c)vor—1 (co+ c1)v?,
with

1 1
ho = (—2333 - 585 —pu+V(z,y) + COP> s hi 41 = ho + copt1 + c1(2p41 + po — p-1);

ho,o =ho + copo + c1(p+1 + p-1), h—1,-1 = ho + cop—1 + c1(no — p41 + 2p—-1),
hi10 =(co + c1)gt41 + 2192190 + hee, ho—1 = (co + c1)Yo | + 2c19 411905 + hee,

Qr) u 2 A A oA AT A A oA AT

hee :Wﬁ’ma pi = U517, ut = (uj,up,uly)”, v = (v, v9,00)"
where the z,y dependence of various quantities has been suppressed. The BdG equations
Eq. (C.1) can be solved using the finite difference method, as we discussed in Appendix B.
The finite-difference method, in this case, yields a matrix eigenvalue problem of size
6(NzNy + 1) x 6(NyNy + 1), where N, and N, are the numbers of grid points along

113



114 Appendiz C. Solving two-dimensional BdG equations using basis expansion method

x and y directions on a rectangular spatial grid. As the matrix size is very large, solving
it using standard matrix diagonalization subroutines is time-consuming. To avoid large
matrix eigenvalue problems, we use the basis expansion method to solve the coupled BdG
equations [172], where we first express u;(x,y) and vj(z,y) as a linear combination of
the two-dimensional harmonic oscillator eigenstates, say ¢,(x,y). Specifically we write
uj(z,y) =32, mf;qbp(x, y) and similarly v;(z,y) = >_, nigf)p(:c, y), where m}, and nJ, are the
coeflicients of the linear superposition. The resultant BdG equations are then successively
projected on the IV, basis states. While implementing the projection, one typically needs

to evaluate the following matrix elements:
M = [ [ Gyla) | — 508~ 502 — i+ Vi) + oo+ p1)
1 = op(,y _2a:_2y_:u+ Z,y) +colp + p1

+c1(2p41 + po — Pl)] bq(x,y)dxdy,

M%q :/ ¢p(x,y)(co +Cl)¢—2|—1¢q(x7y)dmdy7

wtf = [ [ o0

MY :/ dp(x,y)(co + c1)Yotp4104(x, y)dady,

(Co + C1)¢8¢+1 + 2011/1i11/10 + hee ¢q(:z, y)dwdy,

M = / 6o @ 9) (0 — 1) (G419 1 )b y)dly,

Mis = // %p(,y) [(CO — e)Y- 141 + 1 | dg(x, y)ddy,

ME? = — / b, 9) (o + 1) 621, y)dadly,

1 1

Mgg == / ¢p($7y) [— 585 - 535 —pu+V(x,y)+ cop + copr

+c1(2p41 + po — p1)] Gq(z,y)dxdy,

MEE = - / ool )| (co + L)

QS(](':E? y)dxdyv

M2 = - / bn(.) | (co + 1 + 2e1080" y + cc*

¢q($7 y)d:L‘dy,

My :_/ op(,y) <Co—c1>¢zswi1+cw8*] bq(z, y)dzdy,

gt == [ [ on(eleo = e)ior6t10 o) dady,
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MY 2/ op(x,y) [ (co+ c1)boi + 210105 + heer | 0g(2, y)dzdy,

MES = / / 60, 9) (o + 1)1 19006 (@, y) dady,

1 1
Mg =/ Opl(z,y) | = 50% = 505 =+ V() +eolp+ po)

+c1(p1 — P—l)] Gq(,y)dzdy,

Mz =//¢p(x7y)
g = [[ antan)

ME = / 60(2, ) (co + c1) b 1006, (2, y)dady,

ot + 2c19—1¢

(bq(x? y)dl’dy,

(co + 1)V 12bo + 2c19501 + cc| oq(x, y)dady,

MY = - / / b ,) (Co + 1)1 by, y)dady,

MJy =~ / b () | (co+ 1)1t + 2e10% 1400 + ce| dg(x, y)dady,

Méfg = _/ ¢p($7y) 0077/)(%* + 2011,0*_11/)T ¢q($,y)d.%'dy,

1, 1
Mpt == [[ 6p(a.)| - 502 = 30—+ Vi) + alo+ o)

+c1(p1 — p1)] bq(z,y)dzdy,
MY = - / 6p(, ) (Co + 1) 103 by, y)dadly,

(co + c1)bgt—1 + 2e19190 + cc™ | ¢ (x, y)dxdy,

MY = — / dol,1)

ME? = / / Go(, ) (co — 1) P18, y)dedly,

M3 :/ dp(2,y) | (co — c1)Y_1¥41 — 61@&8] bq(z,y)dzdy,

M2 = [[ 6y(0.0) | o+ yimrs + 2t + et oy, dndy,

222 = [ [ 6w 0)lch + ci)v-6, (o ey,

! 1



+c1(2p-1 + po — Pl)] bq(x,y)dxdy,

M%=/<mmw@+qwa%mmmw,

Mgl =~ / Pp(,y) [(Co — )Y Y, + CWS"] g, y)dady,
Mgt =~ [ [ suteleo = )i s o) dudy,
Mgt =~ [ [ outeleo + )i 0y(a,)dod
(co + c1)ob™ 1 + 219511 + ce

Mgéi] = _/ ¢p(x7y) (bq(xay)dxdya

Mgd =~ / bp(,y)(co + 1)V gz, y)dady,

1 1

Mg = — / (2, y) [— 508 = 50—+ V(z,y) +eolp+po)

+c1(2p-1 + po — Pl)] bq(x,y)dzdy.

The projection implementation allows one to cast the BdG equations as a 6N, x 6Ny

matrix eigenvalue problem with the eigenvector of form

+1 +1 +1 +1 +1 +1 0 0 0
[my,mg s My, Ny Ny e T, M, T
0,0 0 -1 —1 -1, -1, -1 -1 T
N, MY ey N Y Ty e Ty ST 5 T ,...,an]. (C.2)

The 6N, x 6N, matrix is a sparse matrix, and one can employ the sparse matrix
representation in the ARPACK library for diagonalization [226]. For small N,, LAPACK
subroutines [184] can also efficiently handle the diagonalization of the matrix. This thesis
considers Ny = 900, corresponding to 30 one-dimensional harmonic oscillator basis states,
each along x and y direction; the matrix eigenvalue problem can be solved using the
LAPACK software package.
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