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Lay Summary

The thesis focuses on understanding fluid dynamics problems in rough domains.
Specifically, we explore how fluid flows behave in domains with rapidly oscillating
boundaries or tiny holes scattered throughout.

Let us now imagine the practical scenario of fluid flow past rough walls. Here, the
small-scale unevenness parallel to the flow can be used to minimize the drag (friction)
experienced by the field. Thus, increasing the number of asperities is likely to minimize
the drag. We wish to understand this situation through mathematical analysis.

We use a mathematical model called the generalized stationary Stokes equations to
describe these fluid flows. These equations capture the behavior of fluids in scenarios
where the boundaries are rough and the roughness varies with respect to the small positive
parameter. We mainly tend to approach the real scenarios when the parameter tends to
zero. This process is mathematically known as homogenization or also limiting analysis.
Thus, we obtain the homogenized system, which models approximately, in some sense, the
dynamics of fluid flow past rough walls. Likewise, one can understand the dynamics of
fluid flow in porous media.

The studies till now have looked into how fluid flow behaves in domains where boundaries
are rapidly oscillating and the no-slip boundary conditions prevail. In this thesis, we take
a step further and investigate what happens when part of the boundary behaves differently
from the rest. Our research involves extensive mathematical analysis to understand how
these systems work. We use one of the recent techniques to handle these situations, viz.,
the unfolding operator. This facilitates our analysis to homogenize the fluid problems in
these rough domains.

Furthermore, we also homogenize the optimal control problems (OCPs) that can be
thought of as the generalized calculus of variation problems where one minimizes the cost
functional subject to the dynamic constraints. In our case, we consider these constraints
to be the generalized stationary Stokes equations.

We have made some interesting findings along the way. Notably, in this thesis, we
observe significant effects on the overall flow pattern in specific scenarios involving the
homogenization and the OCPs governing stationary Stokes equations, particularly with
mixed boundary conditions such as Neumann and Robin conditions, applied on the
oscillating boundary of rough domains. Our focus extends to understanding OCPs, mainly
when controls are initially applied to the oscillating region before extending to the rough
domain—a previously unexplored aspect. Furthermore, our investigations cover even more
intricate scenarios, such as fluid behavior in domains featuring scattered tiny holes, termed
perforated domains.

Overall, this thesis sheds light on how fluids behave in complex environments and provides
analytical results valuable from the perspective of various practical applications, from

engineering to materials science.
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Abstract

The mathematical theory of partial differential equations (PDEs) represents a
long-established classical domain, holding relevance across diverse scientific and
engineering disciplines. Over the previous century, as functional analysis and operator
theory advanced, PDEs underwent thorough analysis. One of the more recent areas of
study is the theory of homogenization (limiting or asymptotic analysis), which illuminates
multi-scale phenomena present in various physical and engineering scenarios. This
developing field is applicable in various domains, encompassing composite materials,
porous media, rapidly oscillating boundaries, thin structures, and more. Consequently,
it has attracted significant attention as both a theoretical pursuit and an area of practical
utility over the last few decades.

This thesis investigates homogenization and optimal control problems (OCPs) associated
with the generalized stationary Stokes equations, featuring a second-order elliptic
linear differential operator in divergence form instead of the classical Laplacian
operator. We formulate and analyze the homogenization problems and OCPs over rough
(oscillating) domains, specifically domains characterized by rapidly oscillating boundaries
(comb-shaped) and domains with perforations. Furthermore, our primary focus is on
analyzing the limiting analysis of the distributive OCPs.

The present thesis comprises six chapters. Chapter 1 briefly introduces homogenization
and OCPs, along with relevant literature, preliminaries, and a summary of the thesis.
Chapter 6 encompasses the conclusion and outlines future plans. Our primary contribution
lies within Chapters 2-5.

In Chapter 2, we study the homogenization of the generalized stationary Stokes equations
involving the unidirectional oscillating coefficient matrix posed in a two-dimensional
domain with highly oscillating boundaries. We subject a segment of the oscillating
boundary with the Robin boundary condition having non-negative real parameters, while
its remaining portion is subject to Neumann boundary data. We derive the homogenized
problem, which depends on these non-negative real parameters. Finally, we show the
convergence of state and pressure within an appropriate space to those of the limit system
in a fixed domain and observe a corrector-type result under the special case of stationary
Stokes equations with Neumann boundary conditions throughout the highly oscillating
boundaries.

Chapters 3 and 4 introduce distributive OCPs governed by the stationary Stokes equations
in the same two-dimensional rough domain featuring rapidly oscillating boundaries.
Specifically, in Chapter 3, we address minimizing the L?—cost with distributive controls
applied in the oscillating part of the domain constrained by the stationary Stokes
equations. Furthermore, these controls are periodic along the direction of the periodicity
of the domain. By utilizing the unfolding operator technique, we characterize the
optimal controls. Ultimately, we establish the convergence results for the optimal
control, state, and pressure in an appropriate space to those of the limit system in a

fixed domain. Whereas Chapter 4 considers the homogenization of a distributive OCP
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subjected to the more generalized stationary Stokes equation involving unidirectional
oscillating coefficients. The cost functional considered is of the Dirichlet type involving
a unidirectional oscillating coefficient matrix. We characterize the optimal control and
study the homogenization of this OCP with the aid of the unfolding operator. Due to
oscillating matrices in the governing Stokes equations and the cost functional, one obtains
the limit OCP involving a perturbed tensor in the convergence analysis.

Next, in Chapter 5, we study the asymptotic analysis of the OCP constrained by
the generalized stationary Stokes equations over the n-dimensional (n > 2) perforated
domain. We implement distributive controls in the interior region of the domain. The
considered Stokes operator involves an n-directional oscillating coefficient matrix for the
state equations. We provide a characterization of the optimal control and by employing
the method of periodic unfolding, we establish the convergence of the solutions of the
considered OCP to those of the limit OCP governed by stationary Stokes equations
over a non-perforated domain. Additionally, we demonstrate the convergence of the cost

functional, a result not observed in Chapters 3 and 4.

Keywords: Homogenization; Stokes equations; unfolding operator; optimal control;

oscillating boundary; perforated domain.
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Chapter 1

Introduction

1.1 Homogenization

The early 1970s marked the beginning of homogenization, with engineers and scientists
across diverse fields becoming deeply interested in the behavior of materials (or media)
featuring microstructures. These materials (or media) encompass composite materials,
porous media, rapidly oscillating boundaries, thin structures, and more. Despite
possessing reasonable ideas, a robust and rigorous mathematical framework was needed
to be developed to validate and interpret their findings accurately. Consequently,
homogenization emerged as a rich and indispensable area of study in the subsequent
decades.

The first mathematical formulation of homogenization started with the study of composite
materials. These materials exhibit complex microstructures comprising a mix of different
components only at the level of physical states. For instance, consider a piece of
jewelry crafted from a fine mixing (only at the level of the physical states) of gold
and copper possessing different physical properties. Within these materials, two distinct
scales are observed: the microscopic scale, which pertains to local properties, and the
macroscopic scale, which describes global properties. Notably, homogenization aims
to achieve macroscopic behavior, which is far better than the average behavior of the
individual components of gold and copper. This process is also known as the limiting
analysis.

During this era, various techniques emerged to facilitate the homogenization process.
These included the multi-scale expansion method, Tartar’s method of oscillating test
functions, two-scale convergences, the Bloch wave method, the method of unfolding,
and others. We will provide a concise overview of these techniques shortly. For a more
comprehensive understanding of homogenization and its methodologies, interested readers
can also consult references such as [1, 2].

Substantial research has explored homogenization problems in fixed domains, particularly
in areas such as composite materials. Here, we consider the specific types of media
exhibiting oscillatory characteristics, which will be the primary focus of this thesis in
the context of homogenization.

Perforated Domain: A typical demonstration of microstructure is found in porous
media, characterized by fine-scale porosity. A common instance of this is observed in
groundwater flow through porous structures. The homogenization of such fluid flow relies

heavily upon the size of fine scaling of the porosity (see, [3, 4]).
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Oscillating Domain: Another instance pertains to flow in channels featuring rough
boundaries, such as longitudinal ribs found in seabeds. In the literature, two types of
oscillating domains are discussed. The first involves the rough domains, i.e., the domains
featuring highly oscillating boundaries where the oscillation amplitude remains fixed but
the period is of small order (e.g., of order £ > 0). The second type involves thin domains,
where both the amplitude and period are of small order. We will focus on the former

scenario, namely the highly oscillating domains, in our context.

Techniques to Homogenize

Here, we briefly provide an overview of the various techniques developed for studying the
homogenization process. Interested readers can refer to [1, 2] for more detailed insights.
Formal Asymptotic Expansion: In this method, for an asymptotic problem, it is

assumed that the solution follows an asymptotic expansion described by:

0
ua(l’) - Z glui(x’ y)‘yZ%a
=0

where x represents a slow variable and y is the fast variable. The functions u;(x, y) in this
expansion are periodic with respect to y. Subsequently, an attempt is made to deduce the
homogenized solution through formal analysis. This involves seeking a function ug to be
independent of the variable y and deriving the equation satisfied by it, which is indeed
a homogenized equation (see, [1]). While this approach is quite formal, more rigorous
methods are elaborated below.

Tartar’s Method of Oscillating Test Function: Here, the central idea is to construct
test functions that involve oscillations of the same type as present in the solutions. It is
done to overcome the difficulties encountered while passing to the limit in the analysis.
Through this approach, we notice that the energy of the original system converges to the
energy of the homogenized system (see, [1, 5]).

Compensated Compactness: It is commonly observed that the product of two weakly
convergent sequences does not usually converge to the product of their weak limits.
However, if one of the sequences exhibits strong convergence or both sequences oscillate
in transverse directions, passing the limit in their product becomes feasible. Therefore,
to tackle scenarios lacking strong convergence, the compensated compactness method was

introduced (see, [6-8] ). We now present a significant result pertinent to this context.

Lemma 1.1.1. (Div-Curl lemma) Let u. and v. be the vector valued functions in L?(2)N

such that u. — w weakly in L*(Q)N and v. — u weakly in L*(Q)N. Further assume that

div(u:) and curl(v.) remains in a bounded subset of H=1(2). Then
UV —> v in distribution.

This method is effective in studying non-linear partial differential equations.
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Gamma Convergence: The concept of gamma convergence was specifically devised for

investigating optimization problems, particularly those in the calculus of variations.

Introduced by E. De Giorgi and T. Franzoni in 1975 (see [9]), this notion is highly
influential and finds numerous applications across various problem domains, notably in

homogenization (see [10]).

Two-scale (Multi-scale) Convergence: The significance of multi-scale convergence
lies in its crucial role in understanding the various scales present in homogenization
problems, as it effectively captures these scales through a limiting process. This approach
convincingly validates the formal asymptotic analysis. Additionally, when dealing with a
bounded sequence in LP(€), its weak limit u tends to average out all oscillations present in
Ue, resulting in the loss of essential information required for homogenization. However, the
concept of two-scale convergence introduces two variables, x and y, where = represents the
slow (global) variable and y represents the fast (local) variable. This weak limit preserves
some information rather than entirely losing it. The concept of two-scale convergence was
initially introduced by G. Nguetseng in 1989 (see [11]) and further developed by G. Allaire
in 1992 (see [12]). Here, the integrals of the following form are dealt with for carrying out

the convergence analysis

/§2u5¢(x, x/e)dz,

where the sequence {u.} is bounded in LP(Q2), and 1 (z, y) represents smooth test functions

that exhibit periodicity with respect to the variable y.

Bloch Wave Method: The primary purpose of introducing this method was to
comprehend the interaction between solid and fluid (see [13]). The fundamental concept
involves diagonalizing the differential operator and converting the governing equations in
the physical space into a sequence of scalar equations devoid of derivatives in the phase

space. The application of block waves requires a periodic setup.

Method of Unfolding: The unfolding method, introduced by D. Cioranscu, A.
Damlamian, and G. Griso in [14], represents a recent technique to better understand
homogenization, even at the in-homogenized level. This approach introduces the unfolding
operator, which enables more profound insights into the process. In the context of
two-scale convergence, it becomes apparent that the function u. and its two-scale limit u
reside in distinct function spaces, indicating a convergence that is not in a fixed space.
However, with the unfolding method, an additional variable y is introduced at the e
level, transforming the two-scale convergence into a weak convergence of the unfolding
operator within a fixed space despite the space’s doubled dimension. More specifically, we
operate within spaces such as LP(2 x Y') instead of solely LP(Q)). Essentially, the two-scale
convergence in LP(£2) can be replaced by the weak convergence of unfolding in the space
LP(Q2 x Y). Further explanation of these concepts will follow, as this methodology is a

crucial tool in our analysis.
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1.2 Optimal Control Problems

Optimal control problems are often regarded as dynamic optimization, extending the
classical calculus of variations. With roots dating back about two and a half centuries,
this field draws motivation from renowned scientific and engineering problems. Key
examples include the Brachistochrone problem by Johann Bernoulli, Fermat’s Principle
predicting Snell’s law, the Dirichlet principle minimizing energy functionals for surfaces
yielding the Poisson’s equation, and the Action Principle, from which Newton’s second
law emerges as a special case. Further, within the calculus of variations, the focus is
on minimizing specific associated functionals over a set of trajectories. Optimal control
problems (OCPs) extend this framework to address a broader range of minimization
problems, encompassing trajectories defined by dynamical constraints. These dynamcial
constraints may manifest as ordinary differential equations (ODEs) or partial differential
equations (PDEs), determining the trajectories. The key aspect is that these trajectories
can be modified by adjusting the constraint system using controls. As a result, OCPs
find extensive applications, particularly in engineering sciences, where problems are often

modeled using differential equations with controls (see, [15]).

1.3 A Literature Survey

Now, we present a brief overview of the literature on homogenization and OCPs. Given
the vastness of these fields, providing an exhaustive survey is not feasible. Instead, we
will concentrate on presenting pertinent references. For a thorough understanding of
homogenization and its methodologies, readers are encouraged to explore [1, 2]. Regarding
the OCPs and the derivation of optimality systems, valuable insights can be found in
[15, 16].

The homogenization, also known as asymptotic or limiting analysis, of the partial
differential equations on domains with highly oscillating boundaries with fixed amplitude
has been widely analyzed. The first analysis in this direction was carried out in [17, 18]
by the authors upon using the extension operators technique to study the asymptotic
analysis of the solution to the Laplace equation subject to the homogeneous Neumann
boundary condition on the oscillating boundary. While, the same problem was further
analyzed, by the author in [19], under non-homogeneous Neumann boundary condition
of the form ~ye” for v, 79 belonging to R and [0, c0), respectively. The author examined
three model domains, each displaying flux of order ey through the oscillating boundary.
For ¢ approaching 0, solutions were scrutinized for different v values, with v = 1 emerging
as a critical threshold for the limit problem. The authors in [20] studied the limiting
analysis of the solution to the Laplace equation in the same domain with rapidly oscillating
boundaries. They showed that the solution could be approximated by a non-oscillating
function outside a layer of width 2e, with an error that decreases exponentially.

In [21], the authors examined the homogenization of quasi-linear problems in a domain
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Qp C R* h € N, with an oscillating boundary resembling a forest of periodically
distributed cylinders. Focusing on the p-Laplacian with a homogeneous Neumann
boundary condition, they proved that as h — 400, the homogenized operator became
independent of the first n — 1 derivatives in the zone bounded by this boundary. In [22],
the authors investigated the asymptotic behavior of the solution to the Laplace equation
in a domain with a highly oscillating boundary, motivated by the study of longitudinal
flow in a horizontal domain bounded by walls. Employing a boundary layer corrector, they
derived a nonoscillating solution approximation at O(e3/2) for the H'-norm. The study [23]
explored the Poisson equation in a periodic junction €., comprising a bottom fixed domain
) and an upper periodically distributed thin cylinders. It investigated homogenization as
¢ approaches zero, emphasizing the construction of uniformly bounded extension operators
and examining asymptotic expansions to understand the limit behavior of solutions. In
[24], the authors examined a mixed boundary-value problem for the Poisson equation in
a two-level junction Qg, formed by a domain Qp and 2N (N € N) thin rods with variable
thickness e = O(N~1). These rods were divided into two levels based on length, alternating
periodically with respect to €. Investigating the asymptotic behavior of the solution as
£ — 0 under Robin conditions on rod boundaries, a convergence theorem was established

using specific extension operators.

The author in [25] analyzed a semi-linear parabolic problem in a thick junction Q. with
nonlinear Robin boundary conditions on branch boundaries, dependent on parameters
{a;}ien and 5. As € — 0, they obtained the homogenized problem, proved the existence
and uniqueness of its solution, and derived an asymptotic approximation indicating the
parameters’ impact on solution behavior. The authors in [26] studied homogenization
of the brush problem with L' source term subject to the Neumann boundary condition.
Owing to the L' source term, the authors used the concept of renormalized solutions to
establish the existence and uniqueness of the renormalized solutions and their stability.
In [27], the authors homogenized a second-order elliptic Neumann problem in this domain
with the assumption on data with Llog L a priori estimates. They identified the limit
problem. Later, in [28] they studied the limiting analysis of an evolution problem with

Llog L data in the same domain.

The work [29] investigated a boundary value problem involving the Laplacian in a domain
with a periodically oscillating boundary featuring non-homogeneous, non-linear Neumann
or Robin conditions. These conditions posed challenges in the limit analysis, particularly
with the changing surface integrals. Studies in the literature have successfully addressed
similar issues by converting surface terms to volume terms. This article introduced a
novel approach using the unfolding operator to tackle such complexities. The authors in
[30] studied the homogenization of a second-order elliptic PDE with oscillating coefficients
in two distinct domains: a standard rectangular domain with general oscillations and
a circular domain with angular oscillations. They studied the asymptotic behavior of
renormalized solutions by employing different unfolding operators to accommodate the

types of oscillations present. Additionally, they established strong convergence results.
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Regarding a two-level thick multi-structure domain with the junction of the type 3: 2 : 2,
the authors in [31] analyzed the asymptotic behavior of the Poisson equation solution
with Robin boundary conditions by employing periodic homogenization. Challenges were
addressed, including constructing a uniformly bounded extension operator before deriving
the homogenized problem using oscillating test functions, with potential result extensions
discussed. Further, the authors in [32] studied two mixed boundary value problems in a
thick three-dimensional junction (3 : 2 : 2), composed of a cylinder with e-periodically
arranged thin disks of varying thickness. These disks were classified into two groups
with distinct geometrical structures and boundary conditions. Their research investigated
the influence of different boundary conditions on solution asymptotics as € approaches 0.
The same authors then studied in [33] the homogenization of solutions to a quasi-linear
parabolic PDE subject to various boundary conditions, viz., alternating, inhomogeneous,
and Fourier conditions. Here, they used the special integral identities in the case of
inhomogeneous Fourier boundary conditions and obtained the respective limits of linear

and nonlinear terms using special test functions and the Browder-Minty method.

Also, regarding the homogenization problems in a two-dimensional thin domain with
highly oscillating boundary, the authors in [34] analyzed the Laplace operator with
Neumann boundary conditions. They determined the correct limit problem for cases
where the boundary was defined by the oscillating function €G.(z), where G.(x) =
a(x) 4+ b(x)g(z/e), with g being periodic and a and b not necessarily constant. The
study [35] examined the convergence of solutions to the Poisson equation with Neumann
boundary conditions in a two-dimensional thin domain exhibiting significant oscillations.
They investigated the scenarios where the domain’s height, amplitude, and period of
oscillation, governed by ¢ > 0, were of comparable magnitudes. They employed
a suitable corrector approach, demonstrated strong convergence, and provided error
estimates when substituting original solutions with first-order expansions using the
Multiple-Scale Method. In the study [36], the focus was on the asymptotic behavior of a
set of solutions to a semi-linear elliptic problem with homogeneous Neumann boundary
conditions in a two-dimensional bounded set. As the positive parameter ¢ approaches
zero, the set degenerated to the unit interval, with upper and lower boundaries exhibiting
highly oscillatory behavior of varying orders and profiles. Through a combination of
linear homogenization theory and nonlinear analysis, the limit problem was obtained,
demonstrating the upper and lower semicontinuity of solutions as € approaches zero. For
further reading on the problems over rapidly oscillating boundaries, we refer the reader to
[37-43] and the references therein.

Regarding the literature on the homogenization of OCP in a rough domain, the authors
in [44] studied the asymptotic analysis of an interior OCP governed by Laplace equations
posed in a domain with highly oscillating boundary. The authors applied the control away
from the oscillating part of the domain. They considered two types of cost functionals viz.,
L?—norm on the state variable, and the other one is the H'—norm on the state variable.

Using the unfolding operator technique, the authors in [45] considered an interior OCP
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in an oscillating domain, the control being acting on the oscillating part of the domain,
and obtained the characterization of the optimal control in terms of the adjoint state.
Then, they finally established the homogenized OCP. In [46], the asymptotic analysis of
an OCP with the parabolic problem over a branched domain is studied using the unfolding
operator. In [47], the asymptotic analysis of an OCP with the semi-linear problem over
the general oscillating boundary domain is studied using the unfolding operator technique.
In [48], the homogenization of an OCP with an elliptic problem over the circular domain is
studied using the unfolding operator suitably developed for the considered domain. In [49],
the authors homogenized the boundary OCP with a highly oscillating boundary, wherein
the controls act via both the Dirichlet and the Neumann boundary conditions over the
smooth part of the boundary and employ the periodic unfolding operator technique to
obtain the limit OCP.

With general cost functional, the authors in [50] considered an OCP governed by parabolic
equations posed on an oscillating domain. Here the authors proved the existence of the
optimal control and characterized it in terms of the adjoint state. Further, employing the
oscillating test function technique, the authors obtained the limit OCP. The authors in
[51] studied the asymptotic analysis of an interior OCP governed by the Laplace equation
upon employing the oscillating test function technique. Whereas, in [52], the authors
studied the asymptotic analysis of boundary OCP governed by the Laplace equation upon
employing the Buttazzo-Dal Maso abstract scheme. For further readings in this direction,
we refer the reader to [33, 53, 54].

There are very few works concerning the homogenization of the Stokes system in rough
domains. In [55], the authors first investigated the homogenization of the Stokes system
in a pillar-type domain and using boundary layer correctors, established a first-order
asymptotic approximation of the flow. Regarding the OCP, in [56], the authors have
examined an interior OCP in a three-dimensional pillar-type rough domain with a standard
quadratic cost functional with the state solving the stationary Stokes equations. The
Stokes equations are subjected to the Dirichlet zero boundary condition on the oscillating
boundary in both of these papers, which results in trivial contributions on the upper part
of the homogenized system. The homogenization of the stationary Stokes system subject
to the Neumann boundary condition on the oscillating boundary has been recently studied
by the authors in [57]. Very recently, in [58], the authors studied the asymptotic analysis of
a boundary OCP governed by Stokes equations, where the controls were applied through
Neumann boundary condition. Due to the Neumann boundary condition, a non-trivial
contribution on the upper part in homogenized systems has been observed in both the

preceding studies.

1.4 Prerequisites

Here, we present the domain configuration and introduce the remarkable unfolding

operator, which will play a pivotal role in our analysis throughout this thesis.
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1.4.1 Domain Configuration

We take into account an oscillating domain Q. C Q C R?, for each fixed ¢ defined through
a sequence {1}, k € N. Here, Q is a fixed bounded domain. Let g : [0,1) — R be a
smooth function with period 1 and h := max {|g(x1)|,z1 € [0,1]}. For hy € (h,hs) and
A := (a,b) C [0,1), we define a step function ¢ : [0,1) — R with period 1

he if 1 €A,
((21) = .
hi if z1 € [0, 1)\A

Also, we define an e—periodic step function (. : [0,e) — R by (.(z1) = ((%), i.e.,

(:(x)— ho if x1 € €A,
VTN h itz e[0,6)\{eA).

We now present the detailed configuration of the oscillating domain §2.. It is composed
of two regions, the upper oscillating region ', consisting of the slabs of height (hg — h1)
and width e|A|, and the bottom fixed region Q= which is adjoint to QF at the interface I'.

(see, Figure 1.1). Here, |A| is the Lebesgue measure of A. Mathematically, we can write

Qe = {(z1,22) € R? | 21 € (0,1), 22 € (g(z1), ¢ (1)) }

[L_J {A+n}] x (b, h2),

= {(z1,22) € R* | 21 € (0,1), m3 € (g(x1),h1)},

i1
e U{A+n}] x {h1}.

0 cacbe 1z

Figure 1.1: The oscillating domain €2,.

The boundaries of ). viz., side Ty, bottom T'y, oscillating ., vertical I'!, and horizontal

I'? are respectively defined as

I = {(0,22) | 22 € [9(0), ]} U{(1, 22) | 2 € [g(1), m]},
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Ty = {(z1,9(21)) € R* | 21 €[0,1]},
Ye = 0Q\{T, UTs} =T UT?

LN

-1

1= {ela+n} x (she) pu{efo+nd x (e, ho) },

n=0

2 =~ \I'L

The domain 2~ shares I', and I'; as the common boundaries with .. Its upper boundary
is defined as: ' = {(z1,h1) | 71 € [0,1]}.

Next, we present the configuration of the limit domain . It is composed of two regions,
the upper region Q7, and the bottom region Q= that are adjoined at the interface with T

(see Figure 1.2). Mathematically, we can write
Q= {(.%‘1,.%‘2) S R2 ’ 1 € (0, 1), g(xl) <o < hg} .

The bottom boundary I'y of €2 is same as that of {2.. The remaining boundaries viz., top

I'y, and vertical I'y/, are respectively defined as

Ly = {(21,h2) | 1 € [0,1]},
Ly = {(0,22) | 22 € [9(0), ho]} U{(1,22) | 2 € [g(1), hal}.

Let us denote by A", the reference cell (see Figure 1.3), which is defined as
AT = {(y1,y2) ER* | y1 € (a,b), y2 € (h1,h2)}.

The functions defined on 2. are I's-periodic, i.e., they take the same values on both sides
of I'y.

Y2
ha 1
h1 i
0 1 15;1 0 a b 1 %
Figure 1.2: The 2-D domain (2. Figure 1.3: The 2-D domain A™.

1.4.2 Unfolding Operators and its Properties

Let us recall the definition and few of the properties of the periodic unfolding operator

laid down in detail in [14, 59-61]. We will use this technique in our context to derive the
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homogenized problem. First, we define the unfolding operator for the fixed domain Q~
followed by the rough domain Q7.
Let us set Z. = {¢ € Z*|(¢ + (0,1)%) € @}, and A, = Q7\Qz, where

—

Q: = interior {Ucez. (¢ + (0,1)%)}.

Definition 1.4.1. The unfolding operator T : {Q~ — R} — {Q~ x (0,1)2 — R} is
defined as

u (5 [%}(071)2 + gy) a.e. for (z,y) € (23 x (0,1)?,

Ta (u) (:c,y) - a.e. fOT’ (a:,y) S Aa X (07 1)2‘

Proposition 1.4.1. The properties of the unfolding operator for the fixed domain:
(i) T* is linear, continuous and multiplicative from L*(27) to L?(Q~ x (0,1)?).
(ii) Let uw € L* (7). Then T (u) — u strongly in L? (Q~ x (0,1)?).

(iii) For eache > 0, let {u.} € L? (27) and ue — u strongly in L? (Q7) . Then TS (ue) —
u strongly in L* (2~ x (0, 1)2) .

(iv) Let v e L? ((0,1)%) be a (0,1)-periodic function and v.(z) = v (£). Then,

. B v(y) a.e. for (z,y) € Q7 x (0, 1)2,
Te (ve) (@) = { 0 a.e. for (z,y) € Ae x (0,1)2,

(v) Let f- € L*Q7) be wuniformly bounded. Then, there exists [ €
L3~ x (0,1)%) such that T (f.) — fweakly inL*(Q~ x (0,1)?), and f. —
f(071)2 f(,y) dy weakly in LQ(Q_).

Proposition 1.4.2. [59, Theorem 3.5.] Let f- € HY(Q7) satisfy 1fell oy < K. Then,
there ezists f € H'(Q7) and fer? Q75 Hy., ((0,1)2)) with M(O’l)z(]?) = 0, such that

per

up to a subsequence,

fe—f weakly in H*(Q7),
T (Vf) = Vf+ Vy]? weakly in (L (2~ x (0, 1)2))2.

Definition 1.4.2. The unfolding operator T¢ : {QF — R} — {QF x A — R} is defined
by
T

T° (u) (x1,22,y) = u (E { ] +Ey,:c2) .

c
Given any domain D and a vector w : D 2 (21)2 — (R)?, we understand its unfolding as
TE(’U,) = (Ta(ullﬂj%Ta(u?’Qj)) .

Proposition 1.4.3. The properties of the unfolding operator for the oscillating domain:

(i) T¢ is linear and continuous from L*(QF) to L2(QF x A).
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(ii) T¢ is multiplicative, i.e., for given u,v € L*(QF), we have T¢ (ujug) =
T® (ul) T* (’u,g) .

(iti) Let w e L' (QF). Then [o., , T¢(u) dedy = fﬂj u dx.

, OT* (u) ou OT* (u) ou
(iv) Let we H (). Then e T ((9:1:2) and By el 0z, )

(v) For a given u € L*(Q}), we have ”Ta(u)HL?(Q;rxA) = H“H]ﬂ(ﬂg)
(vi) Letw € L?(QF). Then T¢(u) — u strongly in L? (QF x A).

(vii) For every e >0, let {u:.} € L? () be such that T¢(ue) — u
weakly in L? (QF x A). Then @ — / u(wy, v2,y)dy  weakly in L* (1),
A

where™ denotes the extension by zero outside QF to the whole of Q.

(viii) For every e > 0, let {u.} € H* (QF) be such that T¢(u.) — u weakly in
L? ((O, 1) x A; Hl(hl,hg)). Then .  — / u(xy,z2,y)dy  weakly in
A
L*((0,1); H' (h1, ha)) .

In the concluding segment of this introductory chapter, we offer a summary of the thesis

on a chapter-by-chapter basis.

1.5 Summary of the Thesis

This thesis is structured into six chapters. Chapter 1 offers a concise introduction to
homogenization and OCPs, accompanied by relevant literature, essential prerequisites,
and a thesis summary. Chapter 6 concludes the thesis and outlines future directions. The

primary focus of our contributions lies within Chapters 2-5.

1.5.1 Chapter 1

This chapter begins with an introduction to homogenization, followed by a discussion on
various methods developed over recent decades to achieve it (refer to Section 1.1). We
then briefly introduce OCPs in Section 1.2. Section 1.3 presents a thorough literature
review on homogenization and OCPs. Furthermore, in Section 1.4, details regarding the
domain under consideration and the remarkable technique of the unfolding operator are

discussed.

1.5.2 Chapter 2

Notations: Throughout Chapters 2-4, we adhere to the below-mentioned conventions.
Any bold symbols v and v, represent the vector function symbols (vi,ve) and (ve1,ve2),
respectively. Also, ¥ denotes the zero extension of the components of v outside Q7 to the

whole of QF. Furthermore, for any function ¢ defined on either €. or €, we denote the
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restriction of ¢ on QF or QT as ¢ and the restriction of ¢ on Q™ as ¢~. Likewise, ¢ =

(61, ¢5) and ¢~ = (1, 6;3).
The present chapter examines the homogenization of a generalized stationary Stokes

equations in the oscillating domain Q. (see Figure 1.1), represented as follows:

—div(A:Vue) + Vp. = f in Q.

div(ue) =0 in Q,
He - A NVue — Pelfle + ae“’u, =0 on Fé, (1.5.1)
pe - AcVue —ppre =0 on Fg,

u: =0 ony,

where a; > 1 and as > 0 are the real parameters and the elliptic matrix A. is set to oscillate
in the x;-direction with period €. By ellipticity, we mean that there exist real constants
m, M > 0 such that m|[A|[> < 37 ai;(z, Z)AX; < M||A|? for all 2, A € R?, which is
endowed with an Eucledian norm denoted by ||-||. The boundary 7; = I', U T’ throughout
this thesis. It is well known that, for a given source function f € (L?(Q))?, the system
(1.5.1) is well defined and admits a unique weak solution, say (uc,p:) € (H;l (22))2x L2(9),
where the function space (H,(Q.))* := {v € (H'(2))? | v|,, = 0}. Now, we aim at
homogenizing (1.5.1). For this, we use the remarkable method of unfolding detailed in

Section 1.4.2 and obtain the following limit problem for different values of «;:

( 0 ou™ n ot
50 <A+ 8x2> +2XMq,u” = [Alf  in QT
+
A 9T _ o T,
Oxa
2 —
ou;
-y C,;?(dfjﬁ(?J) +Vp~ =f in Q,
jianf=1 O w8 (1.5.2)

div(u™) =0 inQ7,

v~ =0 on ’}/l,:FbUFS/,
ut =wu~ onT,
ou™ 2 283 Ous
= = d i p7€2 on F
81’2 ]76:1 v 81’3 ’

where d,, denotes a function that takes value 1 for a; = 1, and 0 otherwise. The boundary
7, = I'y UTy throughout this thesis. We observe that, apart from the usual non-trivial
contributions obtained in the literature (see, for example [57]) over QT we obtain an extra
vector function, 2A\u™, corresponding to a; = 1 and ap > 0. Further, the homogenized
matrix A, is constant and elliptic over Q" and the tensor D = (d?jﬂ )1<i,j.a,p<2 is elliptic
over 2~ (see, Chapter 2).

Now, we state the main result of this chapter in the following theorem and refer the reader
to Chapter 2 for thorough details.

Theorem 1.5.1. For given € > 0, let the pairs (ue,p:) and (u,p~), respectively, solves



1.5. Summary of the Thesis 13

the problems (1.5.1) and (1.5.2). Then

’lE — |Alu™  weakly in L? (0, 1; (Hl(hl,hz))2> ,

oud a12 ouy _ 9 2
I [N P ot Iy L2 (o
e [\ | e (/A - dy | eo Dg weakly in (L* (Q7))7,

out ou™ , 2y 2
s \A]a—m weakly in (L* (Q7))7,

— + +
pi — / a2 dy Our _ / a1 dy Ouy weakly in L?(QF),
A a$2 A 8332

u;, —u weakly in (HI(Q_))2,

1
pr — 5AOVu_: I+ p~ weakly in L*(Q7).

Finally, we state a corrector type result for the particular case when A, is an identity

matrix and the parameter ap = 0 in (2.1.1). A result that has been proved in [57].

Theorem 1.5.2 (Theorem 5.1, [57]). Let f € L*(Q) and A. be the identity matriz. If
the corresponding pairs (ue,pe) and (u,p~), respectively, solves the problems (2.1.1) and

(2.4.11), then

u;_ — Xqu+ — 0 St’f’ongly m L2 (07 1’ (Hl(h17 hQ))Q) )

out  ouf - ’
87;1 + Xﬂja—éel — 0 strongly in (L2 (Q+)) )
dut du* : 2
sz _ XQ?T@ — 0 strongly in (L2 (Q+)) )

u; —u — 0 strongly in (Hl(Q_))Q.

In addition, z'f/ (p: —p~) =0 for every e > 0, then p_ —p~ — 0 strongly in L*(Q7).
-

1.5.3 Chapter 3

This chapter aims at studying the homogenization of an OCP governed by the stationary

Stokes equations in the same domain (2. (see Figure 1.1). That is,

1 T
inf _ o 2 ’ €12 P
GE(LIQI(IA+))2 {JE(G) Q/QJUE(B) wal” + 2 /Qs+|0 | } (7)
subject to
( 2
0 Oou, - )
—igz:l (97.%'2 (aij(:v) 8:@) +Vp. = 0 XQ; 1n QE,
. _ O
, div(u,) 0 in Q, (1.5.3)
ou,
Z aij(x)%ﬂsi —peppe =0 on e,
ij=1 J
u. =0 on v,
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where uy = (ug,,uq,) is the target state in (L?(€2))? and 7 > 0 is a given regularization
parameter. We apply the periodic controls 08¢ € (LQ(Q;“))2 in the oscillating region of
the domain given by 6°(x1,72) = (%, x2), where the control function € is defined on the
space (LQ(A+))2, where A" := (a,b) x (hy,hs), is a reference cell. The problem (P:) is
well defined and admits a unique solution (He,ﬁa,ge) € (H%l (QE))2 x L?(Q.).

Now, we write the adjoint problem corresponding to (1.5.3): Find (v, q.) € (Iﬁl(QE))2 X
L?(£2.) satisfying

2

0 0V, _ _ .
— Z 8—@((@-1'(:1:) 8933> +Vq. =ues—uq in €,
i,7=1
div(v:) =0 in €,
) (%) : (1.5.4)
v _
> aji(x>%/iai —q.pe =0 on 7,
ij=1 J
ve =0 on ;.

\

We provide, the characterization of the optimal control 8, with the aid of the unfolding
operator (detailed in Section 1.4.2) and adjoint state .. The result is stated in the

following theorem.
Theorem 1.5.3. Let (ﬂg,ﬁg,ag) be the optimal solution of the problem (P.) and v

satisfies (4.1), then the optimal control 0. € (L*(A™1))? is given by

— 1/t
0.(1.2) = — | @)@ d, (155)

where the unfolding operator T¢ is defined in Chapter 1. Conversely, assume that a triplet
('ae,ﬁs;éa) € (H%Z(Qa))Q X LQ(QS) X (L2<A+))2 and a pair (’55,@5) € (H%I(Qa)f X LQ(Qe)
satisfy the following system

2.9 Dt
- Z Gy (alj(x) axe) +Vp: = 9; Xat in e,
ig=1 " J
2
0 0o . A
=Y (@) 55) + Vi =@ —ug in O,
S 7 7

div(d.) = 0, div(d:) =0 in Q, (1.5.6)
ot

()5 i — Pepte =0 on e,

N 9y e :

M)

2
0v .
> aji(@) 5 =i — Geppe =0 on 7,
J

v€:07u€:0 on i,

where ég(:cl,@) = 95(””5—1,362) for (z1,22) € QF, and
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. 1 ! R
0-(y1,42) = _T/o T (De) (21, y2, y1) dxy. (1.5.7)

Then the triplet (te, pe, 0¢) is the optimal solution to (P:).

We employ the method of unfolding to obtain the following limit OCP:

in {J(G) 1/(|Ay 4 xa) e — ual?d +|A‘T/h202d } (P)
n = — — X e X
0€(L? (h1,h2))> 2 Jo XA T X ¢ 2 Jn ?
subject to
0 ou™
~ 2 (B} —6 mot
83:2 < 83:2 ) ln ’
+
B _o wr,
Oxo
2.0 ou~
—Z— a;; — | +Vp~ =0 in Q7
= 8:1?i 8a:j
i,j=1 (1.5.8)
div(u™) =0 inQ~,
u~ =0 onv,
ut =wu" onT,
ou™ 2 ou— —
A [B 83:2] :jglcmj g;; —p ez onl,

where u = ut xq+ +u~ xq- belongs to (UAYZI(Q))2 (see Section 2.2 for space description)
and the column vectors e; and es are given by e; = (1,0)" and ey = (0, 1)%, respectively.

Also, the matrix B expressed as:

a12a21
ail

a22 —a21 ]

—ai2 a1+ a2 —

is elliptic. Further, the limit adjoint system corresponding (1.5.8) is: Find (7,q7) €
(U%/ (Q))2 x L?(£27) which satisfies the following system

( 0 oot
.~ (Bt =/ —at — in OF
8%2 ( 8.%’2) u (%] m s
oot ,
t 87[1;2 =0 in Fu,
> o2 (anla) 22
— 2 (ay(x L_)—FVQ_ =u" —ug inQ,
N O (1.5.9)
div(v™) =0 inQ~,
v~ =0 on 7,
vt =v onl,

=
| —
Sy
]
‘ Q
N
+
| S
|
T
Q
N
o))
5
K
Q
[\
[}
=
=
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where B! denotes the matrix transpose of B. In the following result, we provide the
characterization of the optimal control @ with the aid of the unfolding operator and adjoint

state v € (UVZ(Q))Z'

Theorem 1.5.4. Let (ﬂ, Tf,@) be the optimal solution to the problem (P) and (v,q,.)
satisfies (1.5.9), then the optimal control @ € (L?(hy,h2))? is given by

_ 1 L
9(%2) = —/ F—‘_(a?l,l'g) dry,
0

T

"

R 2
Conversely, assume that a triplet (4,p~,0) € (U /(Q)) x L?(Q7) x (L?(h1,h2))? and a

2
pair (4,4~ ) € (le/(Q)) x L2(Q7), respectively, satisfy the following systems

0 oa™ A
—— (B —=—) =0 nQ"
81'2 ( 8:32 ) m ’
it
A
0xo
2
0 o~
— — | a;; —-_— Vp- =0 in Q,
div(a=) =0 inQ,
a- =0 onnv,
at =4~ onT,
ou~T 2 o .
A |:B a:| = > a2j "5 pex onl,
2 ij=1
and ) 5 -
- ¢ 9v_ —at — O+
ax2 < 81‘2) u (%] m s
5+
5% _o inr,
83:2
2 .
0 00~
- ) vAi =u" — Q )
1]2—31 Iz (a] @) O ) i “ te
div(p™) =0 inQ",
o= =0  on 7,
ot =9~ onT,
v 2 - _
|A| [Bt 3362] = Z;l a2; 5, —4q €2 on I,
where,
. 1 [t
0(1‘2) = —/ 13+(l‘1,a72) d(L‘l.
T Jo

Then, the triplet (ﬁ,ﬁ*, é) is the optimal solution to (P).

Finally, we present below the convergence result for the solutions to the problems (F)
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and its associated adjoint system (1.5.9) in the suitable function spaces.

Theorem 1.5.5. For given € > 0, let the triplets (u.,p.,0:) and (@,

be the optimal solutions of the problems (P:) and (P). Then

u. —~u  weakly in (H

19
D. — D weakly in L2( ),
2

% — |Alut  weakly in L (O i (H'(h1,h2)) ) ,

out af-i-
e A <61 4 ‘11262) Ouy

81‘1 all 6952

Jat at

(ZL;Z - |A\%’Z weakly in (L
—~ au 6V+
7 =1l (

a12— —
0x9 8:1:

0. — 0 weakly in (L2 (A+)
and,

Ve

q. —q weakly in L*(Q7),

T — |A[TT  weakly in L2 (0, 1; (H(hy, hg))Q) ,

ovr a ovd
= — —|A] <€1 + 2162) —2
ai Oxa

63;1

— v~ weakly in (H'(Q~

)

2 (29)°

) weakly in L*(QF),

),

)2,

a’U+ Oa . 2 1) 2
g \A|— weakly in (L (QF))7,
oo} vy
+ — A L
& ‘ | (CL21 821?2 o, 6.%2

— 1 [t
where O(z2) = ——

0
the systems (1.5.4) and (1.5.9).

1.5.4 Chapter 4

> weakly in L?(QF),

weakly in (L2 (Q+))

2

weakly in (L2 (Q+))2 ,

9

~,0), respectively,

v (x1,22) dr1 and the pairs (V.,q.) and (V,G~) solve respectively

In this chapter, unlike in the Chapter 3, we apply the distributive control throughout the

domain Q. (see, Figure 1.1) and study the homogenization of a generalized OCP subjected

to the constrained stationary Stokes equations of the form:

[ — div (A.-Vue) + Vp.
div(ue)

He * A NVue — Pelte

Ue

:f+95

=0

=0
=0

in €,
in €,

on 757

on ;.

(1.5.12)



18 Chapter 1. Introduction

The coefficient matrix A (x1,22) = A(x1, 22, %) is elliptic. The problem (1.5.12) is well
defined and admits a unique weak solution.

The OCP is to minimize the Dirichlet cost functional J.(6.) over the set of admissible
controls 6. € (L%*(€.))? subjected to constrained generalized stationary Stokes equation

(1.5.12), i.e.,

inf {Ja(oa)zl/ BEVuE(BE):Vua(HE)—k;/Q |9a|2}. (1.5.13)

€

Here, the coefficient matrix B., not necessarily equal to A., is symmetric, elliptic and is
set to oscillate in x1— direction, i.e., Be(x1,22) = B(r1,22,%). A unique minimizer to
problem (1.5.13) exists, the proof of which is standard and follows along the lines of ([45,
Theorem 2.2]). Next, let us consider the associated adjoint problem to (1.5.12): Find
(Ue,q.) € (H%l(Qa))2 x L?(€.) that obeys the following system:

—div (ALVE.) + Vg, = —div(B:Va.) in Q,
div(ve) =0 in Q, (1.5.14)
He - AEV§5 — Qe = pe - B-Vue Oon e,

\ ve =0 on 7.

In the below-mentioned result, we state the characterization of the optimal control in
terms of the adjoint state solving the adjoint system (1.5.14).

Theorem 1.5.6. Let (Hg,ﬁa,ag) be the optimal solution of the problem (1.5.13) and the
pair (Ve,q.) satisfies (1.5.14), then the optimal control 6. € (L?(€.))? is given by

0.(2) = —25.(z) ac in Q.. (1.5.15)

\]

Conversely, assume that a triplet (G, p., —% ¥.) € (H;Z(QE))2 x L2(£) x (LQ(QE))2 and
a pair (Vg 4e) € (H%Z(Qa))2 x L*(Q.) satisfy the following system

—div (A Vie) + Vp. = f—20. in Q,
—div (ALV¥.) + VG = —div(B.Vie) in Q,
div(@t.) =0, div(d:) =0 in Q,
(tc) (vc) e (15.16)
pe - ANVUe —pepre =0 on 7,

He - Aiv'bs — Qe = pe - BVae  on .,

Ve=0,u. =0 ony.
Then the triplet (., pe, — X ¥.) is the optimal solution to (1.5.13).

Now, we present the limit OCP. To do so, we first present the following cell problems.
For 1 < j,8 <2, and PjB = Pjﬁ(y) = yjeg, let the correctors (xf,l'[f) € (HY((0,1)?))% x
L?((0,1)?) solves the cell problem
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— div, (A, )V, (P = x))) + V1] =0 in (0,1)%
divy (P’ —x7) =0 in(0,1)2,

/ (1.5.17)
(x?, H]B) is (0,1)%- periodic,
M(0,1)2(Xf) =0,
the correctors (H‘;B7 Q]B) € (H'((0,1)?))2 x L2((0,1)?) solves the cell problem
— div, (At(g:, y)V, (P — Hf)) +V,Q) =0 in(0,1)%
div, (P’ — H?) =0 in (0,1,
v(F ;) 1) (1.5.18)

(Hf, Q]B) is (0,1)2- periodic,
M2(HY) =0,

and the correctors (Tf, Rf) € (H'((0,1)2))2 x L?((0,1)?) solves the cell problem

— divy (B(w, y)Vy(Pjﬂ — Xf) - At(%y)vy{pf) + vny =0 in(0,1)
divy(P = T7) =0 in (0,1)?,
(T]I'Ba Rf) is (0,1)2- periodic,

Mo(T)) =0.
(1.5.19)

af . t
i )1<i,j,a,B8<2, its transpose D' =

Over Q7, we define the elliptic tensors D = (d

(d?;l)lgi,j#)”gg% and the perturbed B# = (b#%ﬁ)lgi,j,a,ﬂ§2 as

af _ of _ B_ 3P @
dij = a; /(071)2 Az, y)Vy (PJ XJ> : Vyxi dy,
dBe = of* _/ Al(z,y)V, (Pf — Hf) : V,H dy,
(0,1)2

ap @
pE _bo--ﬂ—/(0 . (B(ay)Vy(P] = x}) = A'(a,y)V,T}): V, T} dy,

where a%ﬁ , aff, and bogﬂ forms the respective entries of the tensors Ay, A}, and By as

G%B:/(ow A(z,y)Vy (Pf—xf) - Vy P dy,
i

ar= [ Ay, (P - H]) v,
(0,1)

bOiO;'IB B /(0 1)2 (B(z, y)vy(Pjﬁ - Xf) - Al(z, y)vyTJ@) : Vy(P) dy.

Next, over O, we define the elliptic matrices Ay = (a1;;)1<ij<2, and By = (by;)1<ij<2
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as

[ az —a
A=A (z) = /A dy,

a a
| —a12 a1 +axp — =2

bao —bo1

B = Bl = / b b dy.
Al —=bia  byp + byg + %2 (a12711 — b12> 4 bararz

L all all a1l

Now, we present in the following the limit OCP:

+ +
inf {J(B) = 1/ B+8L %dm + 1/ B#*Vu™: Vu~ dz + T/]OP dx}
)2) ot 2 Jo- 2 Jo

0e(L2(Q)2 2 Oxs  Oxs
(1.5.20)
subject to
0 ou™
. - — i +
g (45 ) =B + O O,
ou™t )
t Oy 0 inI,
Z a]_ +Vp~ =(f+0)xg- in Q°
83: 4y dzp ¢ ’
jof=1 (1.5.21)

div(u™) =0 inQ7,

u~ =0 on~j,

u™ =u" onT,

ou™ 2 28 Ou;
A+ aan = JWBZ: de 6:6[3 on F,

Also, corresponding to (1.5.21), we consider the limit adjoint problem : Find (v,37) €
2
(U%/(Q)> x L?(Q7) that obeys the following system:

( 0 oot 1
- t - __0 dut ; +
O0xa (AJr 8952) Oz <B+ i3 ) in &7,
ov™ -
t 0
+ s = By 61;2 in Ty,
2 - _
0 <5a%'> _ aﬁau' . _
— E — (a7 =— ] + Vg E v — in Q
Jt i ’
it 0xq Oxp = Ofna Ozg
div(v™) =0 inQ",
v =0 on 7,
vt =w onl,
ovt out 2 ov; 283 ou
t o 52 p# B
\ o0 Do — B Tomy j,ﬁzzl i Fos Z b oy oML

(1.5.22)

Next, in the below mentioned result, we state the characterization of the limit optimal
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control in terms of the adjoint state solving the limit adjoint system.

Theorem 1.5.7. Let (ﬁ, ﬁ_,g) be the optimal solution to the problem (1.5.20) and (v,q™)
satisfies (1.5.22), then the optimal control @ € (L?*(£2))? is given by

0(2) = —~5(@) ae in Q.

\]

2
Conversely, suppose that (@,p~,—1v) € (U%/(Q)> x L2(Q7) x (L*(Q))? and (v,§7) €

2
(U%/(Q)> x L?(Q7), satisfies the following system

out I . P
—2<A+8$2>—\A’(f—TU ) in Q7

0 oot 0 out
—— (A — ) =——" (B, — n QF
81‘2 < + 8332) 6952 < + 81‘2) m ’

2 .
o) o, 1
- > . <d§‘fa]> +Vp =f——0" in Q,
jiang=1 O e i
2 ~— 2 . —
0 <5ac’9v~> ) 0 [, yos 0 o
- Y Ay eve == Y |V in Q
Jt 1) 9
japer 9% Iz jeopet O%a Ozg
divi(e)=0 mQ, div(p")=0 inQ,
together with the boundary conditions
ou* oo out
— =0, A" — =B, — inT
T 0wy T Oy T om W
u” =0, =0 on 7,
and the interface conditions
([ at=a-, 9t=9" onT,
ou™ 2 28 8713‘_ _
A+07x2:z d’L] Tm_p €9 OT?/F,
JB=1 ) )
ovt out o 007 0p O
At - B, — = d%? 1 _ Zb#-- —L e on T
+ + J () q 2
8.732 6x2 iA=1 8:65 iA=1 (9:135

Then, the triplet (11,]5_, —%f)) is the optimal solution to (1.5.20).

Now, we present the main result concerning the convergence analysis for the solutions to
the problem (1.5.13) and the corresponding adjoint system (1.5.22) upon employing the
method of unfolding.

Theorem 1.5.8. For given € > 0, let the triplets (u.,p.,0:) and (w,p,0), respectively,
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be the optimal solutions of the problems (1.5.13) and (1.5.20). Then
% — |Ala"  weakly in L* (0, 1; (Hl(g1,92))2) ;

i +
5[ ([ 20)o] B st iy
A Q11 Oz

axl
3/5? TN : 2 (0+))2
o ‘A’Txg weakly in (L (QF))7,

-~ ou ou
+ 71 2 in L2(QF
D </ a2 dy> o (/ all dy) o weakly in L*(Q7),

~€ - ]A|§+ weakly in (L? (Q+))2,
6. — 0 weakly in (I*(27))°,
- —u  weakly in (Hl(Qf))Q,

1

g|

£

p. — §A0Vu*: I+ p~ weakly in L*(Q7),

— 1
where 6(x) = ——v(x) and the pair (U,q ) solves the adjoint system (1.5.22).
T

1.5.5 Chapter 5

Notations: We follow the below-mentioned conventions in this chapter. Any bold
symbols 1 and 1. represent the vector function symbols (¢1,...,1,) and (¢e1, ..., Yen),
respectively. Also, QZ denotes the zero extension of the components of ¥ outside O to the
whole of O. Here, Of C O is a periodically perforated domain (see, Figure 5.1).

The present chapter deals with the homogenization of the OCP constrained by the
generalized stationary Stokes equations in an n-dimensional (n > 2) periodically
perforated domain Of. We subject the interior region of it with distributive control.
Homogeneous Neumann boundary conditions are prescribed on holes not intersecting
the outer boundary, and homogeneous Dirichlet conditions on the remaining part. More

precisely, we consider

. 1 T
inf {JE(OE) = [ |uc(8:) — ugl* + / |05|2} , (1.5.23)
ox

0 €(L?(O0z))" 2 Jor 2
subject to
—div (A:Vue) +Vp. =6, in Of,
div(ue) =0 in OF, (15.24)
Me - AcVue —ppre =0 on I,

ue. =0 onlj,

where the target state ug = (ug,,...,uq,) is defined on the space (L?(0))", and 0 is
a control function defined on the space (L?(07))". Here, the matrix A.(z) = A(%),

where A(z) = (ai(2)),<; j<, defined on the space (L>(0))" " is assumed to obey the

uniform ellipticity condition: there exist real constants m, M > 0 such that m|[\||> <
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doij=1 i (5)Aid; < M]||A||? for all x, A\ € R™, which is endowed with an Eucledian norm
denoted by || - ||. Also, we understand the action of scalar boundary operator pe - A.V on
the vector ue|rs in a "diagonal” manner: (pe - A-Vue); = pe - AcVug, for 1 <i <n.

We introduce the function space (H3, (O))" := {¢ € (H'(O))" | ¢|,, = 0}. This is a

Banach space endowed with the norm

19lla1, 02 = IV Bllz202)ymens Vb € (H, (OZ)".

The existence of a unique weak solution (us(6e),p:) € (H%g (O))™ x L2(O?) of the system
(5.3.2) follows analogous to [62, Theorem IV.7.1]. Also, for each ¢ > 0, there exists a unique
solution to the problem (5.3.1) that can be proved along the same lines as in [15, Chapter
2, Theorem 1.2]. We call the optimal solution to (5.3.1) by the triplet (@, p.,0e), with
Ue, P, and O, as optimal state, pressure, and control, respectively. Let the pair (v.,q.)

is the solution to the following adjoint problem:

—div (ALVD.) + VG, =T —ug in O,
div(m:) =0 in O, (15.25)

He - AEVﬁE - gap’e =0 on Fiv

ve =0 on I'g.

\
We call v and ¢q,, the adjoint state and pressure, respectively. The existence of unique
weak solution (ve,q.) to (1.5.25) can now be proved in a way similar to that of system
(1.5.24).

The following theorem characterizes the optimal control, the proof of which follows

analogous to standard procedure laid in [15, Chapter 2, Theorem 1.4].

Theorem 1.5.9. Let (ﬁe,@ﬁe) be the optimal solution of the problem (1.5.23) and

(Ve,q.) solves (1.5.25), then the optimal control is characterized by

— 1
0. = ——vc a.e. in OF. (1.5.26)
T
Conversely, suppose that a triplet (@, pe, 0c) € (Hil(O;))n x L2(0%) x (L*(0%))" and a

pair (e, §:) € (Hvll((’):))n x L2(0?) solves the following system:

1
—div (A-Vate) + Vp. = ——%. in o,
—div (ALV®.) + Ve = tie —uq in O,

div(@te) =0, div(de) =0 in OF,
Me - AcVie — pepre =0 on Iy,
He - AZV{JE —gepbe =0 on Iy,
Ve =0,1.=0 on .

Then the triplet (te, pe, —%'DE) is the optimal solution of (1.5.23).
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Now, we presents the limit (homogenized) system corresponding to the problem (1.5.23).
Let us consider the function space (Hg(0))" := {¢ € (H*(O))"| ¢|so = 0}, which is a
Hilbert space for the norm ||¢|](H6(O))n = [[Vellz2o)ynxn Ve € (HE(O)".

We now consider the limit OCP associated with the Stokes system

inf {J(O) = 9/ lu — ug|* d + T@/ ]02da:}, (1.5.27)
0c(L2(O)) 2 Jo 2 Jo
subject to
S 3(bgﬂ%>+vp -9 in O,
= 0xq 7 Oxg
juoB= (1.5.28)
div(u) =0 in O,
u =0 on 00,
where © = %, the tensor B = (bf‘j’g) = (b%ﬁ)lgmaﬁgn is constant, elliptic, and for

1<4,j5,a,8 <mn,is given by

(0% 1 (0%
b =0 = i, AV (B =x]) Vot o

with a%ﬁ = ﬁ S Aly)Vy (Pf — Xf) : Vy P dy as the entries of the constant tensor

Ao, Pjﬁ = Pjﬁ(y) = (0,...,yj,...,0) with y; at the S-th position, and for 1 < j,8 < n,
the correctors (x?, HJ’B) € (HY(W*))™ x L?(W*) solves the cell problem

(—div, (A)Vy(B) = x))) + V1] =0 in W,
u- A(y)Vy(Pjﬁ - xf) — H?u =0 on OW*\oW,
divy(P/ —xJ) =0 inW* (1.5.29)

(xf, H]'B) W*- periodic,

MW*(X?) =0.

The existence of this unique pair (u,p) € (H}(0))" x L*(O) can be found in [5, Chapter
1]. Further, the problem (1.5.27) is a standard one and there exists a unique weak solution
to it, one can follow the arguments introduced in [15, Chapter 2, Theorem 1.2]. We call
the triplet (u,p,0) € (HL(O))" x L*(O) x (L*(0))™, the optimal solution to (1.5.27), with
w, P, and 0 as the optimal state, pressure, and control, respectively.

Now, we introduce the limit adjoint system associated with (1.5.28): Find a pair (v,q) €
(HE(0))™ x L*(O) which solves the system

~ 0 Ba 8@- _ _ .
_ Z %(bﬂ 83:5>+vq =u—ugqg in O,

j,Oé,B:l (1.5.30)

div(v) =0 inO,

where the tensor B! = (bff‘) = (b??)lgi,j,a,ﬁgn is constant, elliptic, and for 1 < i, j, o, B <
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n, is given by

Ba _ Ba 1 ¢ 3 8\ . a
bji =a — |W*| W*A (?/)Vy (PJ *Hj) : VyHi dy,

with a?ia = Wl*l S ALYV <PJ’B — Hf) : Vy P2 dy as the entries of the constant tensor
Ab. Also, for 1 < j, 8 < n, the correctors (H]ﬁ, Z]B) € (HY(W*))™ x L2(W*) solves the cell
problem
(—div, (A (P~ H))) +7,2] =0 W
Y Y\~ J Y=y ’
p- Ay)Vy (PP — HY) = Z0pn =0 on oW*\ow,
divy, (P — HJ) =0 in W* (1.5.31)

(Hf, ZJB) W*- periodic,

My+(H) =0.

\

In the following, we state a result similar to Theorem 1.5.9 that characterizes the optimal
control @ in terms of the adjoint state ¥ and the proof of which follows analogous to the

standard procedure laid in [15, Chapter 2, Theorem 1.4].

Theorem 1.5.10. Let (w,p,0) be the optimal solution to (1.5.27) and (v,q) be the

corresponding adjoint solution to (1.5.30), then the optimal control is characterized by

— 1
0=—vae in0O. (1.5.32)
T

Conversely, suppose that a triplet (w,p,0) € (HL(O))" x L*(0) x (L*(O))" and a pair
(9,q) € (H(O))™ x L*(O), respectively, satisfy the following systems:

"N 0 (,ap OU o
-3 e () -

j7aﬂ/8:1

S

v in O,
div(az) =0 inO,
and .
— Z i b@.a% +V§i =0 —uy in O,
. o Jv axﬁ
div(d) =0 inO.

Then, the triplet (11,]5, —%i)) is the optimal solution to (1.5.27).

We now present the key findings on the convergence analysis of the optimal solutions to
the problem (1.5.23) and its corresponding adjoint system (1.5.25) by using the method
of periodic unfolding for perforated domains detailed in Section 5.5.

Theorem 1.5.11. For given € > 0, let the triplets (e, D.,0c) and (w,p,0), respectively,
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be the optimal solutions of the problems (1.5.23) and (1.5.27). Then

T*(A.) — A strongly in (L*(O x W*))™<", (1.5.33a)
5; —©0 weakly in (L? ((’)))n, (1.5.33b)
U. — Ow  weakly in (HL(O)), (1.5.33c)
T — OT  weakly in (H}(O))", (1.5.33d)
p. — %AOVH: I4+07 weakly in L*(O), (1.5.33¢)
7. — %ABVE: I+07q weadkly in L*(0), (1.5.33f)

where Ag is a tensor, I is the n x n identity matriz, 0 is characterized through (1.5.32)

and the pairs (Ve,q.) and (v,q) solve respectively the systems (1.5.25) and (1.5.30).

Moreover, the convergence of the cost functional is as follows

lim J.(0:) = J(0). (1.5.34)

e—0



Chapter 2

Homogenization of Stokes

Equations in an Oscillating Domain

In the preceding chapter, we explored literature revealing that homogenization problems
concerning stationary Stokes equations under Dirichlet and Neumann boundary conditions
on highly oscillating boundaries led to trivial and non-trivial contributions, respectively,
in the upper region of the limit domain. In this chapter!, we focus on investigating
the homogenization of generalized stationary Stokes equations featuring highly oscillating
coefficient matrices in a two-dimensional oscillating domain. By applying mixed boundary
data incorporating non-negative parameters, such as Robin and Neumann conditions,
on various segments of these highly oscillating boundaries and employing unfolding
techniques, we derive non-trivial contributions dependent on these parameters in the
limiting analysis. Additionally, we observe a corrector-type result under the special case
of stationary Stokes equations with Neumann boundary conditions throughout the highly

oscillating boundaries.

2.1 Introduction

In this chapter, we examine the asymptotic analysis (limiting or homogenization) of a

generalized stationary Stokes equations represented as follows:

—div(AcVue) +Vp. = f in Q,

div(ue) =0 1in Q,

pe - AcVue — popre + e u. =0 on F;a (2'1'1)

Me - Ac:Vue —ppre =0 on Fga

u. =0 on .

In this context, an open bounded domain Q. C R? consists of a zi-periodic rough
(oscillating) boundary denoted by T} UT2. The elliptic matrix A. is configured to oscillate
in the x1-direction, specifically defined as A.(x1,72) = A(x1,72,%). The functions u.,
pe, and f correspond to the state, pressure, and source functions, respectively. These are
defined within suitable function spaces, and the specifics will be outlined in an upcoming

section.

TThe content of this chapter is submitted as: “S. Garg and B. C. Sardar. Homogenization of Stokes
equations with matrix coefficients in a highly oscillating domain.”
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The Stokes equations under consideration are generalized by incorporating a second-order
elliptic linear differential operator in divergence form with oscillating coefficients,
formulated as — div (A:V). This formulation deviates from the classical Laplacian operator
and was initially explored for a fixed domain in [5, Chapter 1]. In this context, the
action of the scalar operator — div (A.V) is defined diagonally on any vector u = (uy, u2)
with components uy,us in the H' Sobolev space. For 1 < i < 2, it is expressed as
(—div (A:Vu))i = —div (A-Vu,).

Similarly, pe - AV is a scalar boundary operator on . that acts diagonally on the vector
Ue|~., where pe denotes the outward normal unit vector to .. Additionally, we assume
that ay > 1 and ag > 0 are real parameters. The Stokes equations given by (2.1.1) are
well-posed and possess a uniquely determined weak solution. The proof follows a classical
procedure and aligns with [62, Theorem IV.7.1], utilizing the elliptic property of A, stated

in Section 2.2.

In Section 1.3 of the literature review, it has been observed that researchers have
delved into homogenization problems concerning Laplace equations on rough (oscillating)
domains with a fixed amplitude. Various boundary conditions on the highly oscillating
boundary have been explored, primarily focusing on Dirichlet and Neumann boundary
conditions. Additionally, it is noted that limited research has been carried out on
the stationary Stokes equations over these rough domains. The predominant boundary
data utilized comprises Dirichlet or Neumann conditions. The investigations have
provided distinct contributions in the homogenized system based on the different boundary
conditions. Specifically, trivial contributions were noted in the upper region of the limit
domain for both the Laplace and Stokes equations during the homogenization process
when considering the Dirichlet boundary condition. However, non-trivial contributions

were observed in both cases when considering the Neumann boundary condition.

The interesting scenario arises when one incorporates the Robin boundary condition on a
segment of the oscillating boundary while its remaining portion is subject to the Neumann
boundary data. The literature concerning the Stokes equations in rough domains has yet
to address this situation. This chapter examines this situation on a generalized stationary
Stokes equation over this rough domain. Here, the vertical boundary of the rough region is
imposed with the Robin boundary condition, involving real parameters a; > 1and ag > 0
while its horizontal boundary is subject to the Neumann boundary condition. We aim at

homogenizing the problem (2.1.1).

This chapter is organized into five sections: Section 2.2 covers essential prerequisites that
will be extensively utilized throughout this chapter. Subsequently, in Section 2.3, we
derive norm estimates for the solution to problem (2.1.1). Section 2.4 introduces the
limit problem. Finally, in Section 2.5, the main results from the convergence analysis
are presented along with a corrector-type result under the particular case of stationary
Stokes equations with Neumann boundary conditions throughout the highly oscillating

boundaries.
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2.2 Prerequisites

Here, we introduce the Sobolev spaces and the inequalities to be used extensively in

Chapters 2-4.

Sobolev Spaces

o (H},(92))* = {v e (H(Q))?: v, =0}

{
. (U%/(Q))Q = {¢ € (L2()2: ¢~ € (H'(27))% 92 € (L2(21))? and @],y = o}.

2 2
. <U077{(9)> = {¢ € (U«Y{(Q)) :div(®~) =0 on Q_}. This is a Hilbert space

with respect to the norm

T

91y, >2=||¢—||?H1 pe + 18 e + | o

”z

/(Q))2 is a closed in (U

The space (U o

9,M

0rs H L2(Q+))2'

2
/(Q)) with respect to the norm endowed

_\2
on the latter. We define (C’,C;?(Q)) {(]5 € (C>=(Q))? Py = O} which is a dense

2 2
subspace of (U’Y{(Q>> , with respect to the norm in (U%/(Q)> (see, [21, Proposition

4.1)).

Inequalities

e Poincaré inequality [57, Lemma 2.2]: For each € > 0, there exists K € RT, such that

HUHL2(Q€) < KHV’[)H(L2(96))2, YVove H;l(QE)

(2.2.2)

e Bogovski operator theorem [57, Lemma 2.3]: For each ¢ > 0 and p. € L?().), there

exists a g. € (HVIZ(Qg))2 and K € R™, such that

div(g:) = p- and [Vl paq e < K(Q) llpellizn)-

(2.2.3)

Note that throughout this thesis, || - || denotes the standard Euclidean norm on R? and

K € RT denotes a generic constant that does not depend on e. Next, we assume that

the matrix A. = (a;; (:U, %))1@-,]52 given in problem (2.1.1) is elliptic, i.e., there exist

constants m, M € R, for which the following inequality holds:

2
T
milgl? < > ay (2. 2) 6 < MgI? for allz, € € B2

ij=1

2.3 A Priori Estimates

Let’s begin with the variational formulation of the problem (2.1.1).
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Definition 2.3.1. A pair (u.,p:) € (H%(QE))2 x L2(§).) is weak solution of (2.1.1) if

ANVue: Vo daz—i—agsal/ Ue v daz—/ pe div(v)dz = fvdr, Vve (H;l(Qg))2
Qe rl < Qe
(2.3.4)
and
/ div(ue) wdz =0, Vwe L*(Q). (2.3.5)
Qe

Here, (:) and () denote the component wise multiplication of matrix and the standard
scalar product of vectors, respectively. Also, note that we visualize a vector in R? as a
column vector and use it interchangeably with a 2 x 1 matrix when required.

As stated in Section 2.1, for every e € RT, the problem (2.1.1) possesses a weak solution
(e, pe) € (HL(€2))? x L*(Q.) that is unique and the proof of which is conventional and
easily proceeds along the lines of [62, Theorem IV.7.1] by using the elliptic property of
the matrix A.. Now, we establish norm estimates, independent of ¢, for the solution pair
(e, pe) of (2.1.1).

Theorem 2.3.2. For given € > 0, let the source function f € (LQ(Q))Q. Then the
sequences {uz} and {p:} in the respective spaces (H%Z(QE))2 and L*(Q.) are bounded

uniformly in €.

Proof. Taking v = u,. in (2.1.1), using (2.3.5), and considering the elliptic property of the

matrix A, and the Poincaré inequality (2.2.2), we get
m‘|vu6H%L2(QE))2><2 + OQ&QIHUEH%L?(F%))? < KHf”(L2(Q))2Hvuau(LQ(Qg))Q“’ (2.3.6)
which implies that

Hvu8‘|(L2(Qg))2X2 S K Hf||(L2(Q))2 (237)

Thus, we have the uniform bound for the sequence of state {u.} in the space (H}ﬂ (92))2.
Now, we obtain the uniform bound for the sequence of pressure {p.} in the space L?(€.).
To do so, we employ the Bogovski operator theorem (2.2.3). Corresponding to p. € L%(€.),
there exists g. € (H;l(Qg))2 such that div(g.) = p.. Taking v = g, in (2.3.4), we obtain

HpsH%2(Qe) = /Q Ac(z)Vu, 2 Vge dr — ape™ /1“1 Ue - e dx _/Q f-gedx. (2.3.8)

Also, from (2.3.6) and (2.3.7), we have 1/0[25%”11/5”([/2@%))2 < KHf||(L2(Q))2. Taking this
into account along with elliptic property of matrix A. and (2.2.2), we get from (2.3.8)
o)
HpeH%ﬁ(QS) < M|[Vuel[(z2(0.))222 | VGell (120202 + K (Ve 2 + 1>H-fH(L2(Q))2HVQEH(L2(QE))2X2

<K (HVUEH(LQ(QE))QXZ + ||f”(L2(Q))2> HVQEH(LQ(QE))Q“-

This in view of (2.3.7) and (2.2.3) establishes the uniform bound for the sequence of
pressure {p.} in the space L?(€.). O
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2.4 Homogenized Problem

Here, we present the homogenized problem. To start, we introduce the following cell

problem.

For1<j,8<2, andPﬁ
L?((0,1)?) solve the cell problem.

Pﬁ (y) = yjeg, let the correctors (XJB ,H? ) €

(H'((0,1)%))

— div (A(x,y)vy(Pf - Xf)) +V, I =0 in(0,1)?,
divy, (P’ —x?) =0 in (0,1)2,
y (P Xé) | 2( )' | (2.4.9)
(Xj,Hj) is (0, 1)- periodic,
L f(071)2 X‘jﬁdy == 0.
Over 7, we define the elliptic tensor D = (dwﬁ)lgiyﬁawggg as
d?ﬁ = aO;ﬁ / A(z,y)Vy (Pﬁ — Xj> Vyx§ dy,
(0,1)2
with aZJ , form the entries of the tensor Ay as
a2 :/ A y)Vy (P) = x]) : VPP dy.
(0,1)2
Next, over QF, we define the elliptic matrix A, = (aﬂj)lgi,jgg as
a22 —agy
Al—aiz a1+ agp — 2%
Let us introduce the limit problem for different values of a:
0 ou™ .
s <A+ B ) + 2200, ut = [Alf  in QF,
ou™
2 _—0 inT,,
* Oy m
Za ( >+Vp =f in Q,
janp=1 O (2.4.11)
div(u™) =0 inQ~,
u~ =0 onn,
u™ =u~ onT,
ou™ 2 283 8
\ Ap — 00y j%; d;; 6x@ on T

2
where u = ut yq+ +u~ yq- belongs to (UVZ(Q)) , the column vectors e; and ey are

given by e; = (1,0)! and ez = (0,1)%,

respectively, and d,, denotes a function that takes
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value 1 for a3 = 1, and 0 otherwise. We denote the limit solution of (2.4.11) by the

2
pair (u,p”) € (UV{(Q)) x L?(27). The existence and uniqueness of a weak solution

2
(u,p”) € (U%/(Q)> x L2(Q7) for (2.4.11) can be settled following a similar approach as
done for (2.1.1), utilizing the elliptic property of Ay and D.

2.5 Convergence Result

Here, we utilize the unfolding operator method, which is already detailed in Section 1.4.2

to present the key findings on the convergence analysis of the solution to the problem

(2.1.1).

Theorem 2.5.1. For given € > 0, let the pairs (uez,p:) and (u,p~), respectively, solves
the problems (2.1.1) and (2.4.11). Then

’IE — [Alut  weakly in L? (0, L (Hl(hl’hZ)f) ’

oud a12 Ouy ?
A @2 4 Tua kly in (L% (QF

oxy [‘ e+ </A ail y) 62} 0w ety ( ( )) ,

oud

Oz

- + +
pd — / a1z dy % — / a1 dy % weakly in L2(Q+),
A Oz A 0xo

u;, —u_ weakly in (Hl(Q*))Q,

1
p. — 5A()Vu_: I+ p~ weakly in LQ(Q_).

out , 2 [\ 2
|A|a—m2 weakly in (L* (Q1))7,

Proof. The proof will progress in multiple steps. Initially, the homogenized system for the
problem (2.1.1) over Q* will be derived. This process will be analogous to the approach
outlined in [57, Theorem 4.1.]. Subsequently, we will establish the homogenized problem
over {27, which is quite challenging.

Step 1: The homogenized state equation over Q7 is derived as follows.

Claim (A): The sequences {T°(ul)} € L*(0,1; (H' ((h1, h2) x A))Z), {T=(Vul)} €

(L* (@ x A))2X2, and {T¢ (pF)} € L? (" x A) are uniformly bounded. Further, there

exists subsequence not renamed and state u; such that the following are true:

T° (uf) — uf  weakly in L° (o, 1; (H' ((h, ha) x A))2> : (2.5.12)
ut — |Alut  weakly in L? (o, 1; (Hl(hl,hg))2> : (2.5.13)
Guj a2 8uj2 . 2 1) 2

e — {]A\ er + </A6111dy> 62:| D25 weakly in (L* (Q7))", (2.5.14)
é;} R auj . 2 1) 2

s |A| e weakly in (L? (Q7))", (2.5.15)

— + +
pf — (/ a1o dy) Oug </ ain dy> Oury weakly in L2(Q7). (2.5.16)
A 83:2 A 81‘2
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Proof of Claim (A): According to Theorem 2.3.2, the sequences {u.} € (Hvll(QE))2 and
{pe} € L*(£.) are uniformly bounded. This implies that {u}} is uniformly bounded in
(H! (Q;r))2 Now, using Proposition 1.4.3 (v), {T¢(uZ)} is uniformly bounded in

L? (O,l; (H' ((ha, ha) x A))2>. Therefore, (2.5.12) holds and the below mentioned

statements are true

T (ut +
9 an) . gz; weakly in (L2 (0 x A))?, (2.5.17)
TE(ut +
0 a(yus) ~ 85‘; weakly in (L2 (2F x A))”. (2.5.18)
: . - ouf e
By using Proposition 1.4.3 (iv) in (2.5.18), we have By = (. This implies that ;" and

the variable y are independent, thus u} € L? (O, 1; (H L (hy, hg))2> . Next, according to
Proposition 1.4.3 (viii) and (2.5.12), (2.5.13) holds. Further, using Proposition 1.4.3 (iv),
(vii) in (2.5.17), we get

— '
uc [ 9% 4 weakly in (L2 (@F))°, (2.5.19)
2

(9332 A 8m

which finally yields (2.5.15), as y and u] are independent.
From the uniform bounds of {Vu} and {pf}, the uniform bounds for {T¢(Vul)} €

(L* (2F x A))QX2 and {T°(pf)} € L*(QF x A) are obtained. As a result, up to
2X2

a subsequence (not renamed), there exists G := [Gy,Ga]! € (L? (" x A)) and
gt € L? (QF x A) satisfying
T° (Vul) = G weakly in (L? (QF x 4))%*, (2.5.20)
T¢ (pF) = g" weakly in L? (0" x A), (2.5.21)

where G; and Go are the row vectors of the matrix G and are given as (G} G%) and
(G G3), respectively. Considering Proposition 1.4.3 (vii) and referring to (2.5.20) and

(2.5.21), the below mentioned convergences hold:

8u5+ . 2 1) 2
— [ Gi1dy weakly in (L (Q )) , (2.5.22)
0y A
1;5;4/9+dy weakly in L2 (). (2.5.23)
A

Identification of Gi, G2 and g¢g": From Proposition 1.4.3 (iv), we identify G2 on
comparison of (2.5.17) with (2.5.20), written as

_l’_
_ Ou]

G2 N 8932

a.e. in QT x A, (2.5.24)

We will determine G; and then proceed to determine g*. Let us define ¢°(z) =
5¢(x17x2)ﬂ}{%}7 where ¢ € C(C:)O (Q+) and (VIS C;Co)gr((ov 1)) SO, 1 (¢£) = ET‘E(QS)Q[)(y)
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and

T¢ (¢°) = 0 strongly in L*(Q" x A), (2.5.25a)

T¢ (Vo°) — qﬁ?fel strongly in (L2(QF x A))?, (2.5.25b)
Yy

hold. Choosing v = ¢°¢; as a test function in (2.3.4) satisfied by u., with [ € {1,2}, gives:

2 +
.. E ausl 8¢6 aq 5 o + 8¢6 _ 5
Z /Qj a;j (m, 8 ) Dz, o dr + ase . Ugl ¢° dx o o oz, dx = o fi ¢ dux.

i,gl=1
(2.5.26)
Using Proposition 1.4.3 (i), (i7), (iv), and (1.4.1) in (2.5.26) gives:
2
oTe + OTE (o
Z / Qij (.%', y) 6(ual) a(¢ ) dxdy + Qg™ / Ugl d)e dx
ijl=1 QT xA &€ Xy Il
OTe (¢
_ / 7<) 279 4y = / T(f) T2 (6°) dor das dy.  (2.5.27)
O+ XA O Q+xA

Next, we simplify the second term on the left-hand side of (2.5.27) below:
T
g™ / g ¢° dr = o™ Z / Uer(en + ea, x2)P° (en + ca, x2) dzy
i n=0""M1

i1
e ho
+ upe™! Z / ugi(en + b, x2) @ (en + €b, x2) dxo
n=0"M
1
€ ha  p(n+l)e
= (e ! Z/ / Ug] (E[ﬂ} + aa,x2> ¢° <5[ﬂ] + aa,mg) dxidzs
n—o’h1 Jne € €
1
€ ha  p(n+l)e
+ et Z / / Ug] <€[ﬂ] + b, x2> ¢° <€ [ﬂ] + b, x2> dr1dzs
n—0’h1 Jne € €

= 04260“_1/ T (ugy) (21, 22, a)T°(¢°) (71, 22, a)dx1 d2
O+
—l—agaall/ T (ug)(x1, 22,0)T°(¢%) (21, 22, b)dx1dTo. (2.5.28)
o

Substituting (2.5.28) in (2.5.27), we obtain

OT*(u}) OT¢(¢°)

2
Z /&’2+><A @1j(2,9) Ox; oxy

i,4,l=1

+ageor-! / T () (1,2, 0)T5(6) (01,02, 0) sy
Q

dxdy

+ apecr—! / T () (1, 22, T (6°) (01, 22, )y v
Q
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- / T°(p?) 8T5(¢€> dzdy = / Te(f;) T°(¢°) darydao dy. (2.5.29)
QF xA £ QF xA

In order to pass the limit ¢ — 0 in (2.5.29), we use the convergences (2.5.20), (2.5.21),
and (2.5.25) and derive

2 o0 0 =2,

ari(z,y) Gt ¢ — dwdy = 2.5.30
Zl /QJFXA (e y) Gy 0, dedy / g6 aray 1=1, (25.30)
= Q+xA Jy

for all ¢ € C° (QF) and ¢ € Cp2,.((0,1)). Consequently, for almost every (z,y) € QF x A,

we have

2
> ay(x,y) G = . (2.5.31)
j=1 :

Take ¢ € C° (1) as a test function in (2.3.5) satisfied by u.. Now, we pass to limit
e — 0 by employing Proposition 1.4.3 (i), (ii7), (2.5.20), and (2.5.24), to get

1 3“12 +
G+ dy=0, fora.e xeQm.
A 012

Considering the y—independence of u; gives
1 aujQ +
Gidy = —|A| ===, forae ze€Q. (2.5.32)
A a$2
Next, in view of (2.5.32) and the first equation of (2.5.31), we get

o2 — _a12(l’,y) dufy
a1 (z,y) Oxa

. for a.e. (z,y) € QT x A,
Using the y—independence of u;", we have

o,
G2 dy = — (/ a2(@,9) 4 > 2 2.5.33
/A 1Y pan(z,y) ) O ( )

Taking into account (2.5.31) for [ = 1, (2.5.24), and (2.5.32), we get

+ dufy duy Ot
g dy = arp(z,y)dy | —= — a1 (z,y)dy | =—=, a.e in Q7. (2.5.34)
A A O A Do

Finally, substituting (2.5.32) and (2.5.33) in (2.5.22) gives (2.5.14). Similarly, substituting
(2.5.23) in (2.5.34) gives (2.5.16) and thus, Claim (A) is proved.

Claim (B): The state u] satisfies the variational formulation of problem (2.4.11) over
Qr.
Proof of Claim (B): Set the test function ® € (C2°(21))? in (2.3.4) and use Proposition
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1.4.3 (4i7), (i7) to obtain

2
Z /Q+ AT8 (aij (m,%)) T° <%1fr> -T* (gj)dwdy—l—azs /F Ue - P dr
X i 7 ;

ij=1

0P, 09y
— T* ;— T [ — + ) dz d —/ T* -T%(®) dx dy,
/Q+ x A (p ) (axl O0xa v Ot xA (f) ( ) v

which gives upon simplification

5 [ o) v (22) e (22)

3,j=1

+ et 1/ T (ue) (21, 2, 0) T(®) (21, 22, a) dzy dzso
Q
+ ape™ ™ 1/ TE Jil,lig,b)Tg(‘I’)(l'l,l'Q,b) dxy dxo
O+
00, 09,
— Te jT5<+ )dd—/ Te(f) - T¢ (®)dzdy. (2.5.35
Lorenr (55 [T @)y (2539

In order to pas the limit ¢ — 0 in (2.5.35), we use Proposition 1.4.3 (vi) along with the
convergences (2.5.20), (2.5.12), and (2.5.21) to obtain

)]
Z / aij(x,y) idﬂfdy-i-aﬁal ul (21, 22,0) ®(x1, 22, 0) dy dos
521 Jarxa O o+
0] o
+ a20q, u) (21, 22,b) ®(21,22,b) duy dag — / * <81 + 82) dx dy
o+ O+ xA Or1 Oz
_ \A]/ f-®d, (2.5.36)
O+

where J,, is a function that takes value 1 for ay = 1, and 0 otherwise. We replace (2.5.30)
for I = 2 in (2.5.36), followed by a comparison of the resulting equation with (2.5.34).

Eventually, we use the independence of the function u; with respect to the variable y to

2
0Py
az;(x, Gl-d] Ldr + / [/a x Gd}dm
;/{HUAM( y)Gj dy Z 2 (%, y 5
+ 296 dx—Z/ /a1 T y)Gldy Qdm
aq O+ * 7 8

:A|/ f ®da.
O+

obtain

Further, employing (2.5.24), (2.5.32), and (2.5.33) in the above equation, we get
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dufy out,] 0®,
/Q+ [(/Aagz(x,y)dy> Oy (/Aazl(x,y)dy) axz] T@dm
+ +
+/ [— </ a12(w7y)dy> Oty + (/ <CL11 + a2 — a2 a21> dy) au*Q] @dw
o+ A Oz2 A ar Oz | Oxo

+ 20900, uj(x)(ﬁ(w)dx:]M/ F®do
Q+ Qt

From the definition of Ay (see, (2.4.10)), we get for all ® € (C2°(QT))?

+
* P
Ay Ou : 0% dx 4 20204, ul - ®dr = |A f-®dx, (2.5.37)
Qt Oxy Oz Q+ O+

and thus, Claim (B) stands true.

Step 2: Here, we will establish the homogenized problem over €2~.

Claim (C): For all ¢ € (H} Q)% € (L*(Q75HL, ((0,1)%))%, and w €
L*(Q)7), there exists a unique ordered triplet (u,,a ,p") € (HI(Q7))? x
(L*(Q; HY., ((0,1)%)))? x L*(©~ x (0,1)?) which obeys the variational formulation:

/ Az, y) (Vu, +Vyu (z,y)) : (Ve + Vyyp)dzdy

Q—x(0,1)2

[ @ ive) @) ey = [ feds, (2.5.38)
Q- x(0,1)2 -

and,/ div(u, )wdzr = 0.

Proof of Claim (C): In order to prove (2.5.38), technique of unfolding operator for the fixed
domain is used. From the uniform bounds of {u;} € (H! (Q_))2 and {p-} € L*(Q7),
we obtain the uniform bounds for {T}(Vu_)} € (L*(Q~ x (0,1)2))?*2? and {T}(p7)} €
L2(92~ x(0,1)?) with the aid of Proposition 1.4.1 (i). Moreover, from Proposition 1.4.2 and
Proposition 1.4.1 (v), there exist subsequences not renamed and functions @~ satisfying
f(0,1)2 u - dy = 0, u,, and p~ in spaces (LQ(Q_;H;GT(O, 1)2))2, (HY(Q7))?, and L*(Q~ x
(0,1)?), respectively, such that

ug —u, weakly in (H'(Q7))?, (2.5.39a)
T (Vug) = Vu, + V@~ weakly in (L*(Q~ x (0,1)?))%*2, (2.5.39b)
T (po) —p~  weakly in L*(Q~ x (0,1)%), (2.5.39¢)
pr — . p~dy weakly in L*(Q7). (2.5.39d)

Choose the function ¢. = @(x) +ep(x)€(£), where, p(z) € (C(Q27))%, ¢(z) € C(Q7),
and &(%) € (HJ..(0,1)%*)% Applying the unfolding operator for fixed domain, we have

per

Tr (¢pe) =T (p(x)) + T (Pp(x))T7(E(y)), which under the passage of limit gives:

T* (¢.) — () strongly in (L*(QF x (0,1)?))2, (2.5.40a)
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T (V) = Veo(z) + ¢V, €(y)  strongly in (L*(QF x (0,1)%))%*2. (2.5.40b)

Taking ¢. as a test function in the weak formulation (2.3.4), employing unfolding operator

with Proposition 1.4.1 (i), (i) and the convergences (2.5.39), and (2.5.40), we get the

first equation of (2.5.38) under the passage of limit, which remains valid for every ¢ €

(H;{(Q_))2 and ¢ & = ¢ € (L*(Q; H,,,.(0,1)%))?, by density. Further, for all w € L*(Q"),

we have / div(u, ) wdzx = 0. Now, upon applying unfolding on it and using Proposition
-

1.4.1 (z), (i) along with convergence (2.5.39b), we get under the passage of limit € — 0,
(div(u*_ ) + div, (ﬁ_)) wdz dy = 0, which eventually gives upon using the fact

Q= x(0,1)2
that @~ is (0,1)?— periodic, for all w € L?(Q27), the second equation of (2.5.38). Thus,

the proof of Claim (C) is settled.
Now, we are going to identify the limit functions @~ and p—.

Identification of u~, p—: Taking successively ¢ =0 and 1 = 0 in (2.5.38), yields
- diVy (A(l', y)vya_ ($, y)) + vyﬁ(% y) = divy(A(:U? y))vu*_ (.%') in Q_ X (O> 1)27

—div, / A(z,y) (Vuy (z) + Vya (z,y)) dy) +V (/ dey) =f inQ,
(0,1)2 (0,1)2

)=0 in Q"

(x,-) is (0,1)% — periodic.

(2.5.41)
In the first line of (2.5.41), we have the y-independence of Vu; (x) and the linearity of
operators, viz., divergence and gradient, which suggests u~ (z,y) and p—(z,y) to be of the

following form (see, for e.g., [63, Page 15]):

- s g
S _ (2.5.42)
— 8 au*j _
p(wy) =) T (y) 5, T Px (@)
iB=1 A

where the ordered pair (uy,p;) € (H'(Q7))% x L?(Q7), and for 1 < 4,3 < 2, the pair
(X?, HJB) satisfy the cell problem (2.4.9).

Identification of / p~ dy: Choosing the test function y = (y1,y2) in the weak
(0,1)?
formulation of (2.4.9), we get

2
0 Jé] Ié; OP* 8y2 / %]

apr— P, —X; ) m——7—dy=2 IT; dy. 2.5.43

/(0,1)2 lkayk< I XJ) Oy 0Ya Y (0,1)2 i ( )

In view of (2.5.39d), (2.5.42), and (2.5.43), we observe that

2 —
A_ 1 0 8 8 0P Oy; au*]’ _
pdy =+ / alk7<P‘ —x~>- : dy +py,
/(0,1)2 Zi,j,k%);ﬁl o1z  Oyp \7 1) Oy Oya Oxp

ik, l,a=1
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which upon using the definition of a , gives

2

1 ou,; Oy;
/ prdy=5 > aff TI 4oy (2.5.44)
(0.1)> 2 apa | 9T Ova
Equation (2.5.44) can also be written as
A 1 _ _
/ p dy=—-AoVu, : [ +p, . (2.5.45)
(0.1) 2

Finally, we identify the weak convergence of p_ from the substitution of (2.5.45) in
(2.5.39d), given as

1
p. — 3 AoVuy : I +p, weakly in L*(Q7), (2.5.46a)

Claim (D): The pair (u, ,p, ) satisfies the variational formulation of problem (2.4.11)
over 17.

Proof of Claim (D): Putting the values of u™(z,y) and p—(x,y) from expression (2.5.42)
with ¥ = 0 into equation (2.5.38), we get

2 _
ou_.
/ Alwy) [ Vur = S Vi) S | - Ve dsdy
Q= x(0,1)2 jp=1 (9:135

2
ou,.
_ B *j B B . B |
jﬂzzl/ﬁ—x(o’l) H ( ) 81’5 le( )d.%'dy /Q— D (l’)dlv(go)dx\/ﬂ_f pdx.
(2.5.47)

Set PjB = yjes. Then the terms Vu, , Vi, and div(¢p) have the following expression

2 d; D
Z v, Pﬁ . Ve=)Y v,P? 8;:1’ div(p Z div, (P®) 8;;

j,8=1 i,o=1 i,=1

Substituting these expressions in (2.5.47), we obtain

ou”. 0w
B _ By, a xj OPi
g /_ (/01 (2, ) Vy(P; —x;): Vy P dy) Dz O dx

i,5,0,0=1

8 1. u,; Do — 5
Z / / 1T} div, (P)dy z dx — / p, div(p)dx = I pdx.
ivjonf=1 01)2 81‘5 aﬂfa - Q-
(2.5.48)

Now, choosing the test function x¢ in the weak formulation of (2.4.9), we get the following
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upon using the fact that div,(x{) = i, where 6 denotes the Kronecker delta function:

/(0 e Az, y)Vy (Pf - xf) : Vyxi dy = /(0 e Hfdm dy, (2.5.49)

Further, substituting (2.5.49) in (2.5.48) upon using the fact that div,(P?) = di, we

obtain

Iy Dp;
Z / (/ Az y)vy(PJ@_X?): vy(Pia_Xz‘a)dy> 3905] 8;:0 dx

i,5,0,8=1

— / p, div(p) dx = f-edr. (2.5.50)
_ -

We re-write equation (2.5.50) for all ¢ € (H}(27))? that is expressed by

U
7.] o4 B 1 856'8 8xa Q-

Also, for all w € L*(Q2™), the equation (2.5.38) yields [, div(u; )wdz = 0. This together
with equation (2.5.51) imply that the pair (u;,p; ) in space (H(27))? x L?(27) satisfy
the variational formulation of the problem (2.4.11) over Q. This establishes Claim (D).

_\2
Step 3: Considering the test function ¥ € (CS?(Q)) in equation (2.3.4), we get
1

ANVul: VW dz + ae™ /1 ue - Wdr + ; ANVu, : V¥ dx — /Q+ g div(¥)dz
It -

£

of

— /_ p. div(¥)de = /Q+ f-¥dx+ f-¥dx. (2.5.52)

Q-

Taking into account the previous steps, we obtain

lim / ANVul: VW dz + 04250‘1/ ue - Udx —/ p div(®) dx —/ I \I'dx]
=0 | Jof Il o ot
T 0w
= A+ Ou; 0 dz + 20904, ul - Wdr — |A / f-¥dz, (2.5.53)
8%2 8:@ O+ Qt
lim [ ANVu, : V¥dx —/ p. div(¥)dx —/ f- lIldx]
e—0 O — —
U, ; OU;
Z / dfﬁ i 0 / py div(®)dz — [ f-®dz. (2.5.54)
o Oxp Oara - o

2
Thus, using (2.5.53) and (2.5.54) in (2.5.52), we get by density for all ¥ € (U,Y;(Q))

6u+ ow i 00,
d 20190, - W d g ——'d
t 0xs  Ozo T+ 2020a o+ vt jazﬁz 1/ ij 81'5 0%y, v
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_/p;div(\p)dx:|A| /mf-\Ildx+/Qf-‘Ildx.

2
Further, we define u, = u] xqo+ +u, Xq-, which belongs to (Uo','yl/(Q)> (see, [57, Theorem
4.2]). Thus, we conclude that the pair (u,,p; ) uniquely solves the variational formulation
of problem (2.4.11). Taking into account uniqueness of solution, we establish that the

subsequent pairs are equal:

(u,p) - (u*,p;).

The proof of Theorem 2.5.1 is complete. 0

In the following theorem, we state a corrector type result for the particular case when A,
is an identity matrix and the parameter A = 0 in (2.1.1). A result that has been proved
in [57].

Theorem 2.5.2 (Theorem 5.1, [57]). Let f € L*(Q) and A: be the identity matriz. If
the corresponding pairs (ue,ps) and (u,p~), respectively, solves the problems (2.1.1) and
(2.4.11), then

1;} — Xquﬁ — 0 strongly in L* (07 L; (Hl(hb h2))2) )

oud duy ' 2
879061 + Xaf 87332261 — 0 strongly in (L2 @)
dut du* : 2
By o 0 s (020

u,

—u~ — 0 strongly in (Hl(Q_))Q.

In addition, if/ (pe —p~ )dz =0 for everye > 0, thenp_ —p~ — 0 strongly in LQ(Q_).
O

2.6 Conclusion

In this chapter, we address the homogenization of the generalized stationary Stokes
equations (2.1.1) in a two-dimensional oscillating domain ., utilizing the remarkable
method of unfolding outlined in Chapter 1. Our emphasis lies on subjecting the
vertical boundary of +. to the Robin boundary condition, involving real parameters
a1 > landas > 0 while imposing the Neumann boundary condition on its horizontal
boundary. Until now, this scenario has not been explored in the literature.

Our approach begins with the standard derivation of a priori estimates uniform with
respect to ¢ for the sequence of velocity and pressure functions in their respective Sobolev
spaces. Subsequently, by employing the unfolding method, we conduct a thorough limiting
analysis for the considered problem (2.1.1). The presence of the Robin boundary condition
leads us to observe, in the convergence analysis, the emergence of the d,, function in the
limit problem (2.4.11) in the fixed domain €. Also, the presence of oscillating matrix

A, poses additional difficulties in the analysis, particularly in the bottom fixed part 2,
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which we tackle using suitable corrector functions satisfying the cell problem (2.4.9) in
the unit square reference cell. Thus, in the homogenized problem, we obtain non-trivial
contributions in the upper fixed part Q" governed by a generalized elliptic system and
the generalized stationary Stokes equations in the bottom fixed part Q. Additionally, we
observe a corrector-type result under the particular case of stationary Stokes equations

with Neumann boundary conditions throughout the highly oscillating boundaries.



Chapter 3

Interior Control on the Upper
Oscillating Region

This chapter introduces an interior optimal control problem (OCP) in a two-dimensional
domain 2. with a highly oscillatory boundary governed by the stationary Stokes equations.
We consider the periodic controls in the oscillating region of the domain and use the
unfolding operator to characterize the optimal controls. Further, we establish the
convergences of optimal control, state, and pressure in a suitable space to the ones of

the limit system in a fixed domain.

3.1 Introduction

In this chapter, we consider the asymptotic analysis (homogenization) of an interior
optimal control problem associated with the Stokes system in a two-dimensional domain
Q. (see, Section 1.4.1, for the domain description) with highly oscillating boundary. Unlike
the classical Stokes equations, we consider a modified Laplacian operator, i.e., an elliptic
linear differential operator of order two in divergence form, with coefficients dependent on
the space coordinates. This type of modified Stokes operator was first studied in detail
by the authors in [5] under the periodicity hypothesis on the coefficients. We apply the
periodic controls in the oscillating part of the domain, i.e., QF (see, Figure 1.1). The
objective of this chapter is to obtain the characterization of the optimal control and the
asymptotic analysis of the optimal solution (viz., optimal control, corresponding optimal
state, and pressure) and the associated adjoint state and pressure. We employ the method
of unfolding operator to achieve the characterization mentioned above and obtain the
homogenized system and the results on the convergence analysis.

The asymptotic analysis of the partial differential equations on domains with highly
oscillating boundaries with fixed amplitude has been widely analyzed. Using the extension
operators technique, in [17, 18], the authors studied the asymptotic analysis of the solution
to the Laplace equation subject to the homogeneous Neumann boundary condition on the
oscillating boundary. While, the same problem was further analyzed, by the authors in
[19], under non-homogeneous Neumann boundary condition of the form ~ye? for 7,7

belonging to R and [0, 00), respectively. The authors in [26] studied homogenization of

fThe content of this chapter is published in: “S. Garg and B. C. Sardar. Asymptotic analysis of
an interior optimal control problem governed by Stokes equations. Math Meth Appl Sci., 46(1):745-764,
2023.”
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the brush problem with L' source term subject to the Neumann boundary condition.
Owing to the L' source term, the authors used the concept of renormalized solutions to
establish the existence and uniqueness of the renormalized solutions and their stability.
In [33], the authors consider a two-level thick junction of the type 3 : 2 : 2, and
study the homogenization of solutions to a quasilinear parabolic PDE subject to various
boundary conditions, viz., alternating, inhomogeneous, and Fourier conditions. Here, the
authors used the special integral identities in the case of inhomogeneous Fourier boundary
conditions. The limits of linear and nonlinear terms were respectively obtained using
special test functions and the Browder-Minty method. For further reading on the problems

over rapidly oscillating boundaries, we refer the reader to [20, 22, 38—-40].

Regarding the literature on the homogenization of OCP in a rough domain, the authors
in [44] studied the asymptotic analysis of an interior OCP governed by Laplace equations
posed in a domain with highly oscillating boundary. The authors applied the control away
from the oscillating part of the domain. They considered two types of cost functionals viz.,
L?—norm on the state variable, and the other one is the H'—norm on the state variable.
Using the unfolding operator technique, the authors in [45] considered an interior OCP
in an oscillating domain, the control being acting on the oscillating part of the domain,
and obtained the characterization of the optimal control in terms of the adjoint state.
Then, they finally established the homogenized OCP. In [46], the asymptotic analysis of
an OCP with the parabolic problem over a branched domain is studied using the unfolding
operator. In [47], the asymptotic analysis of an OCP with the semi-linear problem over
the general oscillating boundary domain is studied using the unfolding operator technique.
In [48], the homogenization of an OCP with an elliptic problem over the circular domain is
studied using the unfolding operator suitably developed for the considered domain. In [49],
the authors homogenized the boundary OCP with a highly oscillating boundary, wherein
the controls act via both the Dirichlet and the Neumann boundary conditions over the
smooth part of the boundary and employ the periodic unfolding operator technique to
obtain the limit OCP.

With general cost functional, the authors in [50] considered an OCP governed by parabolic
equations posed on an oscillating domain. Here the authors proved the existence of the
optimal control and characterized it in terms of the adjoint state. Further, employing the
oscillating test function technique, the authors obtained the limit OCP. The authors in
[51] studied the asymptotic analysis of an interior OCP governed by the Laplace equation
upon employing the oscillating test function technique. Whereas, in [52], the authors
studied the asymptotic analysis of boundary OCP governed by the Laplace equation upon
employing the Buttazzo-Dal Maso abstract scheme. For further readings in this direction,
we refer the reader to [33, 53, 54].

There are very few works concerning the homogenization of the Stokes system in rough
domains. In [55], the authors first investigated the homogenization of the Stokes system
in a pillar-type domain and using boundary layer correctors, established a first-order

asymptotic approximation of the flow. Regarding the OCP, in [56], the authors have
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examined an interior OCP in a three-dimensional pillar-type rough domain with a standard
quadratic cost functional with the state solving the stationary Stokes system. The Stokes
system has a Dirichlet zero boundary condition on the oscillating boundary in both of
these papers, which results in trivial contributions on the upper part of the homogenized
system. The homogenization of the stationary Stokes system subject to the Neumann
boundary condition on the oscillating boundary has been recently studied by the authors
n [57]. Very recently, in [58], the authors studied the asymptotic analysis of a boundary
OCP governed by Stokes equations, where the controls were applied through Neumann
boundary condition. Due to the Neumann boundary condition, a non-trivial contribution
on the upper part in homogenized systems has been observed in both the preceding studies.
In the present chapter, we apply the periodic interior controls in the oscillating part of
the domain subject to the Neumann boundary condition on the oscillating part. As a
consequence of the Neumann condition, we observe non-trivial contributions on the upper
part in the homogenized OCP.

This chapter is organized as follows: In Section 3.2, we pose on the oscillating domain €.
(see, Figure 1.1), the steady-state Stokes system with homogeneous Neumann boundary
condition on the oscillating part of the boundary. To homogenize, we employ the technique
of the unfolding operator already detailed in Section 1.4.2. The optimality system governed
by the steady Stokes equations is introduced in Section 3.3. After that, we obtain the
uniform estimates for the solutions independent of the oscillating parameter €. Section
3.4 presents the limit OCP in a fixed domain Q (see, Figure 1.2) under the asymptotic
analysis of an OCP in Q. governed by the Stokes equations and the convergence analysis

is given in Section 3.5.

3.2 Problem Illustration

We consider an OCP associated with the stationary Stokes equation over the oscillating
domain Q.. Here, our objective is to minimize the L?—cost functional with periodic

controls in the oscillating part of the domain. More precisely, we consider

1 T
inf 0) = - 0) —ug|> + = 0°|? P.
it {0 =5 [ o) -+ [ o) (P
subject to
2
0 Oou, R .
—ijZ:1 T%(aw(l‘) 8%) +Vp. =86 Xof I Q,
div(u:) =0 in .,
, (vse) : (3.2.1)
ou,
Z aij(x)?ﬂai —peppe =0 on e,
— T
i,7=1
u. =0 on 7,
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where ug = (ug,,uq,) is the desired state in (L?(2))? and 7 > 0 is a given regularization
parameter. The control 6° defined on the space (L2(Qj))2 is of the form 0°(z1,z2) =
0(™, x2), where the control function @ is defined on the space (LQ(A+))2. Also, xq+
denotes the characteristic function of Q7.

Here, we assume the matrix (a;j(2)),; ;<o satisfy the uniform ellipticity condition, with

entries a;;(z) € L*(2) for 1 < 4,5 < 2. By uniform ellipticity condition, we mean that

there exist real constants m, M > 0 such that m||¢]|? < Z aij(x)&& < MJ|E|J? for all
i,7=1

¢ € R2, which is equipped with a standard Euclidean norm denoted by || - ||. Also, p.

denotes the outward normal unit vector on ~..

Further, we consider the space (H%l (QE))2 ={ve (Hl(Qg))2 |y, = 0}.

Definition 3.2.1. We say a pair (u.,p:) € (H%I(Qs))2 x L2(Q.) is a weak solution to
(3.2.1) if, for allw € (H) ()",

ov ) _
Z / 83:] Oz, dx — /QE pe div(v)dx = /Q€+ 0° . vdx (3.2.2)

1,j=1

and for all w € L*(),
/ div(ues) w dz = 0. (3.2.3)
Qe

The existence and uniqueness of a weak solution (u:(6°),p:) € (H%l (QE))2 x L%(Q.) of the
system (3.2.1) follow along the lines of [62, Theorem IV.7.1], which we adapt in Remark
3.2.2. Also, there exists a unique solution to problem (FP:) (cf. [45, Theorem 2.1]).

Remark 3.2.2. To prove the existence and uniqueness of a weak solution to (3.2.1),
we follow [62, Theorem IV.7.1] to first prove the existence and uniqueness of the velocity
function ue by using Lax-Milgram Theorem (see, [62, Theorem I1.2.5]) and then recover
the pressure term p. by using de Rham’s Theorem (see, [62, Theorem IV.2.4]). Therefore,
if we choose v € (H%l(Q,E))2 such that divv = 0, then (3.2.2) and (5.2.3) converts into
the following form: Finding u. € (H%l(Qs))2 satisfying divu. = 0 such that

8u5 ov
dr = 6°-vd 2.4
Z/ 6% 9 T = /Qj vdr, (3.2.4)

5,j=1

forallv € (H;l(fla))2 with dive = 0.
For simplification, we denote by (W, (Q:))? the space offunctions v € (H] (9))? such that

dive = 0. Now, for each € > 0, the bilinear form A(ug,v Z / aii(@ 3us g'v I
Ox; Ox;
i,j=1 J E

is symmetric, continuous, and uniformly elliptic on (Wy,(2:))% x (W,,(Q2))? using the
symmetric, continuity, and uniform ellpiticity properties of the matriz (ai;)i1<ij<2 along
with the Poincaré inequality (2.2.2). Hence, by the Laz-Milgram theorem, there exists a
unique solution u. € (W,,(Q2:))? to (3.2.4).

Further, if we restrict ourselves to v € (C°(§2))? with dive = 0 in (3.2.4), then by de
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Rham’s theorem, there exists a unique pressure p. € L*(Q:)/R such that we have the first
equation of system (3.2.1). Indeed, it is easy to check that p. is unique in L*(S2.). Hence,
the system (3.2.1) possesses a unique weak solution (u-(60%),p;) € (Hvll(Qe))2 x L?(€.).

Notations: For convenience, we will use the following notations throughout this chapter:

a;j = a;j(z) for 1 <4, <2, and (aij)lgi,j§2 = (aij(x))lgi,ng

3.3 Optimality System and A Priori Estimates

3.3.1 Optimality System

In this section, we formulate the characterization of the optimal control to the problem
(P-) with the aid of the unfolding operator.

For each ¢ > 0, let 8. € (L?*(A"))? be a unique minimizer of the problem (P.) and
(Ue,p.) € (H%l(ﬂg))2 x L?(£2) be the corresponding solution to (3.2.1), where 6. is the
optimal control, u, is the optimal state, and p, is the associated pressure. We call the

triplet (@, D., 6<), the optimal solution to (P:). Consider the adjoint system corresponding
to (3.2.1): Find (ve,q,) € (H%l(Qg))2 x L?(Q.) which satisfies the following system

2

13 oo, _ _ :
_ Z,;l 7 (aﬁ(m) 8mj> +Vq. =ue—uqg in Q,
div(v:) =0 in Q,
(3.3.5)
2 _
0v, _
Z aji($)%,uai —Gcpe =0 on e,
i,j=1 J
ve =0 on v,

\

where U, and g, are the adjoint state and adjoint pressure, respectively. There exists a
unique weak solution (0., q.) € (H3 (Q:))? x L*(Q) to the adjoint system (3.3.5). For
details on the proof, one can use the standard arguments (see, [62, Theorem IV.7.1]). We
now present the characterization of the optimal control 8. with the aid of the unfolding

operator and adjoint state v in the following theorem.

Theorem 3.3.1. Let (ﬂe,ﬁs,ae) be the optimal solution of the problem (P:) and e
satisfies (3.3.5), then the optimal control 0. € (L?(A™))? is given by

_ 1 !
0.1.2) = — | @) @) d, (33.6)

where the unfolding operator T° is defined in Section 1.4.2. Conversely, assume that a

triplet (diz, -, 0.) € (HL () x L2(Q2) x (LA(A))? and a pair (8.,4.) € (HL (2.))”

L2(S2.) satisfy the following system
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29 o .
=3 (o) 5E) + Vi =62 xgr in O,

] ox; Ox;j e
2
0 L) . . .
— Z oz, (aji(a:) (9xj) +Vi§ =1 —uqg in .,
1,j=1
div(@.) =0, div(d:) =0 n ., (3.3.7)
2
ot .
> aij(w) 5 e —Deppe =0 on e,
ij=1 J
2
0 .
Z aji(x)ﬁs'ﬂai —qepte =0 om e,
ij=1 J
'88207 '&/6 =0 on i,
where 0% (1, x5) = 95(%,x2) for (z1,x2) € QF and
. 1 ! )
Oe(yl, y2) = —; / TE(’UE)(.’El, Y2, yl) d:El. (338)
0

Then, the triplet (e, pe, 0c) is the optimal solution to (P:).

Note: In the expression é§ (1,x2), the upper script ¢ is used to indicate the periodic
scaling with respect to the first variable z7 i.e., ég(ml,xg) = 0}(%,:1:2), and the lower
script € is used to indicate the optimal control at ¢ stage. We will adapt the above

convention throughout this chapter wherever applicable.

Proof. Aiming at completeness, we present a short proof arguing along the lines of [45,

Theorem 4.1]. Since 6. is an optimal control, it implies that

J.(8. + \0) — J.(8.)

A >0 Y A>0and@ e (L}AM))>2 (3.3.9)

Simplifying (3.3.9) and then passing to the limit when A — 0, we get

0 < lim Je(0: +20) = J(0:) :/ (T — ug) - ('wgsa)d:c—i—T/ 0. -6°dx, (3.3.10)
A—0 A . ’ f

where 0. (x1,z3) = 0.(%, 13), ue(0° + \0°) — u (0)) = Aweee, pe(0° + \0°) — p.(0) =

Apg=c, and the pair (we:c, pge:) € (lel(Qg))2 x L?(€.) solves

( 2
8 8’11)98 .
_ E Bz (aij(az) 73xi€) + Vpgs: = 0°xq+ in
ig=1_" J

div(wge:) =0 in Q,
’ (3.3.11)

D aij(w)— = ptei — pocep= =0 on e,
J

wes, =0 on ;.
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Since (U, P, 0:) is an optimal solution, we have from (3.3.10), for all 6 € (L*(AT))?

/ (@ — uq) - (wosc) da + T/Q+ 0. - 6°dx = 0. (3.3.12)

£

Using test functions wg-. and U, respectively in (3.3.5) and (3.3.11), we obtain

T e 0v. wo:e o . d 1
[ @ woydr= 3 [ o) G T = [ 07 wear @319

ij=1

From (3.3.12) and (3.3.13), we obtain further, for all 8 € (L?(A1))?

0° -v.dx + T/ 5; -0°dz = 0. (3.3.14)
Qf of

Using Proposition 1.4.3 (i7), (i) in (3.3.14), we get
/ 0° T do = / T°(6°) - T (w.) daedy
of QF xA
= / 0(y1,y2) - T°(Ve ) (21, y2, y1) dz1 dyr dyo (3.3.15)
QFfxA
1
= /+ </ Te(vs)(l'lay%yl)d:nl) -0(y1,y2) dy1 dy2
A+ \Jo

and
/ 0. 6% dv — / T5(65) - T%(6°) dudy
of QF xA

/ 0-(y1,v2) - O(y1, y2) dy dy1 dys (3.3.16)
Qt xA

= /Mes(yl,yz)'@(yhm)dyl dys.

Hence, using (3.3.15) and (3.3.16) in (3.3.14), we finally obtain (3.3.6). This settles the
proof of the first part.

Conversely, suppose that (u.,v.) € (H;Z(QE))2 X (H%l(Qa))2 and 6, € (LQ(Q;F))2 obey
(3.3.7) and (3.3.8), respectively and observe

N A 1 . N N
J-(0: +0)— J.(0;) = / (ue1 — ) dr + / (Ueq — Ue) - (Ue — ug) do
Qe

2 Q.
—l-T/ ég-eaderT/ 6°% du,
o 2 Jar

where u. 1 = u. (65 + 6°). Using (us,1 — ) as a test function in the second equation of
the system (3.3.7), we notice that

(3.3.17)

2 00 O(ue1 — Ue)
/<u ONCEEDLEDY / G Gay T om

ij=1

Again, using 9. as a test function in the first equation of system (3.3.7) satisfied by
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(te,1 —u.), we find that the right-hand side of the above equation is equal to / De-0° dx.
+

Q
Further, simplifying the above equation by using the properties of the unfolding operator

along with equation (3.3.8), we have

/ (usjl—/ljl,&-)-(’&g_ud)dx:/\ fi}e_Gde
€ Qj
= [ T T07) dudy
QFf xA
1
= [ ([ @) ) 0 v e
0

= —T/+éa(y17y2) -0(y1, y2) dyr dy
A

= —7'/ 65 - 6° du.
of

Hence, using the above expression in (3.3.17), we finally obtain, for all 8 € (L?(A™))?

J.(0: +60) — J.(6.) > 0.

Thus, (., pe, 0:) is the optimal solution to (FP:). O

3.3.2 A Priori Estimates

Let us use the Poincaré inequality (2.2.2) and the Bogovski operator theorem (2.2.3) to
derive the uniform bounds (independent of ¢) for the optimal solution to the problem (P:)

and their corresponding adjoint counterparts (viz., adjoint state and pressure).

Theorem 3.3.2. For given ¢ > 0, let 0. € (LQ(A*))2 be an optimal control to the
problem (P.), then the sequences {0.}, {w.}, and {p.}, respectively, in spaces (LQ(A+))2,
(H%I(Qa))Q, and L?*(2) are bounded uniformly with respect to . Furthermore, the
corresponding sequences {v:} and {q.}, respectively, in spaces (H;Z(QE))2 and L*(Q.) are

also bounded uniformly with respect to €.

Proof. Let us denote by u.(0), the solution to (3.2.1) corresponding to 8 = 0. Using the

fact that (w., 6.) is an optimal solution to (P:), we have
Hﬁs(é) - 'u’dH%LQ(Qa))2 + T“azH?[p(Qj)P < HUS(O) - udH%LQ(Qe))Q’
which implies that
— — 1
||0§||(L2(Qj))2 = [10:[[(z2(a+y)2 < 7 (llue(0) [l L2y + llwall(2(0.))2) - (3.3.18)

We wish to compute the estimate ||u-(0)|(z2(q.))2, 0 as to prove the uniform bound for
the optimal control 8. € (L?(A1))2. For that substitute w = p. in (3.2.3) and v = u.
in (3.2.2). Employing the uniform ellipticity property of the matrix (a;;)i<i j<2 and the
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Poincaré inequality (2.2.2), we get

2
35l

Oou, Ou,
e <Z / i G e 4 < I 1 g2 g Tl

where m > 0, is an ellipticity constant for matrix (a;;) 5 and the expression on the

1<i <

left hand-side of the above equation is equal to m| Vu.||? ax2. Therefore, upon further

(L2(Q))
simplification, we get

From (3.3.19), for 8 = 0, we have HVuE(O)H(LQ(Qe))zxz < 0. Using this estimate and (2.2.2)
in (3.3.18), we establish the uniform boundedness of [|6. |(z2(y+))2 with respect to e. Also,
for 8. = 6. in (3.3.19), we have

||Vﬂ5||(L2(Q5))2X2 S K H§5H(L2(A+))2' (3.3.20)
Thus, using the uniform bound of ||, ||(z2(p+))2 and (2.2.2) in (3.3.20), we establish the

uniform boundedness of [[u.||(1(q.))2 With respect to e.

Now, we give the proof of uniform bound for the associated pressure term, i.e., [|P.||z2(q.)-
From the Bogovski operator theorem (2.2.3), there exists g. € (H;Z(QE))2 such that
div(ge) = p.. Corresponding to 6., we get upon substituting v = g. in (3.2.2)

aua 0g. —¢
15117200, Z/ aij(z &Cj o dx_/ﬂi 6° - g.dz. (3.3.21)

1,j=1

Using the uniform ellipticity property of the matrix (a;j)1<; j<2 and (2.2.2), we get from
(3.3.21)

0g-

Ju,

<K (HVﬁa”(m(Qe))sz + ||§5||(L2(A+))2> IVGell 2 (.22

o . 18l gy | Vel 122

(L2(Q))?

This implies that [[p.[|z2(q.) < K on using the uniform estimates HVHEH(LZ(QE))axz,
||05||(L2(A+))2’ and the one given in (2.2.3). Thus, we have established the uniform
boundedness of the associated pressure term. In a similar way, we can obtain the
uniform boundedness of the corresponding sequences {v.} and {q.}, respectively, in spaces
(H3,(Q))? and L*(9). O

3.4 Homogenized System

This section is concerned with the homogenization of the optimality system. Taking into

account the function spaces introduced in Section 2.2, let us introduce the limit OCP given
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by
inf {J(B)—l/(|A| + o) u—u ]2d3:+|A|T/h202da:} P)
0 (L2 (hy,h2))2 2 Jg Xo+ T Xo- d 2 I 2
subject to
( 0 ou™
—— (B — =60 inQF
833‘2 ( 6952 > - ’
+
B _o wr,
6332
2.0 ou~
—Zi Qij 5 — +Vp_ =0 in Q_,
3,j=1 (3422)
div(u™) =0 inQ7,
u~ =0 onn~,
ut =wu" onT,
ou™ 2 w
\ ‘!&’ [l} (9az2} = ;E;VGQj ?iaf —’l) €9 on Ix

2
where u = ut xo+ +u~ xo- belongs to <U7;(Q)) and @ € (L?(h1, ho))?. Also, matrix

B is given by

B =

a22 —a21 ]

a12021

—a12 a1+ a — ~

2
Definition 3.4.1. We say a pair (u,p™) € (U /(Q)> x L*(Q7) is a weak solution to

"
(5.4.22) if. for all 9 € (U%/(Q))2,

+ , .
. ( aQ+ b 21;2 : g;l;da: - /Q+ o 1,bd:c> N /Q_ P div¢d$—.z_:1/_ azg(x)%lgz dz,
o (3.4.23)
and for all w € L*(Q7),
/ div(u™) wdz = 0. (3.4.24)

Here, the matrix B is uniformly elliptic and bounded using the uniform ellipticity and

boundedness properties of the matrix (ai;)1<i j<2 and this is easy to verify. The existence

2
and uniqueness of such a pair (u,p™) € <U%/(Q)> x L2(Q7) can be found in ([57, Theorem

Rl
solution to (P). Also, we can prove the existence of a unique optimal solution to (P) using

_ 2
4.5]). We call the triplet (w,p—,0) € (U /(Q)> x L2(Q7) x (LZ(hl,hQ))27 the optimal

standard arguments (see, [45, Theorem 2.1]).

2
Consider the limit adjoint system corresponding to (3.4.22): Find (0,77) € (UV{(Q)> X
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L?(27) which satisfies the following system

0 ovt
.~ | Bt I in OF
61'2 ( 81‘2) u Ug m y
ovt .
t 87:1:2 =0 in Fu,
2N o5~ :
- 2 (apl) ) Ve —u —wa Q7
b=l (3.4.25)
div(m™) =0 inQ,
v =0 on 7,
vt =v onl,
8@"!‘ 2 - _
\ A [Bt 8952] N Zlam O —qe onTl,
1=

where B! denotes the matrix transpose of B. In the following result, we provide the
characterization of the optimal control @ with the aid of the unfolding operator and adjoint

2
state v € (UW;(Q)) and the proof is analogous to Theorem 3.3.1.

Theorem 3.4.2. Let (H,TT,E) be the optimal solution to the problem (P) and v satisfies
(3.4.25), then the optimal control @ € (L*(h1,h2))? is given by

_ 1 !
0($2) = —/ ﬁ—‘_(l'l,l’g) dxy.
0

T

R 2
Conversely, assume that a triplet (,p~,0) € (UW{(Q)) x L2(Q7) x (L%(h1, h2))? and a

2
pair (4,4~ ) € (U%/(Q)> x L?(Q7), respectively, satisfy the following systems

0 oar A
—— (B — =0 inQF
8:1:2 < 61'2) m ’
oat .
sz =0 Fu,
22 9 o4~

div(a~) =0 inQ",

a- =0 on~v,
at =4~ onT,
oat 2 _
_ ou A
|A| |:B W = Z agj Tx] —p €2 on F,
\ 2 i,j=1

and
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0 oot
.~ (Bt 2= — 4t — in Ot
Dg ( 8@) ) ug n ,
oo+ .
t 87_7)2 =0 m Fu,
2 ~
0 o0v~
_ I ov Vi~ —d — in Q-
div(p™) =0 inQ",
v~ =0 on 7,
ot =v~ onT,
o+ 2 _
|A] [Bt 5562] = Zlagi i G es onT,
=
where
A 1

Then, the triplet (A

1
—/ ’17+(£L'1,£L‘2)dx1.
T Jo

D, é) is the optimal solution to (P).

3.5 Convergence Analysis

We now formulate the convergence result for the solutions to the problems (P:) and its

associated adjoint system (3.3.5), in the suitable function spaces.

Theorem 3.5.1. For given £ > 0, let the triplets (u.,p.,0:) and (w,p,0), respectively,

be the optimal solutions of the problems (P:) and (P).

U

P

%
our
oxy

61’2

D

0+

0.

and

- T

Then

—u weakly in (Hl Q_))z,
),

(
— 7~ weakly in L*(Q7)
— |Al@™  weakly in L* (O, 1; (Hl(hl, hg))z) )

87+
A (61 N m62> duy
ail 81‘2

out . 2 () 2
|A\a—$2 weakly in (L* (Q%))",

weakly in (L2 (Q+))2 ,

81:2 an 81’2
— 0  weakly in (L2 (A*))Q,

> weakly in L?(Q7),

weakly in (Hl (Q_))2 ,

- —~ g weakly in L*(Q7),

— |Afg"  weakly in L? (O, 1; (Hl(hl, h2))2) )
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o5+ a1 dvy - 2
ajl — —|A| (61 + a1162> a—é weakly in (L* (Q1))",
ov:
8.7}2

ovt ) 2 [y 2
\A|a—x2 weakly in (L* (Q1))",
ooy vy

% — [A (aﬂ(‘)xg —an 8x2> weakly in L*(QT),

_ 1 /1
where O(z2) = —— [ ©" (21, 22) dz1 and the pairs (v.,q.) and (V,G) solve respectively

T Jo
the systems (3.3.5) and (3.4.25).

Proof. Since a triplet (w.,p,,6:) is an optimal solution to problem (P:), we have the
uniform bounds, owing to Theorem 3.3.2, for the sequences {0.}, {w.}, {p.}, {v:}, and
{g.} in the spaces (L? (A+))2, (H%z ()2, L? (Q0), (H, (92))2, and L? (9.), respectively.
Since, the sequence {6.} is uniformly bounded in the space (L? (A*))2, by weak

compactness, there exists a subsequence not relabeled and 6, such that
6. — 0, weakly in (L*(A*))%. (3.5.28)

Step 1: (Claim) We prove the boundedness of the sequence {T¢(u})} in
L2(0,1; (H" ((h1, ho) x A))2) and the following convergences satisfied by it: there exists a

subsequence not relabeled and u; such that
T (ul) — uf weakly in L? (0, L; (H' ((h1, ho) X A))2) , (3.5.29)

T — |Aluf  weakly in L2 (o, 1; (H (hy, h2))2) : (3.5.30)

Proof of the Claim: Since the sequence {w]} is uniformly bounded in (H® (Qj))z,
employing Proposition 1.4.3 (i), we have the sequence {T¢(uZ)} is uniformly bounded in
L? (O, 1; (H! ((h1, ho) % A))2> . Thus, we establish (3.5.29) and thereby have the following

convergences:

T¢ (ut+ +
0 a;(:E) ~ %’Z’; weakly in (L? (2 x 4))°, (3.5.31a)
TE (wt+ +
0 a(y%) — a;*y* weakly in (L2 (2F x A))”. (3.5.31b)
: - . . Ouf n
Using Proposition 1.4.3 (iv) in (3.5.31b), we obtain By = 0. Thus, u;] €

12 (0,1; (H! (b1, 12))?)
Again, using Proposition 1.4.3 (iv), (vii) in (3.5.31a), we obtain

a+ + +
gus [ o dy = |A|(?9u* weakly in (L? (Q+))2 . (3.5.32)
T2

81‘2 A (9562

Also, from (3.5.29) and Proposition 1.4.3 (viii), we get (3.5.30) upon using the
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independence of u;" on the variable y.

Step 2: (Claim) We prove the uniform boundedness of the sequences {T°(VuZ)} and
{T¢ (pF)} in the respective spaces (L? (" x A))2X2 and L? (" x A). Further, we prove
the following convergences:

8ﬂj a2 6u+2 ) 9 2
— —]A — * kl L* (QF 3.5.33
e = lal e+ 2260 ) T2 weakly in (22 (@) (3.5.33)
out ouf 2
e A= kly in (L? (QF 5.
Dg | |6x2 weakly in ( ( )) , (3.5.33D)
— + +
7 — |A (au%;*; - anaal;*22> weakly in L2(Q1). (3.5.33¢)

Proof of the Claim: Since the sequences {Vul} and {pI} are uniformly bounded, we
observe that the sequences {T°(Vw7)} and {7°(pS)} are uniformly bounded in the
respective spaces (L2 (QJr X A))2X2 and L2 (QF x A). Therefore, up to a subsequence
_ Zy
not relabeled, there exists Z := | | and zT, respectively, in (L? (2 x A))2X2 and
2y
L? (QF x A), such that we have the following convergences:

T° (Vul) = Z  weakly in (L* (QF x 4))¥?, (3.5.34a)
T (pF) = z" weakly in L* (QF x A), (3.5.34b)

where Z; and Z3 are the row vectors of the matrix Z and are given as (7} 7?) and
(7; 75), respectively. Upon employing Proposition 1.4.3 (vii) on (3.5.34a) and (3.5.34b),
we obtain the following convergences:

85: — . 2 1) 2
— [ Zydy weakly in (L* (Q7))", (3.5.35a)
Oz A
— -
duc / Zady weakly in (L? (1)), (3.5.35D)
Oxa A
pr— / zhdy weakly in L? (Q1). (3.5.35¢)
A

Comparing (3.5.35b) with (3.5.32), we identify Z5 as

= ouf +
Zody = |Al—=, fora.e xe€Q". (3.5.36)
A O

Now, we head towards the identification of Z1. Let us define ¢ () = e¢ (a1, 22){% }, where
¢ € C° (QF). Then, we obtain T° (¢°) = €T°(¢)y and have the following convergences:

T¢ (¢°) — 0 strongly in L2(QF x A), (3.5.37a)

T* <g¢ ) — ¢ strongly in L*(QT x A), (3.5.37b)
Ty
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3
<gf > — 0 strongly in L2(QF x A). (3.5.37c)
2

By choosing, for a fixed 1 < k < 2, the test function v = ¥°e; in the weak formulation
(3.2.2) satisfied by w., we get

auak 0p* / 7_‘_(91#5 / .
Z /Q+ 8% oz}, dr — ar Pe oxy, dz = 95k¢’ de, (3.5.38)

1,5,k=1

where u,;, and gik denote the k-th component of w, and 5;, respectively. Using Proposition
1.4.3 (idi), (i), (iv) in (3.5.38), we get

0 0
Z / “(ai) T(uek) o T° () dudy — / T*(pL) 5 —T°(v°) dardy
QFxA T4 Tk QFt xA Tk

i,5,k=1

= [ T 1) T 01,0, 9) d dinady
Qt xA

2/ Ok (y, m2) T (V%) (21, T2, y) d1 do dy.
Qt+xA

Now, upon passing to the limit when ¢ — 0 in the above expression and employing
convergences (3.5.34), (3.5.37), and (3.5.28), we derive for all ¢ € C>° (QT)

2 0 k=2,
3 / aij Z; ddedy = N (3.5.39)
=1 JOtxA Z pdrdy k=1.
QFfxA
Therefore, for a.e. x € QT, we have
2 i 0 k=2,
Z/ ayj Z; dy = . (3.5.40)
j=17/A /z dy k=1.
A

We employ in (3.2.3), satisfied by W, the test function ¢ € C2° (1) and Proposition 1.4.3
(14), (i7i). Then, upon passing to the limit when ¢ — 0 and using (3.5.34a) and (3.5.36),

we derive for a.e. z € QT

where u,; denotes the i-th component of the vector w,. Thus, for a.e. x € QT, since w, is

independent of y, we get the following

_ Oy
/AZ} dy = —|Al5 - 2. (3.5.41)

Also, from the first equation of (3.5.40), we obtain

=2 a2\ Oux
Zidy = —|A . 3.5.42
/A 10Y = ‘ |<a11> Oy ( )
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From (3.5.41) and the second equation of (3.5.40), we obtain for a.e. x € QF

ou ou
ztdy = |A —l g =22 ). 3.5.4
/AZ y = |<a12 oz, 1 8@) (3.5.43)

Therefore, comparing the set of equations (3.5.35a) with (3.5.41) and (3.5.42), (3.5.35b)
with (3.5.36), and (3.5.35¢) with (3.5.43), we establish (3.5.33a), (3.5.33b), and (3.5.33c).
This settles the proof of the claim.

Now, from the uniform bounds of the sequences {u; } € (HI(Q_))2 and {p; } € L?(Q27),
we have the existence of subsequences (not relabeled) and w; and p; respectively in
(H 1(9_))2 and L?(Q27) such that the following convergences hold

2

u. —wu, weaklyin (H'(Q7))", (3.5.44a)
p. —p, weakly in L*(Q27). (3.5.44b)
Further, we define
ul ifzeQF,
ui(z) =

U,

itee Q.
2
Then, u, € <U0»'Yf(9)) (see, [57, Theorem 4.2]).

_\2
Step 3: Now, let us use a test function ¥ € (Cs?(Q)) in the weak formulation (3.2.2)
_ 1
satisfied by the optimal triplet (@, p., 0.) and then employing Proposition 1.4.3 (iii), (i),

we get

out ow ov, oWy
i = |1 dx dy— T (pH)T° ( — dzx dy
Z /Q+XA (@5) (8953') <3$z> i /§l+><A (v:) <3I1 * 3$2>

i,0=1

—€ (0¥, AN ow
o 5 TE (P _ . .
| @ = [ (5 ) e 2/ (w) (5%) as

i,j=1

Passing to the limit when ¢ — 0 and using the convergences (3.5.28), (3.5.34) along with

Proposition 1.4.3 (vi), we obtain

ow . (0¥ 8\112>
ij i 5—drdy - et da dy
Z /Q+><Aa] 0x; v /Q+><AZ (8951 Oxo

3,j=1

B Oy Oy oW
—/§2+XA0*"I’d$dy—/_ (aﬂfl 3$2>d Z / a”<3$ > <3$i>dx'

7,7=1
(3.5.45)

From the left-hand side of the (3.5.45), consider its first two integrals and call them as T,
L, respectively, and then simplify these below
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 fo o 3 [ o[ 7o) (55
L L B Ll
> .

~il
I
I\ ” Mw

i,j=1

sl [ ] (G ) 3 [ o[ 2] (5 o
Z [ [ 7] (G [ o[ ] (G2)

Il
S

+

and

L

ov; 0¥,y
dx dy
/Q+xA (3901 * 3$2>

—1 oV, 0¥, .
Zalj Z;dy <8a:1 + 83:2) dx (By using (3.5.39))

[ ool 78] () [ o 7032

Substracting the simplified expressions and then using first part of equation (3.5.39), we

5 o[ B (5w o[ 20] (32)
=1 Jar AV dx2 2 Oz
2
— ov
— Z / alj [/ Z; dy:| <a 2) dx.
= O+ A Z2
Expanding the summations on the right-hand side of the above equation gives
_ — v
([—L)—/ [agl/Z}dy—i-agg/ZZdy} (a 1>da:
Q+ A Oxo
_ g
+/ {agl/Zfdy—Fan/ZQdy} <8 2>d:v
o+ A Oz
_ — ov
_/ {an/Z}dy—i—alg/Zédy} < 2>dx
o+ A A Oz2

Substituting (3.5.36), (3.5.41), and (3.5.42) in the above expression, we further get upon

rearrangement

1

J

get
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I1-L Ouyy dufy oV,
(I-L)=|Al /Q+ [azz <8x2> —ag <8x2 >] (8352) dr
+ -
+ [A] —a12 Oty + (a1 + agy — 2222 Oty OV da.
aQ+ P ain 0xy 0xo

Also, we can write this as

oW
Qu. 0¥ . (3.5.46)

(I B L) ‘A| 8902 81‘2

_\2
Substituting the (3.5.46) into the (3.5.45), we finally obtain for all ¥ € (Cf;?(Q))
l

T W
\A] duy 0¥ dx —/ 0. - ¥dxdy :/ py div(¥) dz
81’2 8%2 QF xA O
ow
—Z/_az]<ax)<axz>dx
3,7=1

(3.5.47)
We now wish to simplify further the second integral on the left-hand side of equation

(3.5.47). To do so, firstly, we can easily obtain the weak convergences for pair (ve,q.)
satisfying (3.3.5) in a pattern similar to the one followed for pair (w.,p.). That is, we

obtain the following weak convergences

¢

T2(T+) — vt weakly in L2 (o, 1; (H ((hy, hy) x A))2) ,
% — |Alv}  weakly in L? (0, 1; (Hl(hl, hg))Q) ,

ov L a v, . 2
g — — 1Al (61 + Srex ) 5or weakly in (L% (1))",
0L L |AI%% weakly in (L2 (Q1))%, (3.5.48)

v — v, weakly in (Hl(Q_))2 ,
G- — q; weakly in L%(Q7),

= ov, o .
75— |A] (am 5t —ann 522 ) weakly in L2 (@F),

0o

\

2
where v, is independent of the variable y, belongs to the space (U%/(Q)) , and obeys
system (3.4.25) for w = u,. Therefore, from the optimality condition (3.3.6), the weak

convergences (3.5.28), and the first one of (3.5.48), we derive while passing to the limits
when e — 0

1 1
0.(z2) = —/ v (21, 12) dxy.
0

T

This implies that 6, € (L2(h1, hg))2 and is clearly independent of the variable y. Thus,
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—_\2
we simplify (3.5.47) to obtain, for all ¥ € (c;l,o(g)>
0w
|A|( Bau* .8dx/ 0*-\Ildx>:/ py div(¥) dz
ot -

O+ 8:132 'a:rg
_i/auau:.fwdx
O " aZL‘j 8:152 .

ij=1
(3.5.49)

2 2
Since, <C§?(Q)> is a dense subspace of <U,Y;(Q)) , therefore, (3.5.49) holds true in

i
following upon passing the limit when ¢ — 0

2
(U /(Q)> . Also, employing the test function ¢ € C°(Q7) in (3.2.3), we derive the

div(u, ) ¢dx =0,
-
which by density holds true in L?(€27). Thus, the pair (u., p; ) obeys the weak formulation
of the system (3.4.22), for 8 = 6..

Consequently, corresponding to the minimization problem (P), we get the optimality
system. Theorem 3.4.2 implies that the triplet (w.,p;,0) is the optimal solution to
(P). Thus, evoking the uniqueness of the optimal solution, we have the following equality

for the pair of triplets:
(Haﬁ77§) = (u*7p;70*)

The proof of Theorem 3.5.1 is complete. 0

3.6 Conclusion

This chapter presents the asymptotic analysis of a periodic interior OCP associated
with the modified Stokes system subject to the Neumann boundary condition on the
oscillating boundary of a two-dimensional highly oscillating domain. Periodic interior
controls are applied in the oscillating part of the domain. Via the unfolding operator, the
characterization of the optimal control is achieved in terms of adjoint state. Finally, we get
the limit OCP posed on a fixed domain and observe that the optimal solutions to the Stokes
system over the highly oscillating domain converge to the optimal solution of the thus
obtained limit OCP posed on a fixed domain. Due to the Neumann boundary condition
on the oscillating boundary, we observed a non-trivial contribution in the upper part of
the homogenized OCP. A more interesting problem in this direction will be minimizing
a Dirichlet (gradient type) cost functional constrained by more generalized stationary
Stokes equations that involve the unidirectional oscillating coefficient matrix. Moreover,
one can also apply the interior controls throughout the oscillating domain. This situation

is addressed in Chapter 4.
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Chapter 4

Distributive Optimal Control

Problem in an Oscillating Domain

The present chapter! deals with the homogenization of a distributive optimal control
problem (OCP) subjected to the more generalized stationary Stokes equation involving
unidirectional oscillating coefficients posed in a two-dimensional oscillating domain. The
cost functional considered is of the Dirichlet type involving a unidirectional oscillating
coefficient matrix. We characterize the optimal control and study the homogenization
of this OCP with the aid of the unfolding operator. Due to the presence of oscillating
matrices both in the governing Stokes equations and the cost functional, one obtains the

limit OCP involving a perturbed tensor in the convergence analysis.

4.1 Introduction

In this chapter, we study the homogenization (limiting or asymptotic analysis) of a

generalized OCP subjected to the constrained stationary Stokes equations of the form:

—div (A:Vue) + Vpe = f+6. in Q.
div(ue) =0 in Q, (411)

pe - A:Vue —ppre =0 O e,

u. =0 on ;.

Here, the domain Q. C R? with rapidly oscillating boundary 7. is the same bounded
domain considered in preceding chapters. The coefficient matrix A is elliptic and is
set to oscillate in x1— direction, i.e., A.(z1,22) = A(w1,22,%). The source function
f € (L*(Q))?. The functions 6., u., and p. are, respectively, the control, state, and
pressure functions defined on the appropriate function spaces, which will be defined in
a later section. The Stokes equations considered are generalized owing to the presence
of a second-order elliptic linear differential operator in divergence form with oscillating
coefficients, i.e., —div (A.V), first studied for the fixed domain in [5, Chapter 1], instead
of the classical Laplacian operator. Here, the action of the scalar operator —div (A.V)

is defined in a “diagonal” manner on any vector u = (uj,uz), with components u1, ug in

fThe content of this chapter is published in: “S. Garg and B. C. Sardar. Homogenization of
distributive optimal control problem governed by Stokes system in an oscillating domain. Asymptotic
Analysis, 136(1):1-26, 2024.”



64 Chapter 4. Distributive Optimal Control Problem in an Oscillating Domain

the H! Sobolev space. That is, for 1 <i < 2, we have (—div (A:Vu)), = —div (4 V).
Likewise, the scalar boundary operator pe - A:V acts in a “diagonal” manner on the vector
Ue|y.. The problem (4.1.1) is well defined and admits a unique weak solution, the proof
of which is standard one and follows easily along the lines of Chapter 3, Remark 3.2.2, by
employing the ellipticity of matrix A..

The OCP is to minimize the Dirichlet cost functional J-(6:) over the set of admissible
controls @. € (L?(2.))? subjected to constrained generalized stationary Stoke equation
(4.1.1), i.e.,

i 1 ] T 9
eee(g(fgs))Q{Je(ee): 2/ B.Vu.(6.): vu5(0€)+2/gsy0€| } (4.1.2)

€

Here, the coefficient matrix B., not necessarily equal to A., is symmetric, elliptic, and is
set to oscillate in x1— direction, i.e., Be(x1,22) = B(71,22,%). A unique minimizer to
problem (4.1.2) exists, the proof of which is standard and follows along the lines of ([45,
Theorem 2.2]).

We omit a thorough survey and discuss only the pertinent literature that justifies the
subject of this chapter. In the literature, a few studies concern the limiting analysis
of the stationary Stokes equations in the oscillating domain. The first study in this
direction is [55], wherein the authors examined, using the boundary layer correctors, the
limiting analysis of the Stokes system subjected to homogeneous Dirichlet boundary data
on the oscillating part of the boundary. Later on, in [39], they obtained the effective
boundary condition of Navier-type (wall law) for the same problem. However, the authors
in [57] examined a similar problem, but now with the homogeneous Neumann data on
the oscillating part of the boundary. The analysis in preceding papers revealed different
results in the upper part of the limit domain. Unlike the trivial contributions in [39, 55],
the latter [57] yields non-trivial contributions in the upper part of the limit domain.

The OCPs governing Stokes equations are recently being studied over this type of
oscillating domain.  The authors in [56] investigated the homogenization of OCP
constrained by stationary Stokes equations with homogeneous Dirichlet data on the
boundary of the oscillating domain in a three-dimensional setup. The L?—cost with
distributive controls was applied in the non-oscillating part of the domain. Also, in Chapter
3, we conducted a study on the homogenization of an OCP constrained by the generalized
stationary Stokes equations involving some coefficient matrix with Neumann boundary
data on the oscillating boundary in a two-dimensional setup. We employed the L?—cost
with distributive controls in the oscillating part of the domain. As expected from the
previous studies, our work in Chapter 3 yields non-trivial contributions involving some
coefficient matrix in the upper part of the limit domain, unlike the trivial contributions in
[56] in the upper part of the limit domain. Regarding the boundary OCP constrained by
stationary Stokes equations with Neumann data on the boundary of the oscillating domain
with L?— cost in a three-dimensional setup, the non-trivial contributions were observed

in [64] for the upper part of the limit domain under the limiting analysis.
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In the present chapter, we consider an OCP (4.1.2) which is of a more generalized form
than that of the considered one in our previous work, Chapter 3. Since, unlike the
L?—cost functional, we consider here the Dirichlet cost functional with the oscillating
coefficient matrix B.. Also, we take the generalized stationary Stokes equations (4.1.1),
which involves a generalized Stokes operator with the coefficient matrix A, that oscillates
with a period ¢ in the direction of oscillations of the domain €2.. Further, we apply the
distributive controls over the full domain €2, instead of the distributive controls considered
in Chapter 3 over the restricted region of the domain €. consisting of oscillations, i.e., away
from the fixed part. The presence of oscillating matrices A. and B, respectively in the
state equations (4.1.1) and the cost functional (4.1.2) causes difficulties in the analysis,
particularly for the fixed bottom part of the oscillating domain. These difficulties will
become evident in the process of establishing the limit OCP using the remarkable method
of unfolding, which is thoroughly discussed in Chapter 1.

For a broad perspective, one can also refer to the articles related to the homogenization
of different boundary value problems in similar domains with oscillating boundaries,
i.e., . or in its more general version. For instance, we refer the reader to works of
[17, 19, 26, 29, 30, 37, 52] for the elliptic boundary value problems and to the work of [33]
for quasi-linear parabolic partial differential equation (PDE). For more recent articles on
homogenization over such domains, one can see [30, 41-43]. Next, regarding the limiting
analysis of the OCPs, we refer the reader to the works of [44, 45, 65] for the OCPs
constrained by standard or more general elliptic boundary value problems, to the works
of [46, 50] for the OCPs constrained by parabolic PDEs, and to the work of [51] for the
OCP constrained by the wave equation.

We divide this chapter into six sections: Section 4.1.1 lists the essential preliminaries
that will be used thoroughly in this chapter. Following this, Section 4.2 presents the
optimality system corresponding to (4.1.2), accompanied by a discussion of a priori
estimates. Subsequently, we introduce the limit optimality system in Section 4.3. Finally,

Section 4.4 details the key findings of the convergence analysis.

4.1.1 Preliminaries
Assumptions

Let us impose the following assumptions on the matrices A, = (aij (x, o and

e ))1§i,j§2
B. = (bij (z, %))1<ij<2 considered in the OCP (4.1.2).

e A, is elliptic. That is, there exist real constants m, M > 0, such that

2
mlNP< S ay (37 %) Aid; < M|[A)? for allz, A € R2
ij=1

e B. is symmetric and elliptic. By latter, we mean that there exist real constants
B1, P2 > 0 such that
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2
BillAll* < Z bij (»T, %) Aidj < Baol|A|? for allz, A € R2
ij=1

4.2 Optimality Condition and Norm-estimates

4.2.1 Optimality Condition

Here, we present the characterization result for the optimal control, which minimizes the
OCP (4.1.2). Let us first write the weak formulation of the problem (4.1.1).

Definition 4.2.1. We call a pair (uc,p:) € (H}, (Q))? x L*(Q:) to be a weak solution to
(4.1.1) if, for all v € (H2,())?,

A:Vue: Vodr — / pe div(v)dz = / (f+86.) vdr (4.2.3)
QE € €

and for all w € L*(Q.),

/ div(ue) w dz = 0. (4.2.4)

£

As mentioned in the introduction, for given ¢ > 0 and the functions f € (L?(12))?
and 6. € (L?(€2.))?, the problem (4.1.1) admits a unique weak solution (u.(6.),p.) €
(H»)I,Z(Qa))Q x L2(€.), the proof of which is standard one and follows quickly along the
lines of Chapter 3, Remark 3.2.2, by employing the ellipticity of matrix A.. Moreover, a
unique minimizer to the OCP (4.1.2) exists. Let us denote it by 8. € (L?(£2))? and the
associated solution to (4.1.1) by (ue,D.) € (H;Z(QE))2 x L*(Q.), where the terms 0., W,
and P, are respectively the optimal control, state, and pressure. We denote the optimal
solution to the OCP (4.1.2) by a triplet (e, p., 0-).

Next, let us consider the associated adjoint problem to (4.1.1): Find (7e,q.) €

(H%(Q(Q))2 x L?(Q.) that obeys the following system:
—div (ALVw.) + Vg, = —div(B:Vau.) in (.,
div(v;) =0 in .,

(4.2.5)
He - AéV@s — Qe = pe - B-Vue O e,

| v =0 on ;.

A unique weak solution (@, q.) € (H,(Q:))?**x L?(€) to the adjoint problem (4.2.5) exists,
which is easy to establish analogous to the state equation (4.1.1) by using the ellipticity of
the matrices AL and B.. We denote the terms v, and q. respectively by the adjoint state
and pressure. In the below-mentioned result, we characterize the optimal control in terms
of the adjoint state solving the adjoint system (4.2.5). The proof of which is a standard

argument and follows analogous to [16, Theorem 2.7.1].

Theorem 4.2.2. Let (ﬂg,fog,ag) be the optimal solution of the problem (4.1.2) and the
pair (Ve,q.) satisfies (4.2.5), then the optimal control 0. € (L*(Q.))? is given by
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0.(z) = —165(:5) a.e. in Q. (4.2.6)

\]

Conversely, assume that a triplet (., p., —* ¥.) € (H;Z(QE))2 x L2(Q.) x (LQ(QE))2 and
a pair (Ve, Ge) € (H%Z(QE))2 x L*(Q.) satisfy the following system

—div (A.Vae) + Vp. = f— Lo, in Qe

—div (ALVDe) + Vg = —div(B.Vae)  in (.,

div(@e) =0, div(d:) =0 in Qe,
(4.2.7)

pe - AcVie — pepe =0 on e,

He - Aév’ba — Qe = pe - BV on Ve,

v.=0,u. =0 on .

Then the triplet (tz, pe, —% Ve) 1is the optimal solution to (4.1.2).

4.2.2 A Priori Estimates

We now derive the norm-estimates, uniform in ¢, for the triplet (u.,p., 0.) solving the
OCP (4.1.2) and the pair (v, q.) solving (4.2.5).

Theorem 4.2.3. For given ¢ > 0, let the optimal control to (4.1.2) be 0. € (LQ(Qg))2.

Then the following sequences are bounded uniformly in e:

10cll (22 ()2 < K, (4.2.8)
[te | (# 12 = K, (4.2.9)
1Pellz2(0.) < K, (4.2.10)
- (112, (2272 < K, (4.2.11)
1%l 20, < K. (4.2.12)

Proof. Taking zero control in (4.1.1), we denote the corresponding state function by u.(0).
Taking into account the ellipticity of matrix B, and the optimality condition for the cost
functional, i.e., J.(0.) < J(0), we get

2

m|| V. (8)]2,2

(Q.))2x2 T T||§€||%L2(QE))2 < 52”VU5(0)||%L2(QE))2X2,

which implies that

||§6||(L2(Q 2 < \/\;\Vue( )”(LQ(QE))QXZ- (4.2.13)

In order to obtain the first estimate (4.2.8), we need to further simplify the right-hand
side of (4.2.13). To do so, we plug in the data v = u. and w = p. in (4.2.3) and (4.2.4),
respectively. Taking into account the ellipticity of matrix A, and (2.2.2), we obtain

Ve 22 e < /Q A (2)Vu.: Vu, dz
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< (Hf||(L2(Q))2 + b1 ||0€”(L2(QE))2)||vu€”(L2(QE))2X27

which upon further simplification, gives

Hvusn(m(gs))?“ <K (||f||(L2(Q))2 + ||05||(L2(QE))2)' (4.2.14)

From (4.2.14) corresponding to 8 = 0, we have HVuE(O)H(LQ(QE))m < K. Employing
this together with (2.2.2) in (4.2.13) establishes (4.2.8). Again, from (4.2.14), we have for
0. =0.

IV (122 < K (HfH(LQ(Q))Q v HESH(LQ(%))Q) . (4.2.15)
Thus, employing (4.2.8) and Poincaré inequality (2.2.2) in (4.2.15) establishes (4.2.9).

Next, we head towards proving the uniform estimate (4.2.10), i.e., [|P.[/z2(0.) < K. From
(2.2.3), there exists g. € (H%Z(Qa))2 such that div(g.) = p.. Corresponding to ., upon
substituting v = g. in (4.2.3), we get

HEHQLQ(QE) = /Q A (z)Va, : Vg, dx —/Q (f +6.) - g-du. (4.2.16)

£

Taking into account the ellipticity of matrix A. and (2.2.2) in (4.2.16), we have

1P 11720,y < MVl (22020252 Vel (202022
+ (Hf”(L2(Q))2 + HEEH(L?(QE))Q)Hv98||(L2(Qa))2X2
< K ([IV8ell g2 p2e2 + 1 gy + 10 zaqeny2) 198 gy

This estimate in view of (4.2.8), (4.2.9) and (2.2.3), establishes (4.2.10). Likewise, for
the associated adjoint state and pressure sequences, one can easily establish the uniform
estimates (4.2.11) and (4.2.12). O

4.3 Limit Optimality System

In this section, we present the limit optimal control problem. To do so, we first present

the following cell problems.
For 1 < 4,8 <2, and Pjﬁ = Pj’g(y) = y,ega, let the correctors (X?,Hf) € (H'((0,1)?))% x
L?((0,1)?) solves the cell problem

—divy (A(w,y)Vy(Pf - xf)) +V,I17 =0 in(0,1),
divy(P] —x7) =0 in(0,1)%
(X?a H]B) is (0,1)2- periodic,
M(0,1)2(Xf) =0,

(4.3.17)

the correctors (Hf, Qf) € (H'((0,1)?))2 x L?((0,1)?) solves the cell problem
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— div, (At(x,y)vy(pf ~H))) +v,Q7 =0 (0,12
div,(P’ —H?) =0 in (0,1)%

7 (4.3.18)
B B . 2 . .
H; ,Qj) is (0,1)*- periodic,
M(O,l)Q (HJB) — 0,

and the correctors (Tf, R]’g) € (H'((0,1)?))% x L?((0,1)?) solves the cell problem

— div, (B(z,9)V,(P] =) = A'w,y)V,T)) + VR =0 in (0,1)2,
divy (P} —T) =0 in (0,1)%
5 pBY 9 e
(T;, R;) is(0,1)°- periodic,

M1p(T)) =0.
(4.3.19)
Over Q~, we define the elliptic tensors D = (d?jﬂ)KLLQﬁSQ, its transpose D! =
af

(d?ia)lgi,j,a,ﬁﬁ% and the perturbed B# = (b#ij )1<i,j,a,B<2 8S

af _ af B_ 5B . o
dij = a;; /(071)2 A(l‘,y)Vy (13] X]> . vaz dya
d]@ia _ a]@ia _/ Al(z,y)V, <Pf — HJB) : VyH dy,
(0,1)?
apf o
b = bofy — /(0 1)2 (B(x,9)Vy(P] = x[) = A'a,y)VyT}) : VT dy,

af  Ba

afs . . ¢
where a;;°, aj;, and bo,;” forms the respective entries of the tensors Ay, Ay, and By as

a%ﬂ - /(o 1)2 A, y)Vy (PJB B Xf) Py B dy,
afia = /(0 b Al(z,y)V, (Pjﬁ — Hf) : Vy P dy,

bogy’ = /( . (B(a,y)Vy(PY = x) = Az, y)V,T7): V,, (PP) dy.

Next, over O, we define the elliptic matrices Ay = (a;;)1<ij<2, and By = (b4;)1<ij<2

as
a2 —a21
A=A (z) = / oy,
Al—a2 an +ax - %
[ b —ba
Be= Bl = / b b dy.
A bt 2 (e bip) o+

Now, we present in the following the limit OCP:
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1 out Out 1 T
inf 0) = - B, ——: ——dx B#*Vu : Vu d — [ 16?4
ee(iQ(Q)Q){J( ) 2/Q+ + Oxo  Oxo + 2/_ Vu©: Vudz + 2/Q’ | x}

(4.3.20)
subject to
0 ou™
2 (A=) = A 0 in QF
g (45 ) =B + O O,
ou™
=0 in I,
* 8332 H
2 8 aﬁ 8 — B ‘
— ax d 81‘ + Vp = (f+0)ng in Q7
daf=1"" " A (4.3.21)
div(u™) =0 inQ7,
u”™ =0 on~,
ut =u~ onT,
Sut 2
| om TR ot

2
where u = ut xg+ +u~ xqo- belongs to (UV{(Q)> . We denote the optimal solution of

_ 2
(4.3.20) by the triplet (w,p,0) € (UV{(Q)) x L2(Q7) x (LQ(Q))Z. Using the ellipticity

of the matrix A4 and tensor D, it is easy to establish analogous to (4.1.1), the existence
2

of a unique weak solution (u,p™) € (UWZ/(Q)) x L2(Q7) to (4.3.21). Again, using the

ellipticity of the matrix By and tensor B, it is easy to establish analogous to (4.1.2), the

_ 2
existence of optimal solution (w,p~,80) € (UW;(Q)) x L2(27) x (LQ(Q))Q to (4.3.20).
Also, corresponding to (4.3.21), we consider the limit adjoint problem : Find (v,37) €

2
(U,Y{(Q)> x L?(Q7) that obeys the following system:

( 0 oot 1
t _ o] 0 :
s () = () oo
ovt -
t _ ou :
_,'_87:(;2 _B""Tm 1m Fu,
2 —
0 8 v _ aﬁa _
- — | d7 L | + Vg I in Q,
div(z™) =0 inQ~,
v =0 on 7,
vt =v onl,
ov 8ﬂ+ 2 Jv 2 283 Ou
t _ B2 9% #28 0u;
A+ 8:1; +8.’1:2 ]62:1 gt 8:2/3 ]BZ:lb i 8125 ODF

(4.3.22)
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establish analogous to the limit state equation (4.3.21) by employing the ellipticity of
matrices Aﬁr and B, ; and tensors D! and B#. Next, in the below mentioned result, we
characterize the limit optimal control in terms of the adjoint state solving the limit adjoint

system. This can be easily established analogous to Theorem 4.2.2.

Theorem 4.3.1. Let (H, ﬁ*,g) be the optimal solution to the problem (4.3.20) and (0,q")
satisfies (4.3.22), then the optimal control 6 € (L*(2))? is given by

9(z) = —li(m) a.e. in .

\]

2
Conversely, suppose that (11,15‘,—%13) € <U7{(Q)> x L2(Q7) x (L3(Q))? and (v,§7) €
2
(le’(Q)) x L?(Q7), satisfies the following system

0 outy T . e
" o2y <A+8$2> —|A|(f—;v ) in QT

o (oot o [ out\ .

2 5 av— 1
D 0o | d +Vp =f-=-0" in Q,
8 T
Jo ,,3 1
0 2 .
Z Oa (dﬁa ) +VG == ) Oa (b#“ﬁ J) in Q,
g d dzp
Ja,B=1 JrouB=1
div(a")=0 nQ", div(e")=0 inQ",
together with the boundary conditions
ou* oot out
A =0, A —=B,—— inT
T Oy 8332 © T Oy Fom, W
=0, v =0 on 7,
and the interface conditions
ut=u", vt=0v" onl,
2 .
ou o5 Ol
SN e
J,B=1 ) )
oot ou™t vy 28 OU;
A — -B = A2 N P T T
+ a$2 + 81‘2 = 71 81‘5 j;1 ij al'ﬁ €9 on

Then, the triplet ( u,p- ,—%'b) is the optimal solution to (4.3.20).

4.4 Convergence Results

In this section, we present the main result concerning the convergence analysis for the

solutions to the problem (4.1.2) and the corresponding adjoint system (4.3.22) upon
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employing the method of unfolding operator detailed in Chapter 1, Section 1.4.2.

Theorem 4.4.1. For given £ > 0, let the triplets (w.,p.,0.) and (w,p,0), respectively,
be the optimal solutions of the problems (4.1.2) and (4.3.20). Then

% — |Alwt weakly in L* (0, 1; (Hl(hl,hg))2> ,
8%3 a2 oug , 9 [yt )2
i [|A] e1+ </A . dy ) es g weakly in (L* (Q1))7,

out
8332

— — m—
pr— / aiz dy ol _ / an dy Oy weakly in L*(QF),
A 012 A 0z2

5: — |A| 0" weakly in (L2 (Q+))2,
0. — 0  weakly in (L2 (Q_))2 ,
—u  weakly in (Hl(Q_))2 ,

ou™ . 2 1\ 2
|A|a—x2 weakly in (L (Q )) ,

U,

1
p. — §A0Vu_: I+ p~ weakly in L*(Q27),

— 1
where 6(x) = ——v(x) and the pair (v,q ) solves the adjoint system (4.3.22).

\]

Proof. We will proceed with the proof in multiple steps. Firstly, we will obtain the
homogenized system for the OCP (4.3.20) over Q. This will follow along the same lines
as we did in Chapter 3, Theorem 3.5.1. Next, we will prove the limit system over ™.
Due to the optimality of the solution (w.,p,,0.) to problem (4.1.2), one has in view of
Theorem 4.2.3, the uniform estimates for the sequences {0.}, {u.}, {p.}, {v:}, and {g.}
in the spaces (L? (QE))2, (H], ()2, L? (), (H%I(QE))Q, and L? (€2.), respectively.
From the uniform bound of {6.} , we have the uniform bound for the sequences {1 (5:)}
and {6, }, respectively, in the spaces (L? (0 x A))Q and (L? (Q*))z. Therefore, from the
weak compactness results and the Proposition 1.4.3 (vii), there exist subsequences not
relabeled and functions ;7 € (L? (QF x A))2 and 0, € (L? (Q*))Z, such that

Ta(gj) — 0  weakly in (L2 (QF x A))2 , (4.4.23)

0. — / 0F dy weakly in (L? (Q7))°, (4.4.24)
A

0. — 6, weakly in (L*(Q7)). (4.4.25)

Step 1: Here, over Q7, we obtain the homogenized state equation following along the
lines of Chapter 3, Theorem 3.5.1.

Claim 1(a): The sequences {T°(u})} € L*(0,1; (H' ((h1, h2) % A))2 ), {T5(Vul)} €
(L? (@ x A))zxz’ and {T° (p7)} € L? (" x A) are uniformly bounded. Further, there

exists subsequence not relabeled and function u such that the following convergences
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hold:

T* (@) — ul  weakly in L2 (o, 1; (H ((hy, hy) x A))2> , (4.4.26)
at — |A|uf  weakly in L? (O, L; (H'(h, hg))2) , (4.4.27)
6%} a2 aﬂ+2 . 9 2

— — A —=d -2 kl L* (QF 4.4.2
o, [| ler + </A = y | es O weakly in ( ( )) , ( 8)
8%?_ 0@* . ) 2

— |A| = kl L* (QF 4.4.2
0xa 1A Oxa ey m ( ( )) ’ ( K
— t -
pr— / ayz dy Oy _ / a1 dy Tty weakly in L*(Q). (4.4.30)

A Oz A 0xo

Proof of Claim 1(a): Since the sequence {u;} is uniformly bounded in (H® (Qj))2,
employing Proposition 1.4.3 (v), we have the sequence {T°(wZ)} is uniformly bounded
in L2 <0,1; (H' ((h1, ho) x A))2>. Thus, we establish (4.4.26) and have the following

convergences

T (ut +
0 aS:H N g‘:; weakly in (L? (2 x A))?, (4.4.31)
TE (T +
0 a(yus) ~ 85‘; weakly in (L2 (2F x A))*. (4.4.32)
qu
Employing Proposition 1.4.3 (iv) in (4.4.32), we obtain Gy* = 0. This gives

the independence of w] on the variable y and therefore it belongs to the space
L? (0,1; (H1 (gl,gg))2>. Also, in view of Proposition 1.4.3 (viii) and (4.4.26), we get
(4.4.27). Again, employing Proposition 1.4.3 (iv), (vii) in (4.4.31), we obtain

out ouf
—\

* . 2 + 2
0z A Oz dy weakly in (L* (Q7))", (4.4.33)

which gives (4.4.29) upon using the independence of u} on the variable y.

Next, from the uniform bounds of the sequences {Vu.} and {p}, we obtain the uniform
bounds for corresponding unfolded sequences {T¢(Vul)} and {T° (pF)} in the respective
spaces (L2 (Q+ X A))ZXZ and L? (2" x A). Therefore, up to a subsequence not relabeled,
there exists G := [G1,G2]" and g' respectively in (L? (QF x A))2X2 and L? (QF x A),

such that we have the following convergences

T° (Val) = G weakly in (L (27 x 4))%?, (4.4.34)

T¢ (pf) — g7 weakly in L? (QT x A), (4.4.35)

£

where (G and Gy are the row vectors of the matrix G and are given as (é} @?) and

(éé éﬁ), respectively. Also, in view of Proposition 1.4.3 (vii), and on (4.4.34) and
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(4.4.35), we obtain the following convergences

The
= (22 (27))", (4.4.36)
fz‘; — / g"dy weakly in L? (Q*). (4.4.37)
A

Identification of G1, G2 and g': In view of Proposition 1.4.3 (iv), we get the following
identification for G upon comparing (4.4.31) with (4.4.34)

_l’_
ou}

2= 50 a.e. in QT x A. (4.4.38)

Next, we will identify G and after that g*. Let us define ¢°(z) = e¢(x1, z2)1){ %}, where
¢ € C(QF) and ¥ € Cp5,.((0,1)). Then, we obtain T° (¢°) = €T°(¢)¥(y) and have the
following convergences
T¢ (¢°) — 0 strongly in L2(QF x A), (4.4.39a)
0
T° (Vo) — d)(;gfel strongly in (L*(Q1 x A))2 . (4.4.39b)

Fixing [ € {1,2} and using v = ¢°¢; as a test function in (4.2.3) obeyed by the state wu.,

we get

a¢a —t 8¢£ _ at+ =
Z /Q+ aij ax] prm dz — /Q+ . ﬁxl = /Q;L 0. ¢° dx. (4.4.40)

1,7,0=1

In view of Proposition 1.4.3 (iii), (ii), (iv) and Definition 1.4.2 of unfolding operator, we
get from (4.4.40)

oT=(u l) OT*(¢%) / 1 OT*(¢°)
Z e drdy — T (5 dzd
Z /Q+anj ) Oz Ox; O+ xA 2 oz

i,5,0=1

(4.4.41)
— / T<(05,) T°(¢°) dwy daa dy.
QtxA

Again, given the convergences (4.4.34), (4.4.35), (4.4.39), and (4.4.23), we derive for all
¢ € CX(QF) and ¢ € Cpg.((0,1)) under the passage of limit ¢ — 0 in (4.4.41):

2 o 0 =2,
aii(x G — dxd = 4.4.42
Zl /mm 11(:9) G ¢, dody = / 762 dpdy 1-1. (4.4.42)
- QF xA Jy

This implies that for almost every (z,y) € Q7 x A, we have

2
al
> aley) Gi=1 | (4.4.43)
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Taking ¢ € C° (Q27) as a test function in (4.2.4) obeyed by state u., and using Proposition
1.4.3 (1), (4i7), (4.4.34), and (4.4.38), we derive under the passage of limit ¢ — 0

+
/ [G} + 8u*2] dy=0, foraezecQ.
A O

This gives the following upon using the y—independence of u;

—1 oufy n
G dy = —|A] , foraexeQr. (4.4.44)
A 8%2

Next, in view of (4.4.44) and the first equation of (4.4.43), we get

62 o _a12($, y) 8”?2

= a.e. in QT x A. 4.4.45
a1 (z,y) Oxy ( )

This gives the following upon using the y—independence of u;

—2 aiz2(x,y) ) a“iz
Gidy = — / d . 4.4.46
/A 1 ( A a11(z,y) Y) o ( )

Further, in view of (4.4.38), (4.4.44), and the last equation of (4.4.43), we get

—+ dufy duly . OF
grdy = ar2(z,y) dy — a1 (z,y) dy ,aee. in Q7. (4.4.47)
A A O A o

Thus, comparing (4.4.36) with (4.4.44), and (4.4.46) establishes (4.4.28). Also, comparing
(4.4.37) with (4.4.47) establishes (4.4.30). The proof of Claim 1(a) is complete.

Claim 1(b): The pair (u},8;) obeys the weak formulation of the system (4.3.21) over
Q.
Proof of Claim 1(b): Taking ® € (C§°(§2+))2 as a test function in the variational

formulation (4.2.3) obeyed by (@, D., 8:) and employing Proposition 1.4.3 (7i7), (i), yields
2 ) out 0P

E / T°¢ (aij(x, 7)) T° < £ > -T* < ) dx dy

i1 O+ %A 3 ij 6xi

o P _
[ e (SR S vy = [ @)+ 1@ 1 @) dedy
QFxA dry  Oxy QFtxA

In view of Proposition 1.4.3 (vi) and convergences (4.4.23), (4.4.34), and (4.4.35), we

obtain under the passage of limit € — 0

2
— 0P _ 0d; 0Py

iilx,y) G - =—dxdy — T =— 4+ —=)dxd

Z /mmaj(x v) Ci 0x; v /mxAg ((9961 +39€2> R

ij=1

- / (f+0]) ®drdy. (4.4.48)
Qt xA

Substituting the expression of gt from (4.4.47) in (4.4.48), we get in view of first part of
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equation (4.4.42), the following simplification:

1/ U%my)a dy]dm—i—Z/ [/agjxde}gijd:n

2

P
—Z/ [/alj:ry)(}'d]a2dx:/ (f+6) - ®dxdy.
o+ Oz QF xA

Further, employing (4.4.38), (4.4.44), and (4.4.46) in the above equation, we get

au*l 3u*+2 aq)l
/m [(/A@Z(ﬂ? y)dy> o </A am(%y)dy) 83:2] . dzx
+ +
+/ |: </ ara(z, y)dy> 8u*1 + (/ <a11 + ag — a12a21> dy) 311,*2} ®dx
o+ A Oz A ar O0zy | Oz

:/ (F+65) ®dxdy.
Qt xA

2

J

Finally, using the definition of A, from Section 4.3, we get for all ® € (CEO(Q+))2

ouy oL

Al dx / (f +05) - ®dady. (4.4.49)
O+ 31'2 81'2 O+ %A

We will simplify further the second integral on the right-hand side of equation (4.4.49).
Before doing so, we first state that it is an easy computation, omitted here, to obtain the
weak convergences for pair (U., q.) satisfying (4.2.5) using the arguments similar to those
followed for pair (w.,p.). That is, we obtain the following weak convergences

T* (5F) — v weakly in L (0,1; (H" (b1, h2) x 4))%),

o5 — |A|TF  weakly in L2 (o, 1; (Hl(hl,hg))Q) ,

(5%:_ a1 ov -
&t .~ _|]A - T2
Oy [' lex + (/A ai dy) } Oz

_ ot
+ [(/ —b12a11 5 bi2a1 dy> 62:| Oy weakly in (L2 (Q+))2,
A O

any

weakly in (L? (Q1))?,

O:U

~ v, v o
—+ . 2 *2 *1
q- </A as1 d@/) B </A ait dy> B </A b12 dy) B

+
</ b11 dy) aa *22 weakly in L*(QF),

where v} is y—independent. Therefore, taking into account the characterization (4.2.6),
and the convergences (4.4.23) and the first one in (4.4.50), we derive under the passage of

limit e — 0

*

0 (x,y) = —%er(m), for a.e.(z,y) € (L*(QF x A))Z.
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This implies that 6 € (LQ(Q+))2 and is y—independent. Thus, for all ® € (C°(Q1H))?,
we simplify the equation (4.4.49) as

8u* (9(1’

+ 4.4.51
[ 4G \A|/ (f+07) - ®da, (4.4.51)

which establishes Claim 1(b).

Step 2: In this step, we will obtain the homogenized OCP over ()~.

Claim 2(a): For all ¢ € (H}(Q7)% ¢ € (L2 (Q7; HL, ((0,1)?))*, and w € LX(Q),
there exists a unique ordered quadruplet (u;,4~,p~,0;) € (HL(Q27))? x (L*(Q~;

H!,. ((0,1)%)))* x L2(Q~ x (0,1)?) x (L*(27))? that solves the following limit system:

per

/ Alz,y) (Vg + Vo (@,9)) : (Ve + Vyap) dedy
Q= x(0,1)2

[ ) i) @) dedy = [ (F460) pde (1a52)
0~ x(0,1)2

cmd/ div(uy )wdzr =0,

and a unique ordered triplet (v;,97,¢7) € (H(Q7))? x (L*(Q~ H;er ((0,1)%)))? x
L2(2~ x (0,1)?) that solves the following limit adjoint system:

. /Q . Al(z,y) (Voy + V0 (2,y)) : (Ve + Vyap) da dy
N / q~ (2,y) (div(p) + divy(¢)) dz dy
Q= x(0,1)2

(4.4.53)
:/Q o B@Y (Vug + Vi (2,9)) : (Voo + V) da dy

and/ div(vy )wdz = 0.
\ —

Proof of Claim 2(a): Here, we will furnish the proof of (4.4.52). Analogously, one can
easily establish (4.4.53). Towards the proof of (4.4.52), we will employ the unfolding
operator technique for the fixed domain, as discussed in Chapter 1, Section 1.4.2. Since

2
and

the sequences {u;} and {p.} are respectively uniformly bounded in (H'!(Q7))
L?(27), we employ Proposition 1.4.1 (i) to have the uniform boundedness of the sequences
{T*(Vuz)}, and {T*(pz)} in the respective spaces (L*(2~ x (0,1)2))2*2, and L%(Q~ x
(0,1)2). Further, upon employing Proposition 1.4.2 and Proposition 1.4.1 (v), there exist
subsequences not relabelled and functions 4~ with Mg 1)2 (u”) =0, u,,and p~ in spaces
(L2(Q; H,,.(0,1)2)2, (H'(27))?, and L2(Q~ x (0,1)2), respectively, such that

per
- —u, weakly in (H'(Q7))?, (4.4.54a)

Tr (Vug) — Vu, +V,a~  weakly in (L?(Q x (0,1)%))*?, (4.4.54b)
Tr (p-) —p~  weakly in L*(Q7 x (0,1)?), (4.4.54c)
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P — Mp(p~) weakly in L*(Q7). (4.4.54d)

Choose the function ¢. = @(x) + cp(x)€(Z), where, p(x) € D(Q7)?%, ¢(x) € D(Q7),

£

and £(%) € (H, 1 (0,1)2)2. Applying the unfolding operator for fixed domain, we have

per

T (pe) =T (p(x)) + eTF(d(2))TX(E(y)), which under the passage of limit gives:

T* (¢p) — @(x) strongly in (L*(QF x (0,1)?))?, (4.4.55a)
Tr (Vo) — Ve(x) + ¢V, E(y)  strongly in (L*(QT x (0,1)%))2*2. (4.4.55b)

Taking ¢. as a test function in the weak formulation (4.2.3), employing unfolding operator
with Proposition 1.4.1 (i), (i), and the convergences (4.4.54) and (4.4.55), we get the
first equation of (4.4.52) under the passage of limit, which remains valid for every ¢ €

(HVI{(Q_>)2 and ¢ & =1 € (L2(Q~; HL,,.(0,1)?))2, by density. Further, for all w € L?(Q7),

per

we have / div(u, )w dz = 0. Now, upon applying unfolding on it and using Proposition
-

1.4.1 (7), (i) along with convergence (4.4.54b), we get under the passage of limit £ — 0,

(div(u; ) + divy(@™)) wdz dy = 0, which eventually gives upon using the fact

0~ x(0,1)2
that @~ is (0,1)2— periodic, for all w € L?(Q7), the second equation of (4.4.52). Thus,

the proof of Claim 2(a) is settled. Next, we are going to identify the limit functions @~ and

p~. The identification for the adjoint counterparts, viz., ©~ and ¢—, follows analogously.

Identification of u—, v—, p—, ¢ : Taking sucessively ¢ = 0 and ¥ = 0 in (4.4.52),

yields
([ —divy (Alz,y)Vya (2,9) + Vb (2,y) = divy(A(z,y))Vu, (z) in Q x (0,1)%,
—div, (/( y) (Vu; (= )+Vya—)dy> +V</(01)2p“dy> =f+6, inQ,
div(u,)=0 in Q™ |
a~ (x,-) is (0,1)% — periodic.

(4.4.56)
In the first line of (4.4.56), we have the y-independence of Vuy (z) and the linearity of
operators, viz., divergence and gradient, which suggests u ™ (z,y) and p~ (z,y) to be of the

following form (see, for e.g., [63, Page 15]):

2 8u7
u (wvy)——Zxﬁ(y)ax (),
S ’ (4.4.57)
Z 1 (y +p*( ),

J,B=1

where the ordered pair (u1,p;) € (HY(Q7))? x L2(Q7) and for 1 < 4,8 < 2, the pair
(Xf ,H? ) satisfy the cell problem (4.3.17). Likewise, we obtain for the corresponding
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adjoint weak formulation (4.4.53):

— divy (A" (@, ) V5 (2,y)) + V@ (2, ) = divy(A'(2,))Vor (x)
— divy(B(z,y)(Vuz (2) + Vya~(2.9)) in 0 x (0,12,

(0,1)2 (0,1)2
= —divy (fig1 B(w,9)(Vui (2) + Vi~ (z,9))dy)  in 97,
div(vy) =0 in Q,
v (x,-) 1is (0,1)% — periodic,

(4.4.58)
and ) )
ov, ou,,
v (x,y)—— Z Hjﬁ(y)ﬁ_'_ Z ]B(y) p) . —|—’U1(J:‘),
JB=1 B jp=1
2 a — 2 a — (4459)
Vs Uy —
Ty =Y QW50 = D R 57+ (),
where the ordered pair (vy,q;) € (H*(Q7))% x L2(Q7) and for 1 < 5,3 < 2, the pair

(Hf, Q]B) satisfy the cell problem (4.3.18).
Identification of M 1)2(p~) and Mg 1)2(g7): Choosing the test function y = (y1, y2)

in the weak formulation of (4.3.17), we get

8 Ié] Ié; aPQ 8yl / B
m— (P —x7) = —Ldy =2 17 dy. 4.4.60
/(0,1)2 “ OYm, < I XJ) Oy 0Ya Y (0,1)2 Y ( )

In view of (4.4.54d), (4.4.57), and (4.4.60), we observe that

2

il m,a=1

, _
1 0 Py dy; Ou,; -

M P 9 / Aim o~ Pﬁ -x7)- : Ld *
o) 2@3’,1,%,5_1 (0,1)2 : 8ym( I XJ) Oy Oya Oxg p

which upon using the definition of a?‘jﬂ , gives

2 —

Mo ) =5 > a2l — 2 (4.4.61)
i,j,0,8=1 ¢

Also, we re-write (4.4.61) to get the identification of Mg 1y2(p~) as

— 1 _ _
M1)2(p7) = 5 AoVu, - I +p, . (4.4.62)

~

Likewise, one can obtain the identification of Mg 1y2(q) as

— 1 _ _ _
Ma2(@) = §(A6Vv* [ — BEVu, : 1) +q; . (4.4.63)
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Thus, from (4.4.54d) and (4.4.62), we have identified in the following the weak limit for

p. and likewise for its associated adjoint counterpart g,:

1
p-— 5 AoV, : I +p, weakly in L*(Q7), (4.4.64a)

1
7. — 5(Agvv;: I —BiVu, :I)+q, weaklyin L*(Q7). (4.4.64b)

Claim 2(b): The pairs (u, ,p; ) and (v;,q; ) respectively obey the weak formulation of
systems (4.3.21) and (4.3.22) over 2.

Proof of Claim 2(b): Substituting the values of u™ (z,y) , p~ (z,y), v (z,y), and ¢ (x,y)
from expressions (4.4.57) and (4.4.59) with 1 = 0 into equation (4.4.52) and (4.4.53), we

get, respectively,

/ A(z,y) Z Vyx] ey : Ve drdy (4.4.65)
Q~x(0,1)2 Oxg
»B=1
B 8 *J — . —
- Z / IT; ( 8 div(p)dx dy — / Py () div(ep)dx = / (f+6,) pdr
jp=1727x(0,1)2 g Q- -
and
8 ou”".
/ Al(z,y) Z Vy Hﬁ *j —|— Z Vy Tﬁ (y) =—2 | : Vedxdy
Q-x(0,1) jB= jB=1 dxg
v, 5, Oug 3 )
— Z / W) 5t = Ri(y) 5 <] div(e )dwdy—/ ¢r (x) div(p)dz
j521/97x(0,1)2 g e Q-
= B(z,y) Vox( Ouj) Ve dz dy. 4.4.66
[ ﬂZ ) 5 (1.6

With Pjﬂ = yje, we can express the terms Vu_, Vu, , Ve, and div(yp) as

2 — 2 _
ou, Ov,
L= VP =Y VP
Vu, = Vy ’ 8:% Vo, = Vy f 8955
JB 1 jﬁ 1
V= E v, P Opi div(ep E div, (P) Opi
0z’ u axa

i,00=1 i,00=1
Substituting these expressions in (4.4.65) and (4.4.66), we obtain, respectively

ou.. 8gp
Pﬁ _ Pa *J ¢
Z / (/0 e Az, y)Vy( XJ) VP> d ) Dy Dra dx

i,5,0,8=1

Z / / 117 div (PY)dy % Oi dm—/ p, div(p)dz  (4.4.67)
J Y\* axﬁ 8$a o- * .

i,j,a,8=1
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= /(f +07) - pdx (4.4.68)

and

ov_: o,
P’ _ HY. v, P® +j O
Z /Q (/ (@ y)Vy(Fy = H}): Vy P dy) Dy Dre

i,j,0,8=1

ou_: dw.
B8 By . a xj OPi
E / (/ B(z,y)Vy(P; — x;): VyP; dy) P %dag. (4.4.69)

i,j,0,8=1

Now, choosing the test functions x¢, HY, and T in the weak formulation of (4.3.17),
(4.3.18), and (4.3.19), respectively, we get upon using the fact that div, (x$) = div,(H{) =

divy (T7) = divy(Pf) = dia, where 0 denotes the Kronecker delta function, the following:

| AV, (P X)) Vixidy= [ W (4.4.70)
(0,12 (0,1)2
/ Az, y)V, (Pf - Hf) LV HE dy = / QSiady, and (4.4.71)
(0,1)2 (0,1)2
/(0 . (B(x,y)vy(pf —x - At(m,y)vny) LV, T dy = o Rbindy.  (4.4.72)
0,1

Further, substituting (4.4.70) in (4.4.67), and (4.4.71) and (4.4.72) in (4.4.69), we obtain

8 By . [e% @ * Pi
E / (/ Az ?J)vy(Pj - Xj)- Vy (P = Xx; )dy) 7{9:1:; Oz dzx

i,3,0,8=1
Q- _
and
Z / / 2,y)Vy (P — HY): V,(P* — HY) dy Ov; Opi
i P z, AN i’ Yy [ i 8$B al‘a

> I8 [/w (B, y)Vy(P] = x) = A'(w,9)V,T}):

i,5,0,8=1

ou_. -
v, (PY —T?) dy] M 00 g4 / q; div(p) dz = 0. (4.4.74)
o
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Also, we can write (4.4.73) and (4.4.74) as

Uy Opi _ ~
J L - pu— .
Z / o axﬁ Dz, dzx /_p* div(ep) dz /_(f+9*) @dr and  (4.4.75)

1,75 a,ﬁ 1
Z / gt (995] 896Z dr _/ ¢. div(e Z / #ij 8xj \ dm’
1,5,0,8=1 B o 0 1,J,0,8=1 B

(4.4.76)

which holds true for all ¢ € (H}(Q7))%  Also, from (4.4.52)-(4.4.53), we have
Jo- div(uy )wdz = [, div(v; )wdz = 0, for every w € L?(Q2~). This together with
equations (4.4.75) and (4.4.76) imply that, for 6~ = 0, the pairs (u, ,p; ) and (vy ,q;)
in space (H3(Q27))?x L?(27) respectively satisfy the variational formulation of the systems
(4.3.21) and (4.3.22) over ~. This establishes Claim 2(b).

_\2
Step 3: Taking ¥ € (Cs?(Q)) as a test function in (4.2.3), we obtain
1

ANVul: VW dz + ANVu, : V¥ dx — /+ T
Q

div(\I!)dx—/ p, div(¥)dx
of O-

£

/ (f+671)- lIfd:c—i—/ (f+67) ¥dax. (4.4.77)
QJr —

In view of the preceding Steps, we have,

~ +. _ + 4 _ +y .
;1_% { o ANVu! VW dz /ijs div(P) dx /Q+(f +6)) \Ildx]
+
= | A Ou O Al / (F+67) - Tdr and (4.4.78)
(91’2 8

lim [/ ANu_ : VUdz —/ p. div(¥)dz —/ (f+6,)- \Ildx]
_ o- _

e—0

Z / ij 3;; gf dz —/_p* diV(‘I’)d:Ir—/_(ero*)-\Ifdx. (4.4.79)

1,5,0,8=1

2
Thus, using (4.4.78) and (4.4.79) in (4.4.77), we get by density for all ¥ € (UVZ(Q))

+
aﬂ .
/Q+ A+ e c%zgd x + Z / d;j 8x5 c%za /_p* div(¥)dx

i,5,0,0=1

= |A] /Q+(f+9?)-\Ildx+/_(f+0*).\1fdm.

Further, we define 8, = 0] xqo+ + 0, xo-, which clearly belongs to (L%())2. Also, we

2
define u, = u} xo++u; xo-, which belongs to (Uaﬁl/(Q)> (see, [57, Theorem 4.2]). Thus,

we obtain the optimality system for the minimization problem (4.3.20). Also, in view of
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Theorem 4.3.1, we conclude (us,p;,60.) forms an optimal triplet to (4.3.20). Finally,
upon considering the optimal solution’s uniqueness, we establish that the subsequent pair

of triplets are equal:

(ﬁaﬁa 0) = (u*vp;)a*)

The proof of Theorem 4.4.1 is complete. O

4.5 Conclusion

In this chapter, we address the homogenization of a distributive OCP constrained by
the more generalized stationary Stokes equation, which incorporates a unidirectional
oscillating coefficient matrix, posed in a two-dimensional oscillating domain. Our analysis
focuses on a Dirichlet-type cost functional, also involving a unidirectional oscillating
coefficient matrix. By employing the unfolding operator as a key tool, we characterize
the optimal control and delve into the homogenization process of this OCP. Notably,
the presence of oscillating matrices in both the governing Stokes equations and the cost
functional adds complexity to the analysis. Consequently, we derive the limit OCP,

incorporating a perturbed tensor in the convergence analysis.
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Chapter 5

Distributive Optimal Control

Problem in a Perforated Domain

This chapter! studies the asymptotic analysis of the optimal control problem (OCP)
constrained by the stationary Stokes equations in a periodically perforated domain. We
subject the interior region of it with distributive controls. The Stokes operator considered
involves the oscillating coefficients for the state equations. We characterize the optimal
control and, upon employing the method of periodic unfolding, establish the convergence
of the solutions of the considered OCP to the solutions of the limit OCP governed by
stationary Stokes equations over a non-perforated domain. The convergence of the cost

functional is also established.

5.1 Introduction

In this chapter, we consider the optimal control problem (OCP) governed by generalized
stationary Stokes equations in an n-dimensional (n > 2) periodically perforated domain
O? (see, Section 5.2, for detailed configuration of the domain). The size of holes in the
perforated domain is of the same order as that of the period, and the holes are allowed
to intersect the boundary of the domain. The control is applied in the interior region of
the domain, and we wish to study the asymptotic analysis (homogenization) of an interior
OCP subject to the constrained stationary Stokes equations with oscillating coefficients.

One can find several works in the literature regarding the homogenization of Stokes
equations over a perforated domain. Using the multiple-scale expansion method, the
authors in [66] studied the homogenization of Stokes equations in a porous medium with
the Dirichlet boundary condition on the boundary of the holes. They obtained the Darcy’s
law as the limit law in the homogenized medium. In [67], the authors considered the
Stokes system in a periodically perforated domain with non-homogeneous slip boundary
conditions depending upon some parameter v. Upon employing the Tartar’s method of
oscillating test functions they obtained under homogenization, the limit laws, viz., Darcy’s
law ( for v < 1), Brinkmann’s law (for v = 1), and Stokes’s type law (for v > 1). In [68],
the author studied a similar problem using the method of periodic unfolding in perforated

domains by [69]. Further, the type of behavior as seen in [67] was already observed in

TThe content of this chapter is published in: “S. Garg and B. C. Sardar. Optimal control problem for
Stokes’ system: Asymptotic analysis via unfolding method in a perforated domain. Electron. J. Differential
Equations, 2023(80):1-20, 2023.”
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[70] by the authors while studying the homogeneous Fourier boundary conditions for the
two-dimensional Stokes equation. Likewise, in [71, 72], the author examined the Stokes
equation in a perforated domain with holes of size much smaller than the small positive
parameter €, wherein they considered the boundary conditions on the holes to be of the
Dirichlet type in [72] and the slip type in [71]. The domain geometry, more specifically,
the size of the holes, determines the kind of limit law in these works. Also, the author in

[73] employed the I'— convergence techniques to get comparable results.

A few works concern the homogenization of the OCPs governed by the elliptic systems
over the periodically perforated domains with different kinds of boundary conditions on
the boundary of holes (of the size of the same order as that of the period). In this regard,
with the use of different techiniques, viz., Hy—convergence in [74], two-scale convergence in
[75], and unfolding methods in [76, 77], the homogenized OCPs were thus obtained over the
non-perforated domains. Further, the homogenization of OCPs subject to the boundary
value problems concerning the steady Stokes equations mainly comprise the boundary
conditions of the type: Dirichlet, Navier slip-friction, Neumann, Mixed, etc. The authors
in [78] studied the homogenization of the OCPs subject to the Stokes equations with
Dirichlet boundary conditions on the boundary of holes, where the size of the holes is of the
same order as that of the period. Here, the authors could obtain the homogenized system,
pertaining only to the case when the set of admissible controls was unconstrained. For
more literature concerning the homogenization of optimal control problems in perforated
domains, the reader is referred to [79-82] and the references therein. Also, over another
type of oscillating domain, one can refer to the recent work [57] for the case of mixed
boundary value problem for the Stokes system, wherein the authors homogenized the
stationary Stokes system subject to the mixed boundary condition comprising of the
Neumann boundary condition on the highly oscillating boundary and the homogeneous
Dirichlet boundary condition on the base part of the domain’s boundary. Very recently, the
authors in [83] studied the asymptotic analysis of the Stokes system with mixed boundary
conditions of similar type on the thin oscillating domain. Furthermore, pertaining to
the Navier-Stokes equations, the existence of the solutions to the mixed boundary value
problem has been established by the authors in [84] for 2D bounded domain. For more
literature related to the Stokes system with mixed boundary conditions, one may refer to

[85-87] and the references therein.

The present chapter introduces an interior OCP subject to the generalized stationary
Stokes equations in a periodically perforated domain Of. We employ mixed boundary
data on the boundary of the perforated domain, i.e., on the boundary of holes that
do not intersect the outer boundary, the homogeneous Neumann boundary condition is
prescribed, while on the rest part of the boundary, the homogeneous Dirichlet boundary
condition is prescribed. The underlying objective of this chapter is to study the
homogenization of this OCP. More specifically, we consider the minimization of the
L?—cost functional (5.3.1), which is subject to the constrained generalized stationary
Stokes equations (5.3.2).
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The Stokes equations are generalized in the sense that we consider a second-order
elliptic linear differential operator in divergence form with oscillating coefficients, i.e.,
—div (A V), first studied for the fixed domain in [5, Chapter 1], instead of the classical
Laplacian operator, which later on was studied by various authors for different types of
e—dependent varying domains. For instance, we studied in Chapter 3 the generalized
stationary Stokes equation for the two-dimensional oscillating domain. Here, the action
of the scalar operator —div (A4.V) is defined in a “diagonal” manner on any vector
w = (uy,...,u,), with components u1,...,u, in the H' Sobolev space. That is, for
1 < i < n, we have (—div(4A:Vu)); = —div(A.Vuy;). The main difficulty observed
during the homogenization was identifying the limit pressure terms appearing in the state
and the adjoint systems, which we overcame by introducing suitable corrector functions
that solved some cell problems. We thus obtained the limit OCP associated with the

stationary Stokes equation in a non-perforated domain.

The layout of this chapter is as follows: In the next section, we introduce the periodically
perforated domain Q. Section 5.3 is devoted to a detailed description of the considered
OCP and the derivation of the optimality condition, followed by the characterization of
the optimal control. In Section 5.4, we derive a priori estimates of the solutions to the
considered OCP and its corresponding adjoint problem. In Section 5.5, we recall the
definition of the method of periodic unfolding in perforated domains (see, [88, 89]) and
a few of its properties. Section 5.6, refers to the limit (homogenized) OCP. Finally, we

derive the main convergence results in Section 5.7 followed by some important remarks.

5.2 Domain Description

Let {b1,...,b,} be a basis of R” (n > 2), and W be the associated reference cell defined as

n

W = {’UJ € ]R”|w = szbl, (wl,.. . ,wn) S (0, 1)”} .
i=1

Let us denote O, W, and W* = W\Y by an open bounded subset of R", a compact subset

of W, and the perforated reference cell, respectively. Here, Y C W is an open set with

the assumption that the boundary of Y is Lipschitz continuous and has a finite number

of connected components.

Also, let € > 0 be a sequence that converges to zero and set

T = {CERn|<:Zz’Lbz7 (zla"'wzn) GZn}a Z. = {CET|E(<+W) - O}
i=1

We take into account the perforated domain O (see, Figure 5.1) given by Of = O\Y%,

where Y, = Ucere(( +Y). Now, let us denote (55 as the interior of the largest union of

e(C+W) cells such that e((+W) C O, while A; C O as containing the parts from (¢ +W)
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Figure 5.1: The Perforated domain O} and the reference cell W.

cells intersecting the boundary 00O. More precisely, we write A, = (’)\(55, where
O, = interior {Ucez. e(C+W)}.
The associated perforated domains are defined as
0:=0:\Y., Ar=0:10:.
Also, we denote the boundary of the perforated domain O} as
0OF =TS UTS, whereTls = 00, N JYz and TG = OO\IS,

which means that I'{ denotes the boundary of set of holes contained in O..

In Figure 5.1, @; and A: respectively represent the dark perforated part and the remaining
part of the perforated domain OF. While, I'{ and I'jj respectively represent the boundary
of holes contained in @: a nd the boundary of holes contained in A* along with the outer
boundary 00.

5.3 Problem Description and Optimality Condition
Let us consider the following OCP associated with Stokes system:

1

inf i —ugl? Z/ 2 3.1
ese(ig(o;))n{JE(GS) 5 |ue(0:) — ug| t3 O;WH ; (5.3.1)

subject to
—div(A-Vue) + Vp. =0, in OF,
div(ue) =0 in O}, (53.2)
Me - AcVue —pepre =0  on Y,

us =0 onl¥,
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where the target state ug = (ug,,...,uq,) is defined on the space (L?(0))", and 0. is
a control function defined on the space (L*(0?))". Here, the matrix A.(z) = A(%),
where A(z) = (ai(2)),<; j<, defined on the space (L(0))" " is assumed to obey the
uniform ellipticity condition: there exist real constants m, M > 0 such that m|/\||> <
doij=1 @i (T)AiA; < M]||M||? for all A € R™, which is endowed with an Eucledian norm
denoted by || - ||. Also, we understand the action of scalar boundary operator pe - AV
on the vector u€|p§ in a “diagonal” manner: (pe - A:Vue), = pe - AcVug, for 1 <i <n,
where e denotes the outward normal unit vector to I'].

We introduce the function space (H%E(O:))” = {¢ € (H'(0?)" | $|r; = 0}. This is a

Banach space endowed with the norm

H¢H(HI£8(O;))n = [Vl (r2(02)nxn, V¢ € (H%g(('):))n'

Definition 5.3.1. We say a pair (ue,p:) € (Hllg((’);))” x L?(0%) is a weak solution to
(5.3.2) if, for all ¢ € (H%E((’);))",

AVue: Vo dx — / pe div(¢) dx = / 0 - pdr (5.3.3)
or ox ox
and for all w € L?(O),
/ div(ue) w dx = 0. (5.3.4)
O

The existence of a unique weak solution (ue(6¢),p:) € (H%S (O02))™ x L2(O}) of the system
(5.3.2) follows analogous to [62, Theorem IV.7.1]. Also, for each £ > 0, there exists a
unique solution to the problem (5.3.1) that can be proved along the same lines as in [15,
Chapter 2, Theorem 1.2]. We call the optimal solution to (5.3.1) by the triplet (%, p., 0 ),
with W, P., and O, as optimal state, pressure, and control, respectively.

Optimality Condition: The optimality condition is given by J.(8)- (0 —8¢) > 0, for all
0 € (L*(O2))™ (see, [15, Chapter 2, Page 48]). One can obtain the further simplification
of this condition as fO; (Ve +760:)-(0—0:) >0, for all @ € (L?(O))" (see, [15, Chapter

2]), where the pair (U.,q.) is the solution to the following adjoint problem:

[ —div (ALVT.) + Vi, =T —uq in O
div(ws) =0 in o, 5.55)

He - AEVEE - 65“5 =0 on Fiv

v =0 on I'j.

We call v, and q., the adjoint state and pressure, respectively. The existence of unique
weak solution (ve,q.) to (5.3.5) can now be proved in a way similar to that of system
(5.3.2).

The following theorem characterizes the optimal control, the proof of which follows

analogous to standard procedure laid in [15, Chapter 2, Theorem 1.4].
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Theorem 5.3.2. Let (ﬁg,fys,ae) be the optimal solution of the problem (5.3.1) and

(Ve,q,.) solves (5.3.5), then the optimal control is characterized by

— 1
0. = ——v. a.e. in OF. (5.3.6)

T

Conversely, suppose that a triplet (tie, pe, 0e) € (Hllg((’);)> x L2(0F) x (L*(07))" and
a pair (e, {e) € (H%8 ((’);‘))n x L?(O}) solves the following system:

—div (A.Vae) + Vp. =—L1o.  in OF,
—div (AZV’ZJE) +V§ =t —uqg inOF
div(ae) =0, div(de) =0 in OF,
Pe - AVl — ppre = on T'§,
pe - ALV — Gepre =0 on T,
Ve =0, =0 on I'g.

\

Then the triplet (e, P, —10e) is the optimal solution of (5.3.1).

5.4 A Priori Estimates

This section concerns the derivation of estimates for the optimal solution to the problem
(5.3.1) and the associated solution to the adjoint problem (5.3.5). These estimates are
uniform and independent of the parameter €. Towards attaining this aim, we first evoke

the following two lemmas:

Lemma 5.4.1 (Lemma A.4, [90]). There exists a constant K € RT, independent of ¢,
such that
ollzoryn < KIVOlaonyyens Vv € (HE(OD)"

Lemma 5.4.2 (Lemma 5.1, [70]). For each ¢ > 0 and q- € L*(O}), there erists ge €
(H%S(O;f))” and a constant K € R, independent of €, such that

div(ge) = ¢ and ||Vgel| g2y < K(O) [|gelz2(02)- (5.4.7)

Theorem 5.4.3. For each € > 0, let (ﬂe,ﬁs,gs) be the optimal solution of the problem
(5.3.1) and (ve,q.) solves the corresponding adjoint problem (5.3.5). Then, one has 0 €
(H%(g)((’):))" and there exists a constant K € RY, independent of € such that

HﬁSH(HILE oy < K, (5.4.9)
0

[Pell (1. 0ryn < K (5.4.10)
0

[1Pell 202 < K, (5.4.11)
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1@l 202y < K- (5.4.12)

Proof. Let wu(0) denotes the solution to (5.3.2) corresponding to 8. = 0. In view of
Lemma 5.4.1, one can show that [lue(0)|[(z2(0s))» < 0, ie., ue(0) = 0 in (L2(O))".

Using this and the optimality of solution (@, p.,0¢) to problem (5.3.1), we have
Hﬂe(g) - Ud”%p(og))n + THEEH?L%O;)W < Hus(o) - udH?L%O;))" < K,

which gives estimate (5.4.8). Now, let us take u, as a test function in (5.3.3). Considering
(5.4.8) and the uniform ellipticity condition of matrix A., one obtains upon applying the

Cauchy-Schwarz inequality along with the Lemma 5.4.1, the following;:

AEVHE: Vﬂg d.’L‘ S C H§€||(L2(O;))n||Vﬂs||(L2(O;))an,

*
€

mHVHsH?LQ(@;))"X" < /O

from which estimate (5.4.9) follows.
Owing to Lemma 5.4.2, for given p. € L?(O}), there exists g. € (H%S((’):))” satisying
div(ge) = p.. Corresponding to O, taking v = ge in (5.3.3), we get

H@H%%og) = /O AVue: Vge do — o 0. - gedu. (5.4.13)

In view of (5.4.7), (5.4.8) and (5.4.9), and the uniform ellipticity condition of the matrix
Ag, one obtains from (5.4.13) upon employing the Cauchy-Schwarz inequality and Lemma
5.4.1, the following:

1B 1172(02) < (MHVﬁeH(Lz(o;))nxn + K||§e”<L2<O;>)") 1V8ell(z2(0z)ymxn

which gives the estimate (5.4.11). Likewise, one can easily obtain the estimates (5.4.10)
and (5.4.12) following the above discussion. Finally, from (5.3.6), we obtain that 8. €
(Hi (OD)" 0

5.5 The Method of Periodic Unfolding for Perforated

Domains

We evokes the definition of the periodic unfolding operator and few of its properties as
stated in [88, 89]. Given z € R"™, we denote the greatest integer and the fractional parts
of x respectively by [z]w and {z}w. That is, [z]lw = > 7_, k;b; be the unique integer

combination of periods and {z}w = = — [z]w. In particular, we have for £ > 0,

e=e((Z], +(2},). veew

Definition 5.5.1. The unfolding operator T : {Of — R} — {O x W* — R} is defined
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as
. u(e (2] +ey) ae for(z,y) € O x W,
o - | PEEL ) () €0, W
0 a.e. for (z,y) € AX x W*.
Also, for any domain D O Of and vector u = (uy, - ,u,) € ({D — R})", we define its

unfolding by
T2 (w) = (T2 (un), - -+, T2 (un))

Proposition 5.5.1. The following are the properties of the unfolding operator:
(i) T is linear and continuous from L?(O%) to L?*(O x W*).
(i) Let u,v € L?(O%). Then TS (uwv) = T (u) T (v).

(iii) Let u € L?(0). Then T (u) — u strongly in L? (O x W*).

(iv) Letu e L' (OF). Then

/@ u(x) de = /(’)

(v) For each e >0, let {u:.} € L?(0) and u. — u strongly in L? (O).

1
u(z) dx —/ u(z) dr = —— T (u)(x,y) dedy.
Ay (W[ Joxw=

* *
€ €

Then T (uz) — u strongly in L? (O x W*).

(vi) Let v € L* (W*) be a W-periodic function and ve(x) =v (£). Then,

T (4.) (z.9) v(y) ae. for (z,y) € 0. x W*,
ve) (z,9) =
: Y 0 a.e. for (x,y) € Ae x W*.

(vii) Let f. € L?(O?) be uniformly bounded. Then, there exists f € L?*(O x W*) such
that Ty (f-) — f weakly in L?>(O x W*), and

1

fg BN — (-,y) dy weakly in LQ((’)),
W Jw-

where™ denotes the extension by zero outside OF to the whole of O.

Proposition 5.5.2. Let O C R" be bounded with Lipschitz boundary. Let f- € H'(O?)
be such that fo =0 on 00 N OO} and satisfy,

IVIell 2oy < K-

~

Then, there exists f € H(O) and fer? (O; HL,,. (W*)) with My~ (f) =0, such that up

per

to a subsequence,

T (Vf:) = Vf+ Vy]? weakly in (L? (O x W*))",
TX (f:) = f  strongly in L? (O; H (W*)) .
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5.6 Limit Optimal Control Problem

This section presents the limit (homogenized) system corresponding to the problem (5.3.1),
which we considered in the beginning.

Let us consider the function space
(Hy(0))" := {¢ € (H'(0))"| ¢loo =0},
which is a Hilbert space for the norm
Il 1o = IV@llL2 e Ve € (Hg(O))"

We now consider the limit OCP associated with the Stokes system

© 7O
inf J(0) = — —ug|?d / 0%dz 5.6.14
ee(iglwnn{ =7 /o'u ual e+ 5" ), 18 x} (56.14)
subject to
-y 9 (s 9%) gy 20 w o
, o \ ¥ x4
Jep=l (5.6.15)

div(u) =0 1in O,
u =0 on 00,

where the tensor B = (bfjﬂ) = (b%ﬁ)lgi’j,ayﬁgn is constant, elliptic, and for 1 <i,j,a,8 <

n, is given by

af_ ap 1 5 _ B . a
bij = ay — W Jop- A(y)Vy (P] 7Xj> F Vi dy,

with a%ﬁ = ﬁ fW* A(y)Vy (Pf — Xf) : Vy P2 dy as the entries of the constant tensor
Ay, P]’-B = P]’B(y) = (0,...,9j,...,0) with y; at the §-th position, and for 1 < j,5 < n,
the correctors (Xf, Hf) € (HY(W*))™ x L?(W*) solves the cell problem

—divy (AW (P = X)) + V1] =0 in W,
o A(y)Vy(Pjﬂ - xf) - H?u =0 on OW*\OW,
divy (P} —xJ) =0 inW* (5.6.16)
(Xf, Hf) W*- periodic,

MW*(X?) =0.

Here, © = % is the proportion of the perforated reference cell W* in the reference
cell W and p denotes the outward normal unit vector to OW*\OW. The existence of
this unique pair (u,p) € (H}(O))" x L*(O) can be found in [5, Chapter 1]. Further,
the problem (5.6.14) is a standard one and there exists a unique weak solution to it, one

can follow the arguments introduced in [15, Chapter 2, Theorem 1.2]. We call the triplet
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(w,p,0) € (H}(O))" x L*(0) x (L*(0))", the optimal solution to (5.6.14), with w, p, and
0 as the optimal state, pressure, and control, respectively.

Now, we introduce the limit adjoint system associated with (5.6.15): Find a pair (v,q) €
(HE(0))™ x L*(O) which solves the system

~ 0 Ba 8@ _ _ .
_ Z agjg(bjl. 83;5)+vq =u—ug in O,

jap=1 (5.6.17)

div(v) =0 inO,

where the tensor B! = (bfia) = (b?f)lgmﬂa’ggn is constant, elliptic, and for 1 <4, j, o, B <

n, is given by

1
Ba _ _Ba t 8 By . a
e = = e | AW (P - H)): v, H ay,

with afl-a = ﬁ S A (W) Vy, (PJB - Hf) : Vy P? dy as the entries of the constant tensor
Al. Also, for 1 < j, 3 < n, the correctors (HJB, Z]B) € (HY (W)™ x L?>(W*) solves the cell
problem
~div (At(y)v (PP — H.ﬁ)) +v,Z° =0 inWw*
Y Al J L] ’
e AY)Vy(P] — H) = Z]p =0 on oW*\ow,
divy (P} — H}) =0 in W* (5.6.18)

(Hf, Zf) W*- periodic,

My+(H) =0.

In the following, we state a result similar to Theorem 5.3.2 that characterizes the optimal
control @ in terms of the adjoint state ¥ and the proof of which follows analogous to the

standard procedure laid in [15, Chapter 2, Theorem 1.4].

Theorem 5.6.1. Let (w,p,0) be the optimal solution to (5.6.14) and (U,q) be the

corresponding adjoint solution to (5.6.17), then the optimal control is characterized by

— 1
0 = —;5 a.e. in O. (5.6.19)

Conversely, suppose that a triplet (w,p,0) € (HL(O))" x L*(O) x (L*(O))" and a pair
(0,q) € (HE(O))" x L*(O), respectively, satisfy the following systems:

-y a(bfﬁ 8“3'>+Vp =15 i O,
e 0%y Oxg
div(@) =0 inO,

and
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-y 92 bﬁf% +V§ =u—uqg in O,
jaﬂzlc‘)xa J aIL’ﬁ

div(d) =0 inO.

Then, the triplet (11,15, —%'f)) is the optimal solution to (5.6.14).

5.7 Convergence Results

We present here the key findings on the convergence analysis of the optimal solutions
to the problem (5.3.1) and its corresponding adjoint system (5.3.5) by using the method
of periodic unfolding for perforated domains described in Section 5.5. In the following,
for 1 < i < n and any vector function 1, '(Z = (1//71, e ,%), where {EZ denotes the zero
extension of ¢; outside O} to the whole of O.

Theorem 5.7.1. For given ¢ > 0, let the triplets (ue,D.,0:) and (u,Dp,0), respectively,
be the optimal solutions of the problems (5.3.1) and (5.6.14). Then

T*(A.) — A strongly in (L*(O x W*))™<", (5.7.20a)
0. ~ 08 weakly in (L*(0))", (5.7.20b)
U. — Ou  weakly in (H}(O)), (5.7.20c)
T — OT  weakly in (HH(O))", (5.7.20d)
p. — %AOVE: I+07 weakly in L*(0), (5.7.20e)
7. — %ABV@: I+07q weadkly in L*(0), (5.7.20f)

where Ay is a tensor as defined in Section 5.6, I is the n X n identity matriz, 6 is
characterized through (5.6.19) and the pairs (ve,q.) and (v,q) solve respectively the
systems (5.3.5) and (5.6.17).

Moreover,

gii% Je(0:) = J(0). (5.7.21)
Proof. First, upon using Proposition 5.5.1 (vi) on the entries of the matrix A., we obtain
(5.7.20a) under the passage of limit ¢ — 0. Similarly, one can prove the convergence for
the matrix AL under unfolding. Next, in view of Theorem 5.4.3 and the fact that the
triplet (ue, D, 0¢) is an optimal solution to problem (5.3.1), one gets uniform estimates
for the sequences {0c}, {uc}, {P.}, {Ve}, and {q.} in the spaces (L? (O}))", (Hll8 on)m,
L2 (0%), (H%S (02)™, and L? (O}), respectively.
Using the uniform estimate of the sequence {0} in the space (L2 (O ))n and Proposition

5.5.1(i), we have the sequence {7.(6.)} to be uniformly bounded in the space

(L2 (O x W*))n Thus, by weak compactness, there exists a subsequence not relabelled
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and a function 6 in (L2 (O x W*))", such that
T (@) — 6 weakly in (L* (O x W*))". (5.7.22)

Now, using Proposition 5.5.1 (vii) in (5.7.22) gives

0.~ —— | O(z,y)dy =080, weaklyin (L*(0))", (5.7.23)
W Jw~

where, 8y = MW*(é).

Employing Proposition 5.5.1 (i), we have the uniform boundedness of the sequences
{T¢(ue)}, {T°(Vaue)}, and {T°(p.)} in the respective spaces (L2(O; H' (W*)))", (L*(O x
W*))"x7 and L?(O x W*). Further, upon employing Proposition 5.5.2 and Proposition

5.5.1 (vii), there exist subsequences not relabelled and functions @ with My« (@) = 0, uo,
and p in spaces (L?(O; Hp,,. (W*)))™, (Hg(0))", and L*(O x W*), respectively, such that

T* (@e) — wo  strongly in (L*(O; HY (W*)), (5.7.24a)
TX (Vae) — Vug + V@ weakly in (L2(O x W*))™*", (5.7.24b)
Ue — Oug weakly in (H} (0))", (5.7.24c¢)
T (p.) —p weakly in L*(O x W*), (5.7.24d)
P. — O My-(p) weakly in L2(O). (5.7.24¢)

Likewise, for the associated adjoint counterparts, viz., U, and g, , one obtains that there
exist subsequences not relabelled and functions © with My« (0) = 0, vo, and ¢ in spaces
(L2(O; HY,, (W)™, (H}(O))™, and L?(O x W*), respectively, such that

per
T* (Te) — vo strongly in (L*(O; H' (W*)))™, (5.7.25a)
TF (Vo) — Vg + V& weakly in (L*(O x W*))™*", (5.7.25b)
T, — Oy weakly in (HJ(O))", (5.7.25¢)
T (q.) — ¢ weakly in L*(O x W*), (5.7.25d)
7. — O My+(§) weakly in L*(0). (5.7.25¢)

The identification of the limit functions @, 0, p, ¢, My~ (p) and My +(q) is carried out in

subsequent steps.
Step 1: (Claim) For all ¢ € (Hy(0))", v € (L* (0; H), (W¥)))", and w € L*(0),
we claim that the ordered quadruplet (wo, @, p,00) € (Hi(O))" x (L2(O; HL,, (W*)))* x

per

L?(0 x W*) x (L*(O))™ is a unique solution to the following limit system:
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( 1 .
T A(y) (Vuo + Vyu(z,y)) : (Ve + Vytp)dedy
W1 Joxw-
1 A . .
v | bl (i) + divy (@) dedy =© [ 60-pde. (57.20)
’W’ OxW* (@)

cmd,/ div(uo)wdz =0,
@]

and the ordered triplet (vo,®,q) € (Hg(O))" x (L*(O; HL,,. (W*)))™ x L?*(O x W*) is a

per

unique solution to the following limit adjoint system:

¢ 1 .
— At(y) (Voo + V,v(z,y)) : (Ve + Vyp)dedy
|W| OxW*
1 . . .
S 4(z,y) (div(e) + divy () drdy = © / (up — uq) - pd,
W Joxw- o

and,/ div(vo) wdz = 0.
\ © (5.7.27)
Proof of the Claim: Towards the proof of (5.7.26), let us consider a test function ¢ €
(D(O))™ in (5.3.3) and use properties (i), (ii), and (iv) of Proposition 5.5.1 to get

1
— TX(A) T (Vue): TX(Vp)dzdy + | AVue: Vpdr — / pe div(ep) dz
|W| OxW* Az A

*
€

1 * [— YT
T 74l Ta (ps) Ta (le(go)) dx dy
|W’ OxW*
1 _ _
N T8.) - T () da dy + / 9. - o da. (5.7.28)
|W| OxW* Az

Using Proposition 5.5.1 (i), the fact that lim._,o|A*| = 0, and convergences (5.7.22),
(5.7.20a), (5.7.24b), (5.7.24d), we have under the passage of limit ¢ — 0 in (5.7.28)

1 .
T A(y) (Vuo + Vyu(z,y)) : Ve dzdy
|W’ OxW*
_ L p(z,y) div(p) dx dy = @/ 0y - pdz, (5.7.29)
W1 Joxw- o

which remains valid for every ¢ € (H(0))™, by density.
Now, consider the function ¢.(z) = e¢(z)€(£), where ¢ € D(0) and £ € (H,,,.(W*))".

Employing properties (ii), (4ii), and (vi) of Proposition 5.5.1, one can easily obtain

T* (¢2) (z,y) — 0 strongly in (L*(O x W*))™, (5.7.30a)
T (V) (z,y) = ¢(x)V,E(y) strongly in (L*(O x W*))™ ", (5.7.30b)

Let us use the test function ¢. in (5.3.3) and employ properties (i), (ii), and (iv) of
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Proposition 5.5.1 to get

1
Wi TI(A) T (Vue): T2 (Vo) dedy + | AVue: Vo, dx
OxW* Af
. 1 =\
- / pe div(ee) do — — T (p.) TZ(div(epe)) dz dy (5.7.31)
A W Joxw=
1 *(n * n
= — T(0e) - T (¢e) dx dy + / 0: - - du.
W1 Joxw- Ax

In (5.7.31), the absolute value of each integral over A* is bounded above with a bound of
order e|A*| or |A*|. This with the fact that lim. , |A%] = 0, and convergences (5.7.22),
(5.7.20a), (5.7.24b), (5.7.24d), and (5.7.30), gives under the passage of limit ¢ — 0,

1 N 1 R .
— A(y) (Vuo + Vyu(z,y)) : Vypdedy — — p(z,y) divy(¥) de dy = 0,
|W| OxW* ‘W‘ OxW*
(5.7.32)
which remains valid for every ¢ & = v € (L%(O; HL,,.(W*)))", by density.

per
Further, for all w € L?(0), we have

/ div(ue)w dz = 0. (5.7.33)
Oz

Now, upon applying unfolding on (5.7.33) and using properties (i), (i), and (iii) of
Proposition 5.5.1 along with convergence (5.7.24b), we get under the passage of limit

e—0
1

|W| OxW*

which eventually gives upon using the fact that @ is W*—periodic, for all w € L?(O):

(div(uo) + divy(@)) w dz dy = 0,

/ div(ug)w dx = 0. (5.7.34)
@

Finally, upon adding (5.7.29) with (5.7.32) and considering (5.7.34), we establish (5.7.26).
Likewise, one can easily establish (5.7.27). This settles the proof of the claim.

Step 2: First, we are going to identify the limit functions @, ¥, p, and §. Next, using

~

these identifications, we will identify My« (p) and My«(q).
Identification of 4, ¥, p, ¢: Taking sucessively ¢ =0 and ¥ = 0 in (5.7.26), yields

¢

—div, (A(y)Vyu(z,y)) + Vyp(z,y) = divy(A(y))Vue(z) in O x W,

— div, ( AW (Tuo(@) + V(e y))dy> +V < /

div(up) =0 in O,

*

ﬁ(a:,y>dy> — W8 i O,

u(x,-) is W* — periodic.
(5.7.35)



5.7. Convergence Results 99

In the first line of (5.7.35), we have the y-independence of Vug(z) and the linearity of
operators, viz., divergence and gradient, which suggests u(x,y) and p(z,y) to be of the

following form (see, for e.g., 4.4.57):

Oug;
ie,y) == 30X ) g, +w@),
P (5.7.36)
8, IU0j
Pla,y) = > () 5. T Po(2)
if=1

where the ordered pair (u1,pg) € (H'(0))"x L*(O), and for 1 < j, 8 < n, the pair (Xf, Hf)
satisfy the cell problem (5.6.16). Likewise we obtain for the corresponding adjoint weak
formulation (5.7.27):

—divy (A(y)Vyv(z,y)) + Vyq(z,y) = divy(A(y))Voe(z) in O x W*,
—divy ([ Ay)(Voo(z) + Vyo(z,y)dy) + V (fi1. @z, y)dy) = [W*| (uo — ug) in O,

diV(’U()) =0 in O,

v(x,-) is W* — periodic,
(5.7.37)
and
Bay) == 3 HiW)g, " + @),
JP=1 5 (5.7.38)
~ V0
Qwy)= Y /w5 2 + ),
— xg
5B=1
where the ordered pair (v1,q0) € (H'(O))" x L*(O) and for 1 < j,8 < n, the pair
(Hf, Zjﬁ) satisfy the cell problem (5.6.18).
Identification of My -(p) and My+(¢): Choosing the test function y = (y1,...,yn)

in the weak formulation of (5.6.16), we get

- O (ps_ 8\ OF" Oy , _ 8
Z / ) alka—yk <PJ - Xj) T dy = n/W* I dy. (5.7.39)

i,l,k,a=1

In view of (5.7.24e), (5.7.36), and (5.7.39), we observe that

. 1 - 0 3 3\ OPf 0y; Ouo;
«(p) = — (PP — ) L 7 d ,
My (p) W] ijlga 51/ *alkayk ( i T X By Oya 05 Y+ Do

which upon using the definition of a?j’g , gives

L1 o3 Oug; Oy;
Mw-(p) = > @ e (5.7.40)
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Also, we re-write the equation (5.7.40) to get the identification of My« (p) as
R 1
Muw+(p) = ~AoVuo: I +po. (5.7.41)
Likewise, one can obtain the identification of Myy«(§) as
N Y
Mw+(q) = EAOV'UOZ I+ qo. (5.7.42)

Thus, from (5.7.24e) and (5.7.41); (5.7.25e) and (5.7.42), we have the following weak

convergences:

~ 0
De — o AgVug: I +Opy weakly in L*(O), (5.7.43a)

C)
7.~ AlVo: I +0©¢qy weakly in L*(O). (5.7.43D)

Step 3: (Claim) The pairs (ug,po) and (vg, qo) solve the systems (5.6.15) and (5.6.17),

respectively.

Proof of the Claim: We now prove that the pair (ug,pp) solves the system (5.6.15). The
proof that the pair (vg, qg) solves the system (5.6.17) follows analogously. Substituting
the values of u(z,y) and p(z,y) from expression (5.7.36) into equation (5.7.29), we get

1 ¢ Juo 8XJ Qug; | I
dxd
144 ; /OXW* ik Oy Z Oy Oxg | Oxy Y

n

b
W

/ H]’B aauoj div(ep) dx dy — 9/ po div(ep) dx
jp=1JOxW* e o

= @/ 0o - pdz. (5.7.44)
(@]

Considering PB =(0,...,yj,...,0) with y; at the S—th position, we can express the terms
dug 99 and d1v( ) as

Oxy ’ Oz’
B n
Oug OP; duy, dp OP® Op; 0p;
— = L di div, (P) .
Oxy ;1 Oy, Oxg’ Oy ig:l Oy Oxy’ iv( Zg:l iy 81:a

Substituting these expressions in (5.7.44), we obtain

Z / Z / - X 8Pa Quo; a%
irjsf=1 lk 1w ! 8yl O0zp 8%
8u0 8@1
1% div, (Pf) dy | S / o di / o o
Z / <|W* - lvy( ) > 8.’,5'5 8330{ IV - o (p T.

i,5,0,8=1
(5.7.45)

Now, choosing the test function x{* in the weak formulation of (5.6.16), we get upon using
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the fact that div,(x§) = divy(P{*) = dia, where 0 denotes the Kronecker delta function,
the following:

/ ) A(y)Vy <Pﬂ — X]) Vyx§ dy = /W* H?ém dy. (5.7.46)

Further, substituting (5.7.46) in (5.7.45), we obtain

9 Oug; Op;
k5 — - X (PP —xi) dy | 5 dx
J% 1/ 1;1/ * 8 Yk J> 47 Oz Oza
—/ po div(yp) dx :/ 0 - pdx. (5.7.47)
o o

Also, we can write equation (5.7.47) as

s Ouoj O . _
Z / ij 3%5%619?/OpodW(cp)dx—/OHo-sodm, (5.7.48)

1,5,0,8=1

which holds true for all ¢ € (H}(O))". Also, from equation (5.7.34), we have
Jo div(ug)w dz = 0, for every w € L*(0). This together with equation (5.7.48) implies
that, for @ = 6y, the pair (ug,po) € (H}(0))" x L?(O) satisfies the variational formulation
of the system (5.6.15).

Therefore, we obtain the optimality system for the minimization problem (5.6.14). Also,
in view of Theorem 5.6.1, we conclude that the triplet (ug,pg,0¢) is indeed an optimal
solution to the problem (5.6.14). Finally, upon considering the optimal solution’s

uniqueness, we establish that the subsequent pair of triplets are equal:
(Ha Toa a) = (UOaPO, 00) (5749)

Hence, upon comparing (5.7.24c), (5.7.25¢), (5.7.43a), (5.7.43b), and (5.7.23) with (5.7.49),
we obtain convergences (5.7.20c), (5.7.20d), (5.7.20e), (5.7.20f), and (5.7.20b), respectively.
Step 4: Now, we will furnish the proof of the energy convergence for the L?—cost

functional.

Choosing the test function (we — ug) in the weak formulation of system (5.3.5), we get

under unfolding upon passing € — 0

. — 1 T* * (N Tar * —
il_I;% 0 |’U,€ - 'u'd|2 dr = |W’ il—l>n0 OxTV* 5 (Aé) Te (V’UE)Z Te (V(UE - Ud)) dx dy

1 * (— *( 1:
|W| ig% OxTV Ts (QE) Ts (dlv(ud)) dz dy,
which gives in view of (5.7.49), Proposition 5.5.1(¢i7) and convergences (5.7.25a),
(5.7.24b), and (5.7.25d)
1

lim e — ugl*de = — Al(y) (VU + V,0(,y)) : Vy(a — ug) dz dy
=0 Jox W1 Joxw-
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1
+ q(z,y) div(ug) dx dy. (5.7.50)
‘W‘ OxW*

Also, using (5.7.38) in (5.7.50) along with (5.7.49), we have upon simplification

—u
lim e — ug|*dz=© Z / b 00, 9 d)J dx — / gdiv(u — ug) dzx
Ox o

e—0 I Oz
i,5,0,8=1 Oz5

(5.7.51)

Now, using the test function (w — ug) in the weak formulation of system (5.6.17), we get

the following upon comparing with the right hand side of equation (5.7.51)

lim [Ue — ug|® do = @/ @ — ug|? da. (5.7.52)
e—0 O;‘ )

Furthermore, in view of (5.3.6), (5.7.25a), and (5.7.49), we get under unfolding upon the

passage of limit ¢ — 0

. T 1 N 9
2%2 |9 | dx = h 02|W| S 1T (0:)| dx dy
. 1 * (= |2
—il_%m - |77 (ve)|” da dy
1
5| dx dy. (5.7.53)

B 2T|W| OxW*

Also, since v is independent of y and comparing the right hand side of (5.7.53) with
(5.6.19), we get

lim ~ 5 |e 1> dx = / 16]? d. (5.7.54)

e—0

Thus, from equations (5.7.52) and (5.7.54), we get (5.7.21).
This completes the proof of Theorem 5.7.1. O

Remark 5.7.2. We observe that in our case, when the size of holes is of the same order
as that of the period, i.e., the size of the holes is large (lim._,o oo = 0), with Neumann data
on the part of the boundary 0O}, the homogenized problem is an interior OCP governed by
stationary Stokes System. Here, upon following the convention of Allaire [91], we define
o as the ratio between the actual size of the holes and the critical size, with b. denoting

the size (say, diameter) of holes:

ellog(%)z for n =2,
(5.7.55)

Oz =

1
(lﬁ—f?) ? for n > 3.

Regarding the OCP governed by Stokes equations with homogeneous Dirichlet boundary
condition on the boundary of the perforated domain, the authors in [80] studied the cases

when the size of the holes is critical and smaller. Concerning the case of smaller size
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holes, i.e., when lim._,q 0. = 400, they obtained under homogenization the OCP governed
by Stokes law, while in the case of critical size holes, i.e., when lim._,q 0. = 1, where r >0
s finite, they obtained under homogenization the OCP governed by Brinkman-type law,
leading to the appearance of ’strange term’ in the limit state equation (see, [80, Theorem
2.2, Page 164-165]). The situation concerning the case of larger size holes, i.e., when
lim._,0 0. = 0, was left open by the authors in [S80] which is then settled by the authors in
[78], wherein they employed two-scale convergence method to obtain under homogenization
the OCP governed by Darcy’s law (see, [78, Theorem 2.8., Page 7]).

One can notice that in our setting, due to Neumann data on the part of the boundary 00},
we obtained under homogenization the OCP governed by Stokes system, unlike Darcy law
which the authors obtained in [78] due to Dirichlet data on the boundary of the perforated
domain. The homogenization of the OCP (5.53.1) with Neumann data for the cases where
the size of holes is smaller (lim._,g 0. = +00) and critical (lime_o 0. = r, where r > 0 is
finite), are left open to be explored. It would be interesting to see the type of laws the limit

OCP would obey in each case mentioned above.

Remark 5.7.3. For the time-dependent (evolution) Stokes and incompressible
Navier-Stokes type equations over periodically perforated domains with holes of large size,
one can find, for example, in the works of [92, 93] that the homogenous/non-homogeneous
Dirichlet boundary data is prescribed on the boundary of perforated domain and under
homogenization the Darcy-type Law is obtained. However, in the case of Neumann Data
on the boundary of perforated domain, it remains a question of one’s interest that owing
to the vector value spaces involved of the form (L*(0,T;V))" and (L?(0,T;V"))", where,
Vo= {u € (HY(O))"| div(u) = 0 in O} and V' being the topological dual of V', how
one devises an approach to deal with the difficulties that may arise in establishing the

homogenization results.

5.8 Conclusion

We address the limiting behavior of an interior OCP corresponding to Stokes equations in
an n-dimensional (n > 2) periodically perforated domain O} via the technique of periodic
unfolding in perforated domains (see, [88, 89]). We employ the Neumann boundary
condition on the part of the boundary of the perforated domain. Firstly, we characterize
the unique minimizer of the problem (5.3.1) in terms of the adjoint state. Secondly, we
deduce the apriori optimal bounds for control, state, pressure, and their corresponding
adjoint state and pressure functions. After that, we conduct the limiting analysis for the
considered OCP upon employing the periodic unfolding method in perforated domains.
We observe the convergence between the optimal solution to the problem (5.3.1) posed on
the perforated domain OF and the optimal solution to that of the limit problem (5.6.14)
governed by stationary Stokes equation posed on a non-perforated domain O. Finally, we

establish the convergence of energy corresponding to L?—cost functional.
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Chapter 6

Conclusion and Future Plan

6.1 Conclusion

In this thesis, we study the homogenization and optimal control problems (OCPs) governed
by stationary Stokes equations in the rough domains, viz., domain with rapidly oscillating
boundaries and domain with perforations.

As seen in the literature, the homogenization problems related to stationary Stokes
equations are well studied over the highly oscillating domain with Dirichlet and Neumann
boundary conditions on the highly oscillating boundaries. This thesis begins with the
study of homogenization of generalized stationary Stokes equations subjected to the mixed
boundary conditions on the highly oscillating boundaries. That is, we subject a segment
of the oscillating boundary with the Robin boundary condition having non-negative real
parameters, while its remaining portion is subject to Neumann boundary data. By the
generalized Stokes equations, we mean consideration of a second-order elliptic linear
differential operator in divergence form with oscillating coefficients, i.e., —div(A.V),
first studied for the fixed domain in [5, Chapter 1], instead of the classical Laplacian
operator. We derive the homogenized problem, which depends on these non-negative real
parameters. Finally, using the remarkable technique of unfolding operator, we show the
convergence of state and pressure within an appropriate space to those of the limit system
in a fixed domain and observe a corrector-type result under the special case of stationary
Stokes equations with Neumann boundary conditions throughout the highly oscillating
boundaries.

Now, we delve into the homogenization of distributive OCPs that govern the generalized
stationary Stokes equations in oscillating and perforated domains. Focusing on analyzing
the oscillating domain, we first study the limiting behavior of the interior OCP constrained
by the stationary Stokes equations, where Neumann boundary conditions prevail on the
highly oscillating boundaries. Here, in the upper oscillatory region, we subject the periodic
interior controls via a quadratic cost functional. Using the unfolding operator technique,
we characterize the optimal control. Subsequently, we deduce the limit OCP in the limit
domain and establish convergence results. Notably, we observe non-trivial contributions
in the upper portion of the limit domain.

Until now, we have addressed the homogenization of OCP governing Stokes equations
when the periodic controls act in the oscillating domain’s upper oscillatory region. Next,
we consider the homogenization of a more general distributive OCP constrained by

the stationary Stokes equation in the same oscillating domain, which incorporates a
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unidirectional oscillating coefficient matrix. Our analysis focuses on a Dirichlet-type
cost functional involving a unidirectional oscillating coefficient matrix. By employing
the unfolding operator as a key tool, we characterize the optimal control and delve into
the homogenization process of this OCP. Notably, the presence of oscillating matrices
in both the governing Stokes equations and the cost functional adds complexity to the
analysis. Consequently, we derive the limit OCP, incorporating a perturbed tensor in the
convergence analysis.

Finally, we examine the asymptotic behavior of an interior OCP associated with Stokes
equations in an n-dimensional (n > 2) periodically perforated domain using periodic
unfolding techniques. We employed the Neumann boundary condition on the part of the
boundary of the perforated domain. We characterize the optimal control and proceed with
the asymptotic analysis of the OCP using the periodic unfolding method in perforated
domains. We observe convergence between the optimal solution of the problem posed
on the perforated domain and the optimal solution of the limit problem governed by
the stationary Stokes equation in a non-perforated domain. Additionally, we prove the
convergence of the energy corresponding to the L?-cost functional, a result not observed

in the preceding problems over the oscillating domain.

6.2 Future Plan

This thesis addresses homogenization and interior OCPs associated with the generalized
stationary Stokes equations in a two-dimensional oscillating domain. However, extending
these findings to higher dimensions, specifically three or more, requires further exploration.
A major challenge lies in effectively handling the complexity of the limit tensor and
establishing its ellipticity in these higher-dimensional contexts.

Our forthcoming plan is divided into the following main directions. First, we aim to
rigorously address the higher dimensional cases, i.e., to investigate the limiting analysis
of the generalized stationary Stokes equations in an oscillating domain as we move into
higher dimensions.

Second, a crucial part of our plan involves investigating the limiting analysis of the
Navier-Stokes equations in a two-dimensional oscillating domain, subject to various
boundary conditions such as Neumann, Robin, and Navier-Slip. The presence of non-linear
terms imposes a significant challenge, impeding the passage of weak limit in the product
of weakly convergent sequences. We plan to address these challenges by thoroughly
examining the complexities involved and deriving corrector results.

Last but not least, our research trajectory extends to exploring the limiting analysis
of generalized OCPs governing evolution Stokes equations in an n-dimensional (n > 2)
oscillating domain. Through these concerted efforts, we aim to advance the understanding
and applicability of homogenization and control theory in complex fluid dynamics scenarios

across various dimensionalities.
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