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Lay Summary 

Bone loss is a big problem, especially as people age or cannot correctly use their muscles and 

bones. As the bone gets weaker, they are more likely to break. There are many reasons why 

bone starts to weaken; however, the most likely one is not moving around enough, i.e., loss of 

mechanical environment. 

Researchers have found that fluid flows through tiny channels in our bones when we move, 

which helps keep our bones strong. Similarly, they also notice that pressure is created in tiny 

channels inside the bone during the movement, which might keep our bone strong. However, 

how these things work together to keep our bones healthy is unclear. 

This study intended to determine how fluid flow and pore pressure affect bone health. We 

devised a new idea to determine the mineral apposition rate, which measures how fast new 

bone forms. We found that this rate is linked to the energy lost by bone during mechanical 

loading. 

To test this idea, we used a computer model of bone and simulated how fluid flow and pressure 

build up inside it when the load is applied. We used fluid flow and pressure data to calculate 

the energy lost and coupled it with the mathematical model derived to estimate the new bone 

formation. We found that just one of these two things alone is not enough to make new bone 

on both surfaces of the bone. However, when they considered both (i.e., energy lost due to fluid 

flow and pore pressure), we saw they work together to help bones stay strong. 
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Abstract 

Bone loss is a serious health problem associated with old age and bone/muscle disuse. Classic 

examples such as elderlies, astronauts, patients having spinal cord injuries, etc., show the 

symptoms of bone loss and are vulnerable to fracture risk. Several factors are responsible for 

bone resorption, such as loss of mechanical environment, hormonal deficiency, genetics, and 

nutrition. In the last few decades, mechanical loading and pharmacological agents proved 

themselves as a solution as they reverse this degenerative process, encourage new bone 

formation, and reduce resorption. However, long-term use of these pharmacological agents is 

expensive and has side effects such as pain, nausea, etc. Therefore, mechanical loading holds 

promise as a less costly and nonpharmacological means to mitigate bone loss. 

In vivo and in silico studies have shown that load-induced fluid flow in lacunae canalicular 

network (LCN) inhibits bone loss and promotes new bone formation, suggesting that load-

induced interstitial fluid flow (IFF) in LCN may be a primary stimulus as it exerts shear and 

drags forces on osteocytes.  Accordingly, most of the current mathematical models consider 

fluid flow as a stimulus for osteogenesis. However, these models fail to predict new bone 

formation simultaneously at both the periosteal and endocortical surfaces. To the best of our 

knowledge, no unifying principle relates new bone formation (simultaneously at both surfaces) 

with its mechanical environment. Besides IFF, it has also been shown that pore pressure 

generated under physiological loading conditions is adequate to enable osteocytes to respond. 

Despite the importance of IFF and Pore pressure, their exact roles have not yet been established.  

In order to fill the research gap, this thesis investigates the role of fluid flow and pore pressure 

on site-specific new bone formation induced by exogenous mechanical loading. A novel 

derivation of mineral apposition rate (MAR) in terms of dissipation energy density has been 

introduced, hypothesizing that the Mineral Apposition Rate (MAR) is proportional to the 
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square root of the dissipation energy density minus its reference value.  Dissipation energy 

density is selected as a stimulus due to its capacity to incorporate both fluid flow and pore 

pressure.  

Computational implementation of the mathematical model has been carried out through a 

poroelastic finite element analysis, where the bone is assumed to be porous and filled with 

fluid, with a boundary condition that the periosteum is impermeable to the fluid and the 

endosteal surface maintains a reference zero pressure. The fluid velocity and pore pressure 

estimated from the above analysis are used to calculate the dissipation energy density. This 

new mathematical model tested the role of fluid flow and pore pressure individually and in 

combination to predict cortical bone adaptation. 

The results indicate that fluid flow or pore pressure alone as a stimulus cannot predict 

osteogenesis at both cortical surfaces. In contrast, in combination, fluid flow and pore pressure 

closely fit site-specific new bone formation on both surfaces. It affirms that more than one 

mechanical stimulus is required to predict load-induced osteogenesis. The model has also been 

tested for another in vivo loading protocol and has been found precise in predicting new bone 

distribution. As a bottom line, the resulting model is the first of its kind, as it has been able to 

correctly predict MAR at both endocortical and periosteal surfaces. This study thus 

significantly advances the modeling of cortical bone adaptation to exogenous mechanical 

loading.  

Based on the findings, an overall bone formation model is also developed, directly measuring 

the average bone formation rate (BFR) on both cortical surfaces. This model further 

substantiates the role of fluid flow and pore pressure in bone adaptation. 
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Chapter 1  Introduction 

1.1 Motivation 

Osteoporosis is a prevalent metabolic bone disorder that poses a significant health concern 

globally due to its association with severe bone loss, which ultimately leads to fracture risk. 

Osteoporosis is generally classified as primary and secondary osteoporosis. Primary 

osteoporosis is associated with aging, whereas secondary osteoporosis is in one way or another 

related to other health problems, such as bone disuse due to paralysis (1), microgravity (2), 

long-term bed rest (3)(4), and glucocorticoid induction (5)(6). These individuals show the 

symptoms of osteoporosis and are vulnerable to fracture risk due to compromised bone 

strength. 

What unites all cases of secondary osteoporosis is that they all lose their mechanical 

environment in one way or another. During daily activity, three forces are subjected to lower 

limbs: weight-bearing due to gravity, ground reaction forces, and loading due to muscle 

contraction during locomotion. When one or more of these forces diminishes, it leads to 

secondary or disuse osteoporosis. For instance, in the case of an astronaut, ground reaction 

forces (GRFs) on the lower limb are reduced, and muscle contraction is not restricted. 

Similarly, in the case of long-term bed rest, GRFs are absent, and muscle contraction is 

reduced. In the case of Spinal Cord Injury (SCI) patients, both ground reaction forces and 

muscle contraction are missing. 

Studies on astronauts and SCI patients have provided valuable insight into bone loss patterns. 

The MIR spacecraft cosmonaut shows a total bone loss of 0.3% from the skeleton (7). The data 

from DXA assessment of International Space Station (ISS) crew members show bone loss from 

the lumber spine (0.8-0.9%/month) and hip (1.2-1.5%/month) (8), the skeletal sites where most 

osteoporotic fractures occur in elderly. Similarly, in the case of SCI patients, bone loss starts 
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just after the injury, predominantly in load-bearing bones such as the proximal tibia and distal 

femur, which are trabecular-rich sites (9). In contrast, cortical-rich sites are relatively spared 

(10). Wilmet et al., in their one-year-long study on SCI Patients, observed a rapid decrease in 

BMC at a rate of ~4%/month in the areas rich in trabecular bone and ~2%/month in areas rich 

in compact bone (11). However, no bone loss is recorded at the lumber spine despite having 

trabecular bone (9). This might be due to the continuous spine loading while sitting in a 

wheelchair.  

Meanwhile, it is essential to note that while the level of bone loss may not elevate the fracture 

risk immediately, it could predispose individuals to fractures later in life. Consequently, 

preventing bone loss has become a focus of current research efforts. Over the years, it has been 

observed that mechanical loading serves as a countermeasure for this bone loss (12)(13). For 

example, Haapasalo et al. (12) showcased significant side-to-side differences among tennis 

players, favoring the dominant (playing) arm. These differences are evident in bone parameters, 

including Bone Mineral Content (BMC) (14% 27%) and Total Cross-sectional Area (Tot.Ar) 

(16% 21%), Cortical Area (Co.Ar) (12% 32%), Bone Strength Index (BSI) (23% 37%), 

Principal moment of Inertia (Imin (33% 61%), and Imax (27% 67%)) at all measured bone sites.  

Therefore, understanding the underlying mechanism by which mechanical loading controls 

bone adaptation became necessary to build new strategies to minimize bone loss and lower 

fracture risk, which is the thrust of this thesis. However, before delving into the topic, it is 

crucial to understand the basics of bone anatomy and physiology and our current understanding 

of bone adaptation. 

1.2 Bone Anatomy and Physiology 

The bones in the skeleton serve various functions, such as providing structural and lever 

support for muscles to allow movement and locomotion of the body, acting as a protector of 
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internal organs, reservoir for calcium and phosphate ions, growth factors, and cytokines, and 

creating an environment for the hematopoiesis in the marrow cavity (14). Bone needs stiffness 

and toughness to fulfill these demands.  

The bones can be categorized into two different tissue types, i.e., cortical (or compact) and 

cancellous (or trabecular) bones, as demonstrated in Fig. 1.1. The cortical bone is densely 

packed tissue consisting of an array of osteons or a Haversine system. Each osteon has a central 

canal housing blood vessels and nerves surrounded by the concentric lamellae of bone tissue. 

The outer layer of the osteon, the cement line, has around 5 µm of mineralized bone (15). The 

uniformly spaced cavities in the osteons are called lacunae and are connected via branching 

canaliculi to form a continuous network of interconnected cavities. The high mass per unit 

volume of cortical bone endows it with great compressive strength. The trabecular bone is a 

honeycomb structure of trabecular plates and rods interspersed in the bone marrow 

compartment (Fig. 1.1). These trabecular plates and rods are also composed of osteons known 

as bone packets, which are saucer-shaped and consist of layers of lamellae. The low matrix 

mass per unit volume of trabecular bone reduces its strength to one-tenth of cortical bone (16). 

The cortical-to-trabecular bone ratio varies with the skeletal site and decides the function of 

bone (17). For example, in the femoral diaphysis, the ratio is 95:5, reflecting the high strength 

and rigidity of the long bone required for weight bearing. Whereas, in the femoral head, the 

ratio of cortical to cancellous bone is 50:50, which shows that the femoral head plays a lesser 

yet significant mechanical role by providing internal support, i.e., helping distribute load and 

energy absorption. 

The bone has an outer and inner covering known as periosteum and endosteum. The periosteum 

consists of two layers: the outer layer is fibrous, and the inner layer, which is in direct contact 

with the bone, is called the cellular or cambium layer. The fibrous layer consists of fibroblast, 

collagen, and elastin fibers, whereas the cambium layer consists of microvessels, Mesenchymal 
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stem cells, which can differentiate into osteoblasts and chondrocytes, etc. (18)(19). The 

endosteum is a thin sheath on the endocortical surface, and the trabeculae of the bone consist 

of bone lining cells and osteoblasts. This thin sheath membrane encloses the bone marrow (20).

Figure 1.1 Schematic diagram of the macroscopic to microscopic bone anatomy.

The bone matrix in both cortical and cancellous bone tissues is a composite material consisting 

of organic and inorganic components. The organic portion constitutes about 20% of the 

wet weight and is predominantly made up of type I collagen (90%) with smaller amounts of 

collagen type III, V, X, and XII (21). Collagen fibers, which have a rope-like structure, are 

formed by the spontaneous grouping of collagen fibrils. Each collagen fibril 

, synthesized within osteoblasts to create a triple-helix 

procollagen molecule (22). These procollagen molecules are secreted by osteoblasts and 

subsequently converge together to create collagen fibrils.
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The inorganic matrix makes up about 60%-70% 

for calcium, phosphorus, sodium, and magnesium (21). These ions form calcium 

hydroxyapatite [Ca10PO4(OH)2] crystal structure around and within the collagen fibers. 

Collagen provides bone with flexibility, while the mineral added to the collagen gives bone its 

stiffness. Thus, varying the amount and distribution of collagen and minerals allows bone to 

balance its flexibility and stiffness according the needs. 

The cellular component of the bone has bone-resorbing cells (osteoclasts) and bone-forming 

cells (Osteoblasts, osteocytes, and bone lining cells), as shown schematically in Fig. 1.2. The 

osteoclasts are multinucleated cells derived from the mononuclear cells of HSCs origin under 

the influence of several factors, such as macrophage-colony stimulating factor (M-CSF), which 

is secreted from the osteoprogenitor cells and the osteoblast (23), and receptor activator of 

nuclear factor kappa beta ligand (RANK-L), secreted by osteoblast, osteocytes, and stromal 

cells (24). The preosteoclast precursors (mononuclear cells) fuse to form a multinucleated 

immature osteoclast in the presence of M-CSF, which binds to the cFMS receptor in 

preosteoclasts and induces proliferation (25), and RANK-L, which binds to the RANK receptor 

on the preosteoclasts (26). The continued existence of RANK-L is essential for the 

differentiation of immature osteoclasts to mature osteoclasts. This RANK-L/RANK interaction 

promoted the secretion of NFATc1 and DC-STAMP. The NFATc1 interactions with factors 

such as PU.1, cFos, and MITF result in tartrate-resistant acid phosphatase (TRAP) secretion, 

which is crucial for osteoclast activity (27). OPG (osteoprotegerin) is another factor secreted 

by osteoblasts, stromal cells, and periodontal fibroblasts, which competitively occupy the 

RANK-L binding site RANK on preosteoclasts and inhibit osteoclastogenesis (28). It means 

that cells of MSC origin control osteoclastogenesis. The process of bone resorption is initiated 

when the mature osteoclast is attached to the bone matrix by integrins and creates a sealed 

compartment between its ruffled border membrane and extracellular bone matrix. The 



6

osteoclast's polarization achieves this whole sealing process, in which the cytoskeleton 

rearranges to form the F-actin ring and isolates the ruffled border (29). Vacuolar-type H+-

ATPase in the ruffled edge of osteoclast acidifies the compartment to dissolve the 

hydroxyapatite crystal, consequently exposing the bone's organic matrix. The exposed organic 

matrix further degrades with the secretion of TRAP, cathepsin K, and matrix 

metalloproteinase-9 (MMP-9) from the osteoclast (30).

Figure 1.2 Schematic diagram of cellular components of bone.

Osteoblasts are derived from the MSCs in the bone marrow stroma and periosteum. MSCs can 

differentiate into different cells, such as osteoblasts, adipocytes, chondrocytes, and myocytes. 

To move precursor cells towards osteoblast lineage, secretion of genes, transcription factors 

runt-related transcription factor-2 (Runx2), distal-less homeobox-5 (D1x5), and msh 

homeobox homologue-2 (Msx2) are essential (31)(32). The differentiation of immature 

osteoblasts to mature osteoblasts requires the expression of Runx2, osterix (Osx), and several 

components of the Wnt signaling pathway (31)(33)(34). Osteoblast starts bone formation with 

the secretion of collagenous (collagen type I) and noncollagenous proteins (osteocalcin (OCN), 

bone sialoprotein (BSP) I/II, and proteoglycan). The mineralization of osteoid starts with 

releasing the matrix vesicles from the osteoblast, containing calcium ions and phosphate 

compounds. These matrix vesicles are attached to the bone matrix's organic component, 

proteoglycan. The enzymes secreted by osteoblast degrade the proteoglycan, which results in 
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the nucleation of calcium and phosphate ions in the matrix vesicles. These nucleated 

hydroxyapatite crystals are then released into the body fluid supersaturated with Ca2+ and PO4- 

ions, which further helps in the continuous proliferation of new crystals (35)(36).  

During the secretion of osteoid (unmineralized matrix),  some osteoblasts get embedded and 

start changing their morphology and structure, such as decreasing their size, the rough 

endoplasmic reticulum, and the Golgi apparatus. It increases the ratio of the nucleus to the 

cytoplasm, corresponding to a decrease in protein synthesis (37). These cells gradually develop 

the cytoplasmic processes and express the E11, the early osteocyte marker. At this stage, these 

cells are called immature osteocytes. With the mineralization of the bone matrix, these 

immature osteocytes begin to mature and express several genes, including dentin matrix 

protein-1 (DMP-1), matrix extracellular phosphoglycoprotein (MEPE), and sclerostin (SOST) 

(38)(39)(40). Osteocytes are the most abundant cells in the bone, comprising 90% - 95% of 

total bone cells. For decades, osteocytes were believed to be passive cells (41). However, 

developing new technologies, such as bone cell isolation and culture, animal models, etc., leads 

to a better understanding of osteocytes. Osteocytes reside in lacunae, whereas their processes 

cross canaliculi. The processes of these osteocytes connect via gap junction to each other and 

osteoblast and bone lining cells on the bone surface, creating a system that facilitates the 

transmission of the biochemical signal. This lacuna canalicular system is filled with interstitial 

fluid, which also helps transmit biochemical signals, mechanosensation, and waste products. 

In addition, these cells get the nutrients and oxygen supply from the blood vessels passing 

nearby (42). 

1.3 Mechanobiology of Bone 

In bone, the external load is not borne by the cells, but by the extracellular matrix, it produces. 

Bones can sustain this load without failure because the cells can regulate the mass and 

architecture according to functional requirements. Hence, bone can be termed as a 
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mechanically sensitive tissue that adapts its mass and architecture to its mechanical 

environment (43).  

It was in the mid-1800s when von Meyer and Culmann postulated for the first time that the 

trabeculae were aligned with stress trajectories (44). At the 1866 Society of Natural Science 

conference in Zurich, Von Meyer demonstrated the arched architecture of sagittally sectioned 

human first metatarsal and calcaneus, with Culmann observing how the pattern of trabecular 

architecture resembled the stress trajectory produced by the functional loading. Culman drew 

an analogy between the trabecular pattern and stress trajectory in the short cantilever beam. 

Von Meyer and Culmann also compared the trabecular architecture of the coronal section of a 

human proximal femur with the mathematically constructed stress trajectory in a solid curved 

beam resembling the femur subjected to single-legged stance loading. 

However, Julius Wolff Law, which states: 

Every change in the form and function of bone or their function alone is followed by 

certain definite changes in their internal architecture, and equally definite alteration in their 

external conformation, following mathematical laws  

It was Thomson who, for the first time, proposed that mechanical deformation, i.e., strain, is a 

direct cause of bone adaptation and stated that (45): 

the very important physiological truth [is] that a condition of strain, the result of a 

stress, is a direct stimulus to growth itself  

In 1964, Harold Frost introduces the mechanostate theory which states that strain in the bone 

must surpass the threshold of 1500-2500  range (setpoint of minimum effective strain) to 

initiate bone modeling (46). Moreover, Harold Frost also highlighted the difference between 

bone modeling and remodeling. Bone remodeling, a process involving coordinated action of 

osteoclast and osteoblast, is initiated by micro cracks that lead to osteocytes apoptosis. Whereas 
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bone modeling, where osteoclast and osteoblast function independently, adapts structure by 

changing bone size and shape. This thesis focuses specifically on the bone modeling process, 

particularly on new bone formation by osteoblasts at the cortical surfaces. Therefore, 

throughout the thesis, the term bone adaptation will refer to bone modeling only.  

The most important finding is that the dynamic strain, not static strain, is responsible for bone 

adaptations (47)(48). In addition, Rubin and Lanyon, through their isolated avian ulna model, 

also showcased that bone modeling is also a linear function of strain magnitude (49). The 

dynamic nature of loading required for bone adaptation implies that the bone responds to 

various loading parameters beyond strain magnitude, such as frequency of loading waveform 

and strain rate (50)(51). For instance, Rubin and Mcleod demonstrated that a low magnitude 

load used at 1 Hz could not maintain the bone mass; however, if applied at a higher frequency, 

such as 20 Hz, it can significantly induce osteogenesis at both cortical surfaces (50). Turner et 

al. also illustrated using the rat tibia model that the loading frequency must be 0.5 Hz or higher 

to induce the osteogenic response (52). However, this relationship between frequency and 

osteogenesis does not hold beyond 10 Hz (53). In addition, Turner et al. (51), based on the rat 

tibia four-point loading model, show that osteogenesis increases as the strain rate increases. To 

incorporate these facts (bone adaptation being a function of strain rate, strain magnitude, and 

loading frequency) into a mathematical framework, Turner et al. (54) demonstrated that strain 

rate is directly proportional to the product of frequency and peak strain magnitude for a 

simplified cylindrical beam. Extending this theory to the rat ulna model and accordingly 

hypothesize that the stimulus required for bone osteogenesis can be expressed by: 

  (1.1) 

where , , , and  are the strain amplitude, loading frequency, proportionality constant, and 

strain stimulus, respectively. One thing to remember is that the above equation is valid till the 
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frequency of 2 Hz because, at higher frequencies, bone cells become less sensitive to loading 

(55). However, for most practical purposes, loading frequencies remain within 2 Hz. 

Further loading parameters influencing bone adaptation are loading duration and rest interval 

between loading bouts. The skeletal adaptation does not increase linearly with the number of 

loading cycles (56)(57). As the loading duration increases, bone formation tends to saturate. 

Rubin and Lanyon best illustrated this phenomenon through their isolated avian ulna model, 

showing that bone formation does not significantly increase beyond 36 loading cycles (56). 

Similarly, Umemura et al., in their study in which rats were grouped into jump groups 

according to the number of jumps per day, demonstrated that five jumps per day are sufficient 

to induce a significant increase in cortical area. In contrast, a hundred jumps per day did not 

significantly increase the cortical area compared to the ten jumps per day. If the bone response 

saturates quickly with the number of loading cycles, asking how long the bone will take to 

resensitize is reasonable. Robling et al. conducted an experiment in which a rat tibial four-point 

loading model was used to investigate bone saturation and resensitization (58). They 

categorized participants into four groups based on the different loading protocols and a separate 

control group, which did not receive any loading. The first group received six bouts, each 

comprising sixty cycles (60x6), with a two-hour break between sessions. The second group 

underwent four bouts, each of ninety cycles (90x4), with a rest of three hours between each 

bout. The third group experienced two bouts, each involving one hundred and eighty cycles 

(180x2), with a six-hour break between sessions. Lastly, the fourth group gets one bout of 360 

daily cycles (360x1). The loading protocol lasted for five days at a 54 N peak load of 2 Hz. All 

the loading groups showed significant bone formation compared to the control group. 

However, the groups (60x6) and (90x4) were found to be more osteogenic than the (360x1) 

group. The results showed that the rest of 2-3 hours between loading bouts is necessary to 

resensitize the bone again. However, a question remains: how much gap is ideal between each 
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loading bout? To understand this, Robling et al. did another experiment that varied the recovery 

time between the four loading bout of ninty cycles/bout (59). They used 0, 0.5, 1, 2, 4, and 8 

hours as the recovery period between loading bouts. The results showed more than 100% bone 

formation rate in 8-hour recovery groups compared to the 0-hour and 0.5-hour groups. 

Accordingly, 8 hours of recovery is sufficient to resensitize the bone after a loading bout. 

It is also shown that apart from recovery time after every loading bout, the rest between 

individual loading cycles can enhance the bone's osteogenic response (60). They used the avian 

ulna model and applied 100 cycles/day at 2 Hz with a rest interval of 10 seconds between 

loading cycles. They observed that at the periosteal surface, the bone formation rate is higher 

in the case of rest insertion compared to the bone formation data from the loading conditions 

where no rest is inserted between loading cycles. 

The tissue-level strains typically remain below 0.2% (2000 microstrains), and the in vitro 

experiment with bone cells indicates that cellular-level strains more significant than 0.5% 

(5000 microstrains) are necessary to elicit intracellular signaling (61). Additionally, Nicolella 

et al. (62), using a digital image correlation strain measurement technique, demonstrated that 

microscopic strains near irregularities, such as lacunae and canaliculi (mean strain measured 

approximately 7900 µ , maximum strain measures is 39000 µ ), were significantly higher than 

the global strain (approximately 2000  The authors themselves noted that the areas with 

such high strains resembled micro-damage around osteocyte lacuna, suggesting that such 

elevated strains may act as precursors to micro cracks and potentially trigger the remodeling 

process. However, this thesis focuses on the bone modeling process, specifically on new bone 

formation at the cortical surfaces. Hence, strain cannot be considered as a stimulus for new 

bone formation during the bone modeling process.   
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Insights from the in-vitro studies and all the factors related to dynamic strain mentioned above 

are forcing us to believe that load-induced fluid flow likely drives bone adaptation (bone 

modeling). In the mid-nineties, a theory emerged known as the fluid shear stress (FSS) 

hypothesis, which demonstrated that despite having small tissue strain, Fluid Shear Stress (FSS 

 8 to 30 dyne/cm2 under physiological loading) generated on the osteocyte cell process due to 

load-induced fluid flow in the lacune canalicular network (LCN) is sufficient to initiate cellular 

signaling that can trigger bone adaptation (63). More recent work suggested that substantial 

drag forces are generated on the tethering fibers, which connect the cell process to the 

mineralized bone, which may contribute more than the FSS (64)(65)(66). For instance, You et 

al. (64) developed a strain amplification hypothesis. They intuitively said that tethering fibers 

are attached to the osteocyte process at one end and to the mineralized tissue at the other. When 

the mechanical load is applied to the bone, it generates the pressure gradient in the LCN, which, 

in turn, the load induces fluid flow. This fluid flow in the pericellular matrix creates 

hydrodynamic forces, which put the tethering elements in tension, hence radial strain in the 

osteocyte process. This model predicted an amplification of 10 to 100 times in the cellular level 

strains depending on the load applied to the bone tissue.  

Han et al. (65) introduced a more realistic model based on the ultrastructural measurements 

conducted by You et al. in 2004 (67). However, neither the models by You et al. (64) nor Han 

et al. (65) incorporate the molecules that are the likely initiator of intracellular signaling. This 

gap is addressed by Wang et al. (66), where apart from tethering fibers, they incorporated the 

integrin-based focal adhesion complex. The model comprises a rigid conical projection 

connected to the osteocyte process via  integrin. In addition, tethering fibers are also 

connected to the central actin filament allowing axial sliding relative to each other. The model 

predicted a substantial axial strain of approximately 6% in the osteocyte process in response to 

a loading of 1000 µ  at 10 HZ and 100 cycles which is 10 times more than Han et al. (65). This 
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strain developed is sufficient to open stretch-activated ion channels and initiate electrical 

signaling. 

The question of how these mechanical signals (FSS, hoop stress, and axial strain in osteocyte 

processes) are transmitted to the cytoskeleton at the cellular level persists. However, recent 

findings have given us some clues about it. For example, Weinbaum et al. (63) demonstrated 

that the cell process is more likely to be stimulated because the pericellular space is much 

tighter in canaliculi than in lacunae, which leads to two orders of higher shear stress on the 

osteocyte process with respect to the  cell body. In addition, an in vitro study by 

Burra et al. (68) also suggested that dendritic processes are the mechanotransducers that open 

the hemichannels. Moreover, tethering elements are also present in canaliculi, the primary 

source of stain amplification, as suggested by You et al. (64). The membrane-spaning 

glycoprotein, called integrin, is attached extracellularly to the collagen of the organic matrix 

(69). In contrast, intracellularly, it is attached to the cytoskeleton, which connects to the nuclear 

membrane (70). This complex is known as the extracellular matrix- integrin-cytoskeleton axis. 

The cytoskeleton, which is always in tension, also creates tension in the extracellular matrix-

integrin-cytoskeleton axis. Hence, any deformation on the cell membrane due to extracellular 

fluid flow leads to extra tension in the cytoskeleton and transmits the fluid shear stresses to the 

nucleus to alter protein synthesis (71). Another possibility of biomechanical coupling could be 

facilitated by the mechanosensitive cation-selective channel (MSCC) (72). Following the load-

induced fluid flow, there is a rapid increase in the concentration of Ca2+ ions, which further 

depends on the extracellular Ca2+ entry and intracellular Ca2+ release from the endoplasmic 

reticulum. The influx of extracellular Ca2+ occurs through the MSCCs, which are activated by 

the deformation in the cell membrane due to fluid flow. When the gadolinium blocker blocks 

these channels, the concentration of Ca2+ ions reduces by approximately 30 %, which verifies 

the role of these ion channels (72). 
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When the mechanical stimulus is translated into biochemical signals, it must be conveyed to 

the cells (osteoblasts and osteoclasts) responsible for bone adaptation. In response to the 

increased Ca2+, vesicles containing ATPs are released, which bind to purinergic (P2) receptors. 

The activation of P2 receptors leads to the release of intracellular Ca2+ through a phospholipase 

C (PLC)-phosphatidylinositol bisphosphate (PIP2)-inositol triphosphate (IP3) pathway. The 

downstream mechanism following the P2 activation and subsequent rise in intracellular Ca2+ 

concentration is not fully understood. However, P2 signaling upregulates the Cox-2 expression, 

releasing prostaglandin (73)(74). Prostaglandin have effect on both the bone formation and 

bone resorption by regulating the proloferation and differentiation of osteoblast and osteoclast.  

1.4 Mathematically Relating Fluid Flow With Bone Adaptation 

Although it is believed that the fluid flow stimulates the osteocytes in bone during mechanical 

loading, minimal effort has been made to correlate this fluid flow with bone adaptation. The 

primary physical effects of fluid flow are pressure gradient, fluid velocity, and viscous 

dissipation. Researchers have explored these effects as a stimulus to understand bone 

adaptation better.  

For instance, Kumar et al. utilized viscous dissipation energy density as a stimulus to capture 

the impact of fluid flow on new bone formation (75). They employed a general growth law 

model to mathematically relate the new bone formation with dissipation energy density. Their 

model accurately predicts osteogenesis at the periosteal surface of mice tibia, though it was not 

tested to predict osteogenesis at the endocortical surface. Similarly, Pereira et al., using an axial 

tibial loading model, developed a mathematical framework that correctly predicted the changes 

in cortical thickness as a function of fluid velocity but did not address osteogenesis at both 

cortical surfaces individually (76). Then, Carriero et al. investigated the new bone formation at 

both surfaces relative to fluid velocity. The model successfully predicted the new bone 

formation at the endocortical surface but not on the periosteal surface (77). Prasad and Goyal 



15 
 

also developed an analytical model that uses strain to predict new bone formation on periosteal 

and endocortical surfaces (78). In this model, they assumed bone to be viscoelastic to capture 

the interstitial fluid flow effect. Their approach successfully predicted the outcome of time-

dependent parameters such as frequency and rest insertion on periosteal osteogenesis. This 

capability was not achieved by previously developed elasticity-based models, which did not 

estimate. However, their model falls short in anticipating endocortical osteogenesis despite 

considering viscoelasticity. Supporting the fluid flow hypothesis, van Tol et al. (79) 

demonstrated that fluid flow is a more accurate predictor of bone adaptation than strain. Their 

research also highlighted the influence of lacunae canalicular architecture and vascular porosity 

on fluid flow. Yet, even in their model, new bone distribution did not change monotonically 

with fluid velocity. 

1.5 Unresolved Issue 

Although much has been resolved regarding the load-induced fluid flow and its role in bone 

adaptation, it remains unclear why fluid flow as a stimulus cannot predict new bone formation 

simultaneously at both the periosteal and endosteal surfaces. Hence, the primary objective of 

this thesis is to develop a mathematical framework that relates bone adaptation with mechanical 

loading. 

In particular, the following questions are addressed: 

  fluid flow as a stimulus sufficient to capture the effect of load-induced fluid flow on 

both the periosteal or endocortical  

 or should we look for another stimulus to predict bone  

 If that is the case, what physical stimuli should be considered to establish an in silico 

model to predict site-specific new bone formation on both cortical surfaces?  
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1.6 Organization of Thesis 

The entire thesis has been documented in six chapters. 

Chapter 1 introduces the motivation behind the research work, followed by the literature review 

on bone adaptation, including in vivo, in vitro, and in silico models.  

Chapter 2 discusses the development of a novel mathematical framework that relates Mineral 

Apposition Rate (MAR) with dissipation energy density. The model hypothesis is that the 

mineral apposition rate is directly proportional to the square root of dissipation energy density 

minus the reference/threshold. 

Chapter 3 discusses the role of fluid flow in predicting Mineral Apposition Rate (MAR) at both 

cortical surfaces. A poroelastic finite element model of bone based on an in vivo study adapted 

from literature is used to estimate the fluid velocity, which in turn is used to calculate 

dissipation energy density due to viscous fluid flow. The calculated dissipation energy density 

due to fluid flow serves as a stimulus in the mathematical framework developed in Chapter 2. 

This chapter shows that fluid flow alone can anticipate the site-specific new bone formation at 

the endocortical surface. However, it underestimates the site-specific bone formation rate at 

the periosteal surface. The developed model also shows that dissipation energy density is a 

more significant stimulus that can incorporate all the factors that affect bone adaptation, such 

as strain magnitude, number of loading cycles, rest insertion, etc. 

Chapter 4 discusses the role of pore pressure alone and in combination with fluid flow to predict 

site-specific bone adaptation at both cortical surfaces. The poroelastic finite element model of 

bone used here is the same as in Chapter 3. However, this time, it is used to estimate both the 

pore pressure and fluid velocity, which in turn is used to calculate the corresponding dissipation 

energy density. The model is tested for two cases: (i) pore pressure alone and (ii) pore pressure 

in conjugation with fluid flow. For case (i), the mathematical model predicts the opposite of 
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what fluid flow alone has indicated in Chapter 3, i.e., pore pressure predicts the site-specific 

bone adaptation at the periosteal surface; however, it underestimates it at the endocortical 

surface. For case (ii), the model can accurately predict the site-specific new bone distribution 

at both cortical surfaces, showing that apart from fluid velocity, pore pressure is also required 

to indicate the site-specific new bone formation at both cortical surfaces. 

Chapter 5 discusses the development of a new mathematical model designed to directly predict 

the Bone Formation Rate (BFR). Chapters 3 and 4 demonstrated that fluid flow, in conjugation 

with pore pressure, is essential for estimating site-specific osteogenesis. Based on these 

insights, a new mathematical model is developed to estimate BFR by considering dissipation 

energy density due to fluid velocity and pore pressure as stimuli. 

Chapter 6 discusses this work's summary, conclusions, and future scope.  
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Chapter 2  Unraveling the Role of Dissipation Energy in Bone 

Mineralization: A Novel Derivation of Mineral Apposition Rate 

Declaration: Some of the contents of this chapter are published in Bone Reports under the title 

Derivation, validation, and prediction of loading-induced mineral apposition rates at 

endocortical and periosteal bone surfaces based on fluid velocity and pore pressure.' 

https://doi.org/10.1016/j.bonr.2023.101729 

Abstract 

The chapter establishes the quantitative model to predict new bone formation at both cortical 

surfaces in response to mechanical stimuli, which is crucial for understanding bone adaptation. 

We introduce an innovative derivation of mineral apposition rate as a function of dissipation 

energy density due to mechanical loading.  We choose dissipation energy density as a stimulus 

as it represents the comprehensive temporal and spatial factors influencing bone adaptation. 

Bridging the gap between mechanical loading and bone (re)modeling will lead to the 

development of new interventions to maintain skeletal integrity. 

2.1 Introduction 

The bone (re)modeling process is highly complex as it involves the sensing and transmission 

of mechanical signals by osteocytes, which helps recruit bone-forming cells (Osteoblast) to 

produce newly mineralized tissue (80)(81). The mathematical models try to reproduce the main 

characteristics of this process while keeping the model simplified. As briefly described in 

Chapter 1, Section 1.4 of this dissertation, limited attention has been given to establishing a 

quantitative model that can accurately predict new bone formation in response to mechanical 

stimuli. Some of these are those of Tiwari and Prasad (82), Prasad and Goyal (78), Pereria et 

al. (76) etc. Tiwari and Prasad (82) use the growth law to model bone adaptation and highlight 

that shear or fluid shear strain might be responsible for the new bone formation near the neutral 
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axis, as suggested in several in vivo studies. Prasad and Goyal (78) developed a new strain-

based mathematical model that used the viscoelasticity theory to capture interstitial fluid flow's 

effect on new bone formation on the periosteal surface. They successfully predicted the 

outcome of time-dependent parameters such as frequency and rest insertion on periosteal 

osteogenesis, which previously developed elasticity-based models did not estimate.  Hence, the 

mathematical model can provide valuable insight into the interplay between mechanical forces, 

cellular activity, and bone architecture.  

This Chapter introduces an innovative derivation of Mineral Apposition Rate (MAR) in terms 

of dissipation energy density while considering bone as a viscoelastic material. The derivation 

suggests that MAR is proportional to the square root of dissipation energy density minus a 

reference value, forming the central hypothesis and elucidating energy dissipation's role in 

regulating bone mineralization. We choose dissipation energy density as a stimulus in this 

derivation because it is a scalar quantity and convenient. Unlike other stimuli, dissipation 

energy density encompasses all the spatial and temporal factors influencing bone adaptation, 

including strain magnitude, loading waveform, frequency, rest insertion, etc. (83)(84). In 

addition, several in vitro studies show that strain (85), canalicular fluid flow (86)(87), and pore 

pressure (88)(89) are the mechanical stimuli that elicit responses from the osteocytes, and 

dissipation energy density has a potential to incorporate all of them. By selecting dissipation 

energy density as a stimulus, the derivation aims to capture the comprehensive impact of 

mechanical forces on bone (re)modeling, providing a holistic framework for understanding 

bone adaptation mechanics. 

Through this derivation, we try to contribute to a deeper understanding of biological 

mechanisms governing bone (re)modeling with the potential to develop novel treatments for 

bone loss and related disorders. Bridging the gap between mechanical stimuli and bone 



20

(re)modeling outcomes may pave the way for targeted interventions to preserve skeletal 

integrity and function.

2.2 Basic Terminology Used in Bone Modeling

Before going into the derivation details, we will first understand the basic terminology of 

histomorphometry relevant to bone (re)modeling, such as Mineralizing Surface, Bone 

formation Rate, and Mineral Apposition Rate, which are described below:

2.2.1 Mineralizing Surface (MS)

It represents the extent of the bone surface that is mineralizing at a given point in time. It is 

given by the total extent of the labeled surface from label administration at that time (Fig. 2.1).

Figure 2.1 Schematic diagram of the trabecular bone structure showing (a) single and double 

labels and (b) the mineralizing surface (yellow label).

The mineralizing surface is generally expressed as mineralizing surface (MS) per unit bone 

surface (BS) can be estimated by the formulation as given below (90):

(2.1)
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where , , are mineralizing surface, single-labeled surface, and double-labeled surface, 

respectively.

The MS/BS is measured in µm/µm units and typically expressed as a percentage.

2.2.2 Mineral Apposition Rate (MAR)

The term Mineral Apposition Rate measures the site-specific new bone formation. It is 

estimated as the distance between the corresponding edges of two consecutive labels divided 

by the time between the labeling periods as given below (90):

(3.2)

where , , and are the Mineral apposition rate, Interlabel thickness, and 

Interlabel time, respectively.

Figure 2.2 Schematic diagram of the trabecular bone structure showing (a) single and double 

labels and (b) the mineral apposition (yellow label).
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2.2.3 Bone Formation Rate (BFR)

Bone Formation Rate represents the volume of mineralized bone formation per unit time. It is 

calculated as a product of the Mineral Apposition Rate and Mineralizing Surface/Bone Surface 

as given below (90):

(2.3)

2.3 Dissipation Energy Density at the Tissue Level

The theory of viscoelasticity can be used to interpret bone's mechanical behavior (91). It 

considers bone tissue a single phase and uses Kelvin-Voigt's models as its mechanical analog, 

where an elastic spring and a viscous dashpot are attached in parallel, as schematically shown 

in Fig. 2.3. The governing equation for the deformation behavior of this model is as follows

(92):

(2.4)

where and 

Figure 2.3 (91).

Considerable damping properties are found in bone, suggesting that bone will lose a fraction 

of the strain energy imposed on it under mechanical loading called dissipation energy. In the 
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context of bone, this dissipation energy can contribute to forming new bone or mineral 

apposition (75). The dissipation energy density per loading cycle of a cyclic load (

) at tissue level is given by (93), 

  (2.5) 

From Eq. (2.4), the strain comes out to be 

 
 

(2.6) 

By substituting Eq. (2.6) with Eq. (2.5), we get 

  (2.7) 

where  and  are loss and complex moduli of bone, respectively. 

2.4 Derivation of Mineral Apposition Rate (MAR) 

We need to relate the dissipation energy density to the Mineral Apposition Rate (MAR). We 

simplified the bone to be a homogeneous viscoelastic material to derive the approximate 

relation between MAR and dissipation energy density. The loading on the bone is also 

simplified to be purely axial.  

When an exogenous harmonic force is applied to the bone, the overall response of the bone for 

increasing the bone cross-sectional area ( ) (for example, per day) may be assumed to be 

similar to that of a first-order control system, i.e. 

  (2.8) 

or  
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  (2.9) 

where , , and  are the bone's current, initial, and final cross-sectional areas, respectively. 

 is an unknown function of loading parameters such as the number of load cycles  etc. (to 

be determined), and  is the time. This is based on the fact that bone area increases initially 

(upon application of exogenous loading) and saturates after sustained loading (46)(94).  

It is desired to express  (i.e., the rate of change in bone cross-sectional area with respect 

to time) in terms of dissipation energy density. The tissue-level dissipation energy density per 

cycle of a sinusoidal loading of amplitude  , is as follows: 

  (2.10) 

where  is the complex modulus (as a function of forcing frequency) 

for the bone tissue corresponding to in-vivo conditions.  and  respectively, are the 

corresponding storage and loss moduli. 

If there are  cycles of the load being applied per day for  number of days per week, the total 

dissipation energy density may be given by 

  (2.11) 

or 

  (2.12) 

If the same loading protocol is maintained for the same bone, then for the bone cross-section 

in consideration: 

  (2.13) 
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where  is assumed to be a constant for a given loading protocol, neglecting any unmineralized 

bone area. The subscript  refers to the 'initial condition', i.e., the time immediately after the 

exogenous loading on bone starts. Subscript f refers to the 'final condition', i.e., the time by 

which the bone cross-section is completely adapted to the exogenous loading. Equation (2.13) 

indicates that as the cross-sectional area of bone increases under the given loading, energy 

dissipated by the bone will decrease. Furthermore, with the continued loading, the energy 

dissipation will progressively decrease until it reaches the threshold value ( ), beyond which 

there will be no further increase in the area. Equation (2.13) may be applied to Eq. (2.9) to 

obtain the following: 

  (2.14) 

In experimental studies, the site-specific Mineral Apposition Rate (MAR) is approximately 

calculated for 'initial conditions' (i.e., within 2-3 weeks of initiation of exogenous loading). 

Hence, Eq. 2.14 may be rewritten as: 

  (2.15) 

The whole bone may be divided into many sectors, the area of each of which may be used to 

calculate local MAR (i.e., new bone thickness per unit time) as follows: 

  (2.16) 

where  is the circumferential length for the sector in consideration and  may now be 

considered as the sector area. The ratio of  and  is the cortical thickness ( ) for the sector. 

The simplified approximate version of Eq. (2.16) may be given by: 

  (2.17) 
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where  is a constant.  may also be termed a universal threshold value.  is 

again a function of  and . The function  is given below: 

  (2.18) 

2.5 Summary and Discussion 

This chapter presents a novel quantitative model that predicts new bone formation in response 

to mechanical stimuli by introducing a unique derivation of the Mineral Apposition Rate 

(MAR) in terms of dissipation energy density. By considering bone as a viscoelastic material, 

the model captures the intricate relation between mechanical loading, energy dissipation, and 

bone mineralization. 

The efficacy of the mathematical framework developed in section 2.4 in predicting site-specific 

new bone formation at both the cortical surfaces (periosteal and endocortical surfaces) is yet to 

be confirmed. To validate this hypothesis, the next chapter involves constructing a finite 

element analysis model based on the mid-strain loading protocol employed in vivo study by 

Berman et al. (95), coupled with the mathematical model developed in section 2.4. 

Furthermore, the following chapters also explore whether fluid flow alone is adequate to 

stimulate new bone formation at both cortical surfaces or if an additional stimulus, alone or in 

combination with fluid flow, is necessary to predict mineral apposition rate at both cortical 

surfaces. Figure 2.4 illustrates the bone adaptation algorithm that will be used in the upcoming 

chapters. 
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Figure 2.4 Bone adaptation algorithm flowchart.

The MAR is a critical parameter in assessing bone health, as it measures the mineralization rate 

of bone tissue. Overall, incorporating dissipation energy into the measurement of mineral 

apposition rate represents a significant advancement in our understanding of the complex 

process of bone mineralization. It may lead to the development of new diagnostic tools for 

bone-related diseases, such as osteoporosis. The potential application of this novel derivation 

in bone health research might be significant (96). However, despite its advantages, the derived 

model has limitations, such as its focus solely on measuring the Mineral Apposition rate (MAR) 

for lamellar bone formation without accounting for woven bone formation and bone resorption. 
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Chapter 3  Predicting Site-Specific Cortical Bone adaptation: 

Role of Fluid flow 

Abstract 

Osteoporosis affects healthy bone by disrupting its (re)modeling process, ultimately reducing 

mechanical properties. Mechanical loading has been shown to mitigate this bone loss by 

stimulating osteogenesis and reducing resorption. The strain is considered a primary stimulus 

for osteogenesis; however, the literature on in vivo studies highlighted that tissue strain cannot 

elicit a response from osteocytes, leading to new bone formation on the endocortical and 

periosteal surfaces. It suggests that another stimulus, such as load-induced fluid flow, may 

drive bone formation behavior on both surfaces. The permeability of the lacune-canalicular 

structure regulates the fluid flow and might be responsible for distinct fluid flow distribution 

at the cortical surfaces. Accordingly, this study presents a poroelasticity-based computational 

model that estimates the fluid velocity and the dissipation energy density due to fluid flow, 

coupled with a novel mathematical framework derived in Chapter 2. The model accurately 

predicts the new bone formation at the endocortical surface but underestimates at the periosteal 

surface. The model proposes that fluid flow alone is insufficient to simultaneously predict the 

behavior of the periosteal and endocortical surfaces.  

Keywords: Mineral Apposition Rate, Bone Formation Rate, Lacune canalicular porosity, 

dissipation energy density, permeability, etc. 

3.1 Introduction 

Finding the reasons for bone adaptation to mechanics has been an object of research for the last 

45 years. Initially, the mechanical strain-based stimulus was thought to be responsible for bone 

adaptation (56)(97)(98). For example, Rubin and Lanyon show that dynamic loading 

encourages new bone formation in a region of high mechanical strain (56). Several 
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mathematical models have been developed considering strain or strain energy density as a 

stimulus for bone adaptation (78)(82)(99)(100). For example, the strain-based computational 

model developed by Prasad and Goyal (78) predicts the new bone sites on the periosteal surface 

for different loading scenarios. However, this model has not anticipated endocortical 

osteogenesis. Similarly, Tiwari and Prasad (82) developed a computational model for an in 

vivo cantilever loading protocol. It made a good prediction for periosteal bone apposition; 

however, they highlighted that strain alone could not predict the new bone formation at the 

endocortical surface. This implies that other secondary stimuli derived from mechanical 

loading contribute to bone adaptation at the cortical surface, apart from strain. This lack of 

correlation between site-specific new bone formation at both cortical surfaces and strain 

proposes that other or secondary stimuli, such as fluid flow, maybe a potential stimulus of 

osteogenesis. 

In fact, in the growing body of research data, fluid flow through the lacunae canalicular bone 

network has been shown to sense the mechanical environment, suggesting a prominent role in 

bone adaptation (75)(101). Lacunae canalicular porosity, which permeates the bone tissue, is a 

porous network of micro-sized lacune connected by canaliculi channels. Osteocytes reside in 

the lacunae; their processes pass through the canaliculi channels and are combined to form a 

cellular network, as shown in Fig. 3.1. The high stiffness of bone does not let osteocytes stretch 

significantly to sense the mechanical deformation of bone, resulting in the hypothesis of the 

strain amplification theory that involves fluid flow in the Lacunae Canalicular Network (LCN) 

(63). This hypothesis states that LCN porosities also deform when bone deformation occurs, 

resulting in a flow of interstitial fluid that exerts shear stress on the osteocytes. Moreover, in 

vitro studies have also confirmed that fluid flow has the potential to stimulate osteogenic 

activities at the cellular level (102)(61). Fluid flow through LCN was demonstrated 

experimentally by Knothe et al. using a tracer method, which shows that load-induced fluid 
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flow enhances the transport of tracers compared to diffusion (103). Even some fluid flow-based

numerical studies suggested that bending-induced fluid flow may potentially predict new bone

formation at both cortical surfaces (76)(77).

Accordingly, we conducted the finite element analysis, which simulated the experimental data

of Berman et al. (95)  and utilized the theory of poroelasticity to estimate the fluid velocity.

This estimated fluid velocity calculates dissipation energy density, a stimulus of osteogenesis.

This finite element-based model is coupled to the novel mathematical formulation derived in

Chapter 2, predicting new bone formation at the periosteal and endosteal surfaces. Note that

the derivation of MAR is based on a simplified viscoelastic beam with axial loading only. We

hypothesize that this derivation can be extended to the microscopic bone, where osteocytic

cells reside in the pore and experience fluid flow. Accordingly, in Eq. (2.17) is the

dissipation energy density due to fluid flow.

Figure 3.1 Mechanical loading of bone leads to the transmission of load to the cellular level 

via fluid flow in lacunae canalicular porosity.
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3.2 Methods 

3.2.1 Finite Element Model 

We used the poroelastic finite element model to compute fluid velocity and pore pressure in 

the bone for a given loading. The commercial ABAQUS software (Dassault Systèmes, Simulia 

Corp.) was used for this purpose. 

3.2.2 Bone Geometry 

Analysis of the whole bone would have been ideal. However, the poroelastic modeling of an 

entire bone is computationally very costly in terms of the simulation time. In addition, quite a 

few works in the literature have studied bone response on the mid-cross section of the bone; 

for example, studies by Berman et al. (95), Willie et al. (104), Birkhold et al. (105), Srinivasan 

et al. (99), Weatherhold et al. (106), etc. In view of this, as shown in Fig. 3.2, we used a 

prismatic beam of 5 mm in length with a cross-section similar to that of a tibial mid-diaphysis, 

located 45% of the total bone length from the proximal growth plate of an 8-week-old mouse. 

The cross-section has been adapted from Berman et al. (95). 

3.2.3 Porosity and Permeability of Bone 

The cortical bone displays distinct porosities across scales, including vascular, lacune 

canalicular, and collagen apatite porosity (107). The osteonal and Volkmann canals (order 20 

µm), which contain the vasculature, nerves, and bone fluid, are called vascular porosity (PV). 

The bone fluid pressure in the PV cannot generally exceed the local blood pressure as the 

vessels would collapse. All the space in the lacunae and the canaliculi is called the lacunae 

canalicular porosity (order 0.1 µm). The porosity within the space between collagen and 

hydroxyapatite crystallites is called collagen apatite porosity (order 10 nm). The fluid 

movement in this space is negligible due to the interaction with the ionic crystals. 
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We focused on lacunae canalicular porosity only as it is believed to play a crucial role in bone

adaptation due to osteocytes in lacunae and their processes in canaliculi (63). For simplicity,

we assume the porosity to be homogeneous, and accordingly, the continuum theory of

poroelasticity has been used for analysis.

Even though bone intrinsic permeability has been extensively explored in the last decade, the

computational and experimental estimation of intrinsic permeability ranges between 10-18 10-

22 m2  and 10-22 10-25 m2, respectively (108)(109)(110)(63)(111). Experimentally measuring

the relaxation time provides a means of determining the permeability value (112)(110). Pereira

et al. (76) estimated the intrinsic permeability of order 10-22 m2 for the previously estimated

relaxation time of 6.76 sec by Zhou et al. (113). For this simulation, the permeability of the

bone was considered to be 3x10-22 m2, which is approximately the geometric mean of the entire

range of permeability values (10-25 - 10-18 m2) found in the literature. This order of permeability

(10-22 m2) confirms both experimental and theoretically derived values.

Figure 3.2 Pictorial representation of (a) 8-week-old C57BL/6 mouse tibia with (b) an 

idealized cross section at section a-a' (adapted from Berman et al. (95)), (c) A simplified 

prismatic beam developed with a cross-section similar to the section at a-a'.
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3.2.4 Permeability of Bone Surface 

There is no consensus about the permeability of the periosteum. Evans et al. have 

experimentally determined the permeability of the periosteum to be 10-17 m2 ex-situ and thus 

suggested that the periosteum be highly permeable (114). Carriero et al. (77) have used the 

permeability measured by Evans et al. (114) and shown that periosteal permeability of an order 

of 10-17 m2 (which is more than the permeability of the bone) significantly overestimates the 

periosteal adaptation. In contrast, Li et al. have indicated that the periosteum (external bone 

surface) is impermeable (115). Steck et al. characterized the periosteum as relatively 

impervious and the endosteum (inner surface of the bone) as relatively permeable (116). Price 

et al. (117) also experimentally measured the high circumferential fluid velocity in situ, which 

according to Zhou et al. (113) indicates the periosteum's very low (negligible) permeability. 

Given the above studies, we assumed the permeability of the periosteum negligible. 

Endocortical surfaces, on the other hand, are considered fully permeable in accordance with 

the literature. 

3.2.5 Loading and Boundary Conditions 

To predict the site-specific new bone formation at both cortical surfaces, we modeled the in-

vivo study by Berman et al. (95). This study was chosen because it provides data on new bone 

formation at both the periosteal and endocortical surfaces. The loading was referred to as a 

mid-strain regimen, where 8-week-old C56BL/6J mice were subjected to axial loading of 10.6 

N, engendering 2050  on the anteromedial periosteal surface of the midsection. The loading 

profile consists of 4 haversine waveforms at a frequency of 2 Hz followed by a rest of 3 seconds 

at the maximum load and repeated the loading profile 55 times a day. The loading was applied 

for 14 days, with three days of loading followed by a rest of one day. We simulated the above 

loading protocol by setting zero displacements to the nodes at one end of the beam and eccentric 

compressive loading at the other to induce the strains on the beam's mid-cross-section, similar 
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to the tibial midsection strains in the experimental setup. The load was applied to create a 

maximum axial strain of 2050  at the anteromedial surface and a posterior-to-anterior axial 

strain ratio of 1.5-2 (118). 

The boundary conditions of impermeable and permeable periosteal and endosteal surfaces, 

respectively, were implemented in the model by setting zero pressure, i.e., (  = 0), and zero 

flow, i.e., (  = 0) at the endocortical and periosteal surfaces, respectively. Along with these 

conditions, the beam's two ends are also set as impermeable (  = 0) as the end cross-

sections are not expected to affect the primarily planer fluid flow at the mid-section of the 

beam, where all the measurements are done. 

3.2.6 Other Details 

After conducting the convergence study, the beam is meshed with 81600 C3D8RP (Continuous 

3 Dimensional 8-noded Reduced-integration Pore-pressure hexahedral) elements with an 

average distance of 21 µm between the nodes, about 15% of the cortical thickness, as shown 

in Fig. 3.3. A minimum time increment (step size) of 2x10-3 sec was used for guaranteed 

convergence. The material properties presented in Table 3.1 were taken directly from Zang and 

Cowin (119) and Cowin (107), except for the permeability of the bone. 
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Figure 3.3 Finite-element meshing of the prismatic beam having a cross-section similar to the

midsection of a mouse tibia.

Table 3.1 Material Properties used for simulation (adapted from (Zang and Cowin (119)) and

(Cowin (107)).

Property Bone Units

Young Modulus (E) 12000 MPa

Drained Poisson Ratio (v) 0.3

Bulk Modulus Solid ( ) 17000 MPa

Bulk Modulus Liquid ( ) 2300 MPa

Porosity ( ) 5%

Intrinsic Permeability 3x10-22 m2

Specific Weight 9.8x103 Nm-3

Dynamic Viscosity (µ) 8.9x10-2 Pa s
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3.2.7 Dissipation Energy Density 

3.2.7.1 Dissipation Energy Density  Due to Fluid Flow 

The energy dissipated due to the viscous nature of fluid over a loading cycle time period ( ) 

can be considered a stimulus and is defined as (83): 

  (3.1) 

where  is the dissipation energy density per cycle due to the fluid flow,  is the porosity, 

 is the fluid velocity,  is the intrinsic permeability of the cortical bone tissue, and  is the 

kinematic viscosity of the fluid in LCN. The value of  is computed at the integration point 

of each element. 

3.2.7.2 Zone of Influence 

Osteocytes form the network structure in bone by connecting their processes via gap junctions 

(120). The processes of osteocytes also form the gap junctions with osteoblasts/lining cells on 

the bone surface. It suggests that the osteocytes in the LCN detect the mechanical cues, convert 

them into biochemical signals, and transmit them to the osteoblasts on the periosteal and 

endocortical surfaces through diffusion (41). This communication is implemented in Prasad 

and Goyal as diffusion (78). However, it has been modeled differently in the existing models, 

where a spherical zone of influence is considered instead (83)(75)(121). We considered the 

zone of influence for its simplicity, shown schematically in Fig. 3.4, which suggests that 

osteocytes closer to the bone surface contribute more than the osteocytes away from the 

surface. Averaging was weighted with the exponential function . 

  (3.2) 

where  is the distance between the node of interest  at the surface (where total dissipation 

energy density is being computed) and the integration point of the elements in the zone of 

influence (contributing to the total dissipation energy density at the node of interest). 
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We assessed the effect of various R values, viz 100 µm, 150 µm, and 170 µm, on new bone

distribution. The most optimal fit was observed at 150 µm. As a result, we chose to adopt R as

150 , a measure that approximately coincides with the cortical thickness of mouse mid-

diaphysis.

The modified stimulus due to fluid flow at node is calculated as a weighted average over the

finite region (spherical zone of influence of radius 150 ), assuming all elements have

approximately the same volume:

(3.3)

where represents the element lying inside the zone of influence, and is the volume of 

the zone of influence.

Figure 3.4 Cross-section of the mid diaphysis of 8-week-old C57Bl/6J mouse tibia showing 

zone of influence (solid circular arc), line a-a', and radial lines (red, dashed lines) (adapted from 

Fig. 4(b) of Berman et al. (95)).
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3.2.8 Osteogenesis as a Function of Fluid Flow 

To measure the site-specific new bone formation, we divided the circumference of the mid-

cross section of the beam into 360 points by the radial lines passing through the centroid of the 

cross-section. The lines intersecting the periosteal and the endocortical rim were numbered  = 

1  360 and  = 0'  360' in an anti-clockwise direction, respectively. For clarity, these lines are 

shown as dashed red lines at every ten degrees in Fig. 3.4. At these intersection points at 

periosteal and endosteal surfaces, we estimated the site-specific osteogenesis or site-specific 

mineral apposition rate (MAR). In addition, the bone formation rate (BFR) is computed from 

the mineral apposition rate (MAR), as done by Prasad and Goyal (78). Following Eq. (2.17), 

we hypothesized that the quantity that predicts the spatial new bone thickness per unit of time 

on the considered section and surface (endocortical and periosteal) is given by 

  (3.4) 

where  is the mineral apposition rate at a given node  and  is the corresponding 

stimulus due to fluid flow.  is the remodeling rate to be determined,  is the number of loading 

cycles, and  is the number of loading days. The power of  is another constant to be 

determined, which, according to Eq. (2.16), is expected to be around 0.5.  may be 

considered as the reference MAR existing in the absence of exogenous mechanical loading. 

 is the threshold/reference value of dissipation energy density for one cycle, and  

which is the actual dissipation energy density due to the external loading must exceed it (i.e., 

the reference) for new bone formation to occur. Equation (3.4) can fit the MAR data for the 

endocortical surface as follows. 

  (3.5) 

where  represents the endocortical surface.  



39 
 

The unknown model parameters, i.e., , , and  can be estimated by minimizing the error 

squared between the predicted mineral apposition rate ( ) and the corresponding 

experimental value ( ) at nodes  on the endocortical surface using Eq. (3.6).  

  (3.6) 

Here  stands for "relative MAR", calculated by subtracting the natural MAR of 

contralateral bones from the MAR of the loaded bone. Thus,  represents the MAR 

attributed solely to the mechanical loading. 

The estimated MAR at a given node  is then multiplied by the time interval ( ) between the 

two calcine labels, as obtained from an in-vivo study by Berman et al. (95). A line with a length 

equal to ( ) is drawn perpendicular to the surface on the same node. The exact process 

is repeated for all the other nodes on both periosteal and endocortical surfaces. Finally, the 

endpoints of all the lines are connected to form the surface of the newly formed surface. 

3.2.9 Statistical Analysis 

The statistical analyses are the same as those adopted by Prasad and Goyal (78). To compare 

the numerical predictions to the experimental data, the total new bone area formed per unit of 

time is obtained by integrating the MAR (i.e., new bone thickness formed per unit of time) over 

the circumference of each of the two bone surfaces at the cross-section under study. The bone 

formation rate per unit bone surface (BFR/BS), or simply, bone formation rate (BFR), is 

obtained by dividing the new bone area formation rate by the total perimeter of the surface in 

consideration. Then, the Student's t-test (a one-sample, two-tailed t-test) was used to compare 

the bone formation rate (BFR) predicted by the mathematical model to the corresponding 

experimental value. The mineral apposition rate (MAR) is recorded on a circular scale, and 

therefore, Watson's U2 test is used to compare the experimental and simulated MAR 



40

(122)(123). The Student's t-test and Watson's U2 test were carried out using MATLAB

(MathWorks Inc.) programming.

3.3 Results

The model simulates osteogenesis as a function of fluid flow alone at cortical surfaces. The

computed strain distribution (Fig. 3.5a) for the mid-strain loading protocol of Berman et al.

(95) shows that the maximum strain induced at the anteromedial surface is 2056 which is

close to the experimental strain of 2050 The velocity is negligible at the periosteal surface,

which reaches the maximum at the endocortical surface (see Fig. 3.5b). The simulation is done

for multiple loading cycles. There is an initial transient during the first 2-3 cycles, beyond

which fluid flow and pore pressure gain steady-state and follow sinusoidal profiles with the

same frequency as the applied load (83). We estimated the dissipation energy density (

for one cycle at the end of the initial transient, as given by Eq. (3.3) for fluid flow. Then, the

results were extrapolated according to the number of loading cycles and the number of days in

the experimental protocols to calculate the total dissipation energy density ( ).

Figure 3.5 (a) Longitudinal strain distribution adapted from Berman et al. (95), and (b) velocity 

distribution (mm/sec) on the bone cross-section.

Figure 3.6 shows the plot of dissipation energy density due to fluid flow along the cortical 

thickness (shown by line a-a' in Fig. 3.4) of the beam mid-cross section. The dissipation energy 
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density due to fluid flow follows the trend of the fluid velocity, i.e., it is maximum at the 

endocortical surface and reaches its minimum value at the periosteal surface. 

 

Figure 3.6 Dissipation energy density (DED) due to fluid velocity along the radial line a-a' on 

the anterior side of the mid-cross section of the beam (see Fig. 3.4), progressing from the 

endocortical surface (ES - Node 1) to the periosteal surface (PS - Node 8). 

3.3.1 Osteogenesis as a Function of Fluid Velocity 

The potential of fluid flow to predict osteogenesis at both cortical surfaces has been 

investigated here. The values of parameters that fit the observed new bone thickness at the 

endocortical surface of Berman et al. and relate to the dissipation energy density only due to 

fluid flow are as follows (95):  = 184.94   = 0.40 and  = 0.37 µm3/µm2/day. 

Corresponding to the computed ,  comes out to be 3.86x10-10 Nµm/µm3. Similar to 
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the in vivo new bone distribution at the endocortical surface (Fig. 3.7a), the model also

predicted the site-specific new bone formation at the anterior and posterior sides of the

endocortical surface (Fig. 3.7b). The BFR calculated by the model is 0.63 µm3/µm2/day at the

endocortical surface, which is not significantly different from the experimental BFR of 0.59 ±

0.14 µm3/µm2/day (p-value = 0.81, t-test). Additionally, the statistical significance of site-

specific MAR at the endocortical surface is measured using Watson's U2 test, which shows that

the computed MAR is not significantly different from the experimental MAR (p-value = 0.59,

Watson's U2 test). However, the predicted BFR of 0.07 µm3/µm2/day at the periosteal surface

is significantly different from the experimental BFR of 0.93 ± 0.16 µm3/µm2/day (p-value =

0.00043, t-test). The site-specific new bone distribution at the periosteal surface (see Fig. 3.7b)

is also significantly different from the experimental MAR (p-value = 0.0015, Watson's U2 test).

Figure 3.7 (a) In vivo, new bone formation at the cortical surfacers for mid-strain loading 

protocol (adapted from Berman et al. (95)), and the corresponding numerically predicted new 

bone distribution as a function of (b) fluid flow.

3.4 Discussion

We employed a finite element analysis of bone based on the in vivo study by Berman et al.

(95) to predict the fluid velocity, which was subsequently used to estimate the dissipation
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energy density. This is followed by estimating new bone distribution at the cortical surfaces 

through a novel mathematical framework. The maximum fluid velocity at a peak load of 2050 

 (medial surface) is 0.55 µm/s, which is of a similar order to the velocity measured by other 

in-silico models (76)(77). For instance, Pereira et al. (76) predicted an axial load-induced fluid 

velocity of 0.15 µm/s, while Carriero et al. (77) estimated it to be around 0.1 µm/s. The 

difference in maximum fluid velocity is because of the difference in permeability of the 

periosteum; we have taken this permeability to be zero, whereas the two referred studies have 

taken it to be 10-17 m2. We could not find a study in the literature where fluid velocity was 

estimated with zero periosteal permeability. 

It is evident from the results of the developed mathematical framework (based on dissipation 

energy density due to viscous fluid flow) that fluid flow alone as a stimulus predicts 

osteogenesis only at the endocortical surface. Conversely, it underestimates the site-specific 

bone formation at the periosteal surface. This was because of the drained and undrained 

conditions, respectively, of the endocortical and periosteal surfaces, resulting in high fluid flow 

and negligible fluid flow at the two surfaces (Fig. 3.7b, c) (112)(124). The above observation 

follows the existing literature. For instance, the Carriero et al. (77) study highlights that the 

fluid flow correctly predicts the new bone distribution at the endocortical surface only. In 

addition, this study agrees with the previous research by Tiwari et al. that a single stimulus is 

insufficient to predict new bone distribution at both cortical surfaces (82). 

Past research has suggested that different mechanical stimuli initiate different mechanisms of 

mechanotransduction. For example, tissue strain induced interstitial fluid flow, exerting drag 

forces on the tethering fibers that attach osteocyte cell processes to mineralized tissue, 

generating strain in the osteocyte process and releasing different signaling molecules such as 

prostaglandin (PGE2) and NO to communicate with osteoblasts to initiates new bone formation 

(81). Hence, incorporating fluid flow may be helpful. However, the results indicate that fluid 
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flow cannot induce new bone formation at both cortical surfaces. Thus, this indicates a 

necessity for integrating another stimulus to forecast osteogenesis accurately at both cortical 

surfaces. 

Discovering another stimulus, whether independently or in conjugation with fluid flow, 

capable of predicting new bone formation at both cortical surfaces has posed a significant 

challenge. Therefore, the next chapter delves into exploring these secondary stimuli that have 

the potential to carve a desired site-specific new bone formation. 

3.5 Conclusion 

This study presents a poroelasticity-based mathematical model based on dissipation energy 

density due to viscous fluid flow to measure the site-specific bone distribution (MAR) at both 

the cortical surfaces (periosteal and endocortical). The model predicts new bone distribution at 

the endocortical surface but underestimates the periosteal surface. The key finding is that fluid 

flow is negligible at the periosteal surface, and hence, something other than fluid flow must 

induce new bone formation. 
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Chapter 4  Predicting Site-Specific Cortical Bone Adaptation: 

The Role of Pore Pressure Alone and in Combination with Fluid 

Flow 

Declaration: Some of the contents of this chapter are published in Bone Reports under the title 

Derivation, validation, and prediction of loading-induced mineral apposition rates at 

endocortical and periosteal bone surfaces based on fluid velocity and pore pressure.' 

https://doi.org/10.1016/j.bonr.2023.101729 

Abstract 

The capacity of bone to optimize its structure in response to mechanical loads has been widely 

observed. The mechanical load acting on a bone at the macroscopic level influences the bone 

cells, particularly osteocytes within the lacunae canalicular network (LCN). Osteocytes are 

responsive to various physical signals, including strain, interstitial fluid flow, and pore 

pressure. However, physiological tissue strain is known to be typically smaller than that 

required to induce bone formation directly. On the other hand, as per evidence provided by 

studies from the literature, models based on fluid flow alone cannot simultaneously predict 

bone formation at both the periosteal and endocortical surfaces. This suggests that another 

component of the osteocyte's mechanical environment, such as pore pressure, may play an 

essential role in bone adaptation alone or in combination with other stimuli, such as tissue strain 

or interstitial fluid flow. In vitro experiments have also confirmed that osteocytes respond to 

cyclic pore pressure and, thus, have a mechanism to sense the pressure, possibly because of its 

viscoelasticity.  

The central hypothesis, mathematically derived in Chapter 2, shows that the Mineral 

Apposition Rate (MAR) is proportional to the square root of the dissipation energy density 

minus its reference value. Dissipation energy density, being irreversible work done per unit 
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volume, has been successfully used as a more significant stimulus to incorporate all of the 

parameters of mechanical environments of the LCN, such as waveforms of both fluid velocity 

and pore pressure, the number of loading cycles. This hypothesis has been successfully 

tested/validated for both endocortical and periosteal surfaces with respect to an in-vivo study 

on mouse tibia, which is available in the literature. The constant of proportionality and the 

reference/threshold value of the dissipation energy density are determined through a nonlinear 

curve fitting. 

Computational implementation of the mathematical model has been done through a poroelastic 

finite element analysis of bone, where the bone is assumed to be porous and filled with fluid, 

with a boundary condition that the periosteum is impermeable to the fluid and the endosteal 

surface maintains a reference zero pressure. This work also provides evidence for these 

assumptions to be true based on the state-of-the-art literature on related experimental studies. 

The currently developed model shows that the bone uses these conditions (assumptions) to its 

advantage, as the greater stimulus, i.e., the dissipation energy due to both fluid flow and pore 

pressure, are of a similar order at both the surfaces and hence osteogenesis of the same order 

at both the surfaces. 

As a bottom line, the resulting model is the first of its kind, as it has been able to correctly 

predict MAR at both endocortical and periosteal surfaces. This study thus significantly 

advances the modeling of cortical bone adaptation to exogenous mechanical loading. 

Keywords: Site-specific mineral apposition rate (MAR), Dissipation energy density, Interstitial 

fluid flow, Pore pressure, and Endocortical and Periosteal surfaces. 

4.1 Introduction 

Three papers in the late 1900s paved the way for load-induced fluid flow in LCN as the primary 

stimulus for bone adaptation (125)(126)(63). Weinbaum et al. hypothesized that fluid shear on 
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osteocyte processes in LCN initiates a cellular response (63). Cowin et al. suggested LCN as 

the site of the strain-generated potential (125). Klein-Nulend et al. (126), in their in vitro study, 

showed osteocyte sensitivity to fluid flow shear stresses. Based on these theories, fluid flow is 

believed to predict new bone formation, and accordingly, several fluid flow-based 

computational models emerged. For instance, Kumar et al. (83) devised a viscous dissipation 

energy-based mathematical model to predict new bone formation using a solid rectangular 

beam rather than the actual bone. Subsequently, Kumar et al. (75) tested this model for the 

adaptation of rat ulna. However, during validation against experimental data, the focus was 

solely on the periosteal surface and did not include validation on the endocortical surface. 

Dissipation energy density used in that, however, proved very useful and intuitive to 

incorporate almost all types of mechanical stimuli. Periera et al. (76) introduced the fluid 

velocity-based mathematical model to anticipate changes in cortical thickness, which does not 

provide quantitative details of the new bone formation individually at the periosteal and 

endocortical surfaces. Carriero et al. (77) tried to correlate the peak fluid velocity to the new 

bone formation; however, the peak fluid velocity and the new bone formation do not coincide 

at the endocortical surface. On the other hand, periosteal surface bone formation was greatly 

overestimated, which (according to the authors) was a result of using the high permeability 

value of the periosteum in accordance with the ex-situ measurement of permeability by Evans 

et al. (114), who had also found the periosteum permeability to be stress-dependent and 

direction-dependent. Therefore, it is also difficult to implement this highly nonlinear behavior 

of the periosteal permeability in the bone adaptation model. 

Tol et al. (79) also developed a fluid velocity-based theoretical model. Here, new bone 

formation is also not found to vary monotonically with the fluid velocity at the periosteal and 

endosteal surfaces. To our knowledge, there is no example in the literature where both 

endocortical and periosteal bone surfaces can be predicted simultaneously by fluid flow alone. 
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It is, therefore, essential to understand the mechanical environment of osteocytes inside the 

LCN and re-analyze it. 

Osteocytes residing in LCN are enveloped by fluid and anchored to mineralized tissue through 

tethering fibers. Additionally, these processes are connected to the projection protruding from 

the canalicular wall through  integrin molecules, as depicted in Fig. 4.1a (127). Tissue 

strain in the whole bone under the physiological loading is typically less than 0.2% (128)(56). 

However, this strain must be an order higher for any intracellular response to occur (61). When 

the mechanical load is applied to the bone, it induces a pressure gradient, leading to canalicular 

fluid flow. This fluid flow, in turn, exerts drag forces on these tethering fibers. This drag 

stretches the osteocyte's process membrane outward, resulting in radial strain and leading to 

the deformation of the canalicular process, as illustrated in Fig. 4.1b (66). Intuitively, pore 

pressure is also expected to radially stretch/compress the osteocyte's process, depending on the 

tensile/compressive environment. Thus, osteocytes will sense the combined effect of fluid flow 

and pore pressure. The multitude of in vitro studies confirms that fluid flow stimulation 

prompts osteocytes to release biomolecules (Prostaglandin E2, Ca2+, etc.), culminating in 

osteogenesis (86)(126)(87). Some in vitro studies demonstrate that besides interstitial fluid 

flow, cyclic pore pressure also has the potential to induce osteogenesis (86)(126)(129)(89). 

Weinbaum et al. (63) and Scheiner et al. (124) respectively established that fluid flow on the 

osteocyte process and pore pressure generated under physiological loading conditions are 

adequate for osteocyte stimulation. Given the limitation of fluid flow alone, investigating a 

combination of fluid flow and pore pressure became imperative. 

The chapter 2 introduces an innovative approach for deriving the Mineral Apposition Rate 

(MAR), considering bone as a viscoelastic material and utilizing dissipation energy as a critical 

factor. The derivation proposes that MAR is directly proportional to the square root of 

dissipation energy density minus a reference value, thus forming the central hypothesis to be 
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verified. Moreover, it is established that whether the material is characterized as viscoelastic 

or poroelastic, its deformation behavior will remain consistent (refer to Appendix A). Hence, 

dissipation energy density will remain the same regardless of whether the material is classified 

as viscoelastic or poroelastic. To validate this hypothesis, the dissipation energy density is 

computed based on the results (fluid velocity and pore pressure) of the Finite Element Analysis 

of the mouse tibia, which has been modeled as a poroelastic material. This dissipation energy 

density stemming from fluid flow and pore pressure, individually or in combination, is utilized 

to determine whether pore pressure alone or in tandem is necessary for predicting MAR at both 

cortical surfaces. 

Additionally, a nonlinear curve fitting determines the constant of proportionality and the 

reference/threshold value of the dissipation energy density. The model successfully predicts 

the MAR obtained by the experiment at both endocortical and periosteal surfaces. Furthermore, 

the model also successfully predicts new bone formation for different load magnitudes. 

The work advances the understanding of load-induced bone adaptation by establishing: (i) Pore 

pressure can also induce new bone formation, unlike the existing notion that fluid flow alone 

causes new bone formation, (ii) Pore pressure in combination with fluid velocity is a better 

predictor of MAR than fluid velocity alone, (iii) Dissipation energy density is a suitable 

stimulus as it can combine different types of stimuli such as fluid velocity and pore pressure 

into one scalar value. (iv) MAR is proportional to the square root of the dissipation energy 

minus a reference value. (v) The assumption that the periosteal surface is impermeable may be 

valid based on the literature and the outcomes of the developed model.  
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Figure 4.1

4.2 Methods

4.2.1 Finite element model

We use the same poroelasticity-based model used in the previous chapter. However, for clarity,

it is explained briefly here. We used a tabular beam of 5 mm in length with a cross-section

similar to the 8-week-old mice's tibial mid-diaphyseal cross-section located 45% of the total

bone length from the proximal growth plate of an 8-week-old mouse, which was adapted from

Berman et al. (95). We used the finite element method to solve this problem in commercial

ABAQUS software (Dassault Systèmes Simulia Corp.). The beam's outer and inner surfaces
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corresponded to the periosteal and endocortical surfaces of mice tibia and, based on previous 

experiments, are defined as impermeable (115) and permeable (107). These boundary 

conditions were implemented in the model by setting the flow boundary condition, i.e., (  = 

0), and zero flow boundary condition, i.e., (  = 0) at the endocortical and periosteal surface, 

respectively. The zero flow boundary condition was imposed by default on the endocortical 

surface. After conducting the convergence study, the beam was meshed with 81600 C3D8RP 

(Continuous 3 Dimensional 8-noded Reduced-integration Pore-pressure hexahedral element) 

elements. The material properties used in the simulations are presented in Table 3.1 in Chapter 

3 and were taken directly from Zang and Cowin (119), except for the permeability of the bone. 

In this simulation, we consider only lacune canalicular porosity because it is believed that 

porosity at this scale, due to osteocytes in the lacunae and its processes in canaliculi, is essential 

for bone adaptation (63). The intrinsic permeability of LCN for this simulation was considered 

3x10-22 m2. To simulate the mid-strain loading protocol from the in-vivo study done by Berman 

et al., (95) eccentric loading was applied to the simplified beam, with the opposite end fixed as 

described in Section 3.2.5 of Chapter 3, ensuring it generates 2050  at the anteromedial 

periosteal surface.  

4.2.2 Dissipation Energy Density 

4.2.2.1 Dissipation Energy at the Cellular Level 

As discussed in the Introduction section, there are three cellular stimuli: pore pressure, tissue 

strain, and fluid flow. The energy dissipated at the tissue level under the action of the load can 

be considered as a combination of energy dissipation due to (i) viscous fluid flow, (ii) pore 

pressure, and (iii) strain exerted on the osteocytes. Hence, dissipation energy may be 

formulated as follows: 

  (4.1) 
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where , , and  are the fluid velocity, tissue-level volumetric strain, and pore pressure. , , 

and  are the constants. |x| denotes the amplitude of the quantity x. 

However, the mechanical strain needed to activate the bone cells in culture is 10-100 times 

larger than the in-vivo bone strain (61). Hence, the effect of tissue-level strain on osteocytes is 

minimal and can be neglected. Thus, Eq. (4.1) may be rewritten as: 

  (4.2) 

As the periosteal and endocortical surfaces are assumed to be ideally impermeable and 

permeable, respectively, the fluid velocity is assumed to be negligible at the periosteal surface, 

whereas pore pressure is assumed to be zero at the endocortical surface. Accordingly, the final 

equation is the following: 

  (4.3) 

The above relation is also approximately true between endocortical and periosteal surfaces, as 

the pore pressure and fluid velocity are approximately orthogonal to each other because of the 

boundary conditions and the relation between them (130). The variation of pressure along the 

cortical thickness may be assumed to be approximately varying sinusoidally with a node at the 

endocortical surface and a peak at the periosteal surface, in accordance with the literature 

(130)(131)(119). The fluid velocity (e.g., a cosine function) is proportional to the gradient of 

the pore pressure (e.g., a sine function), and the resultant of the two (  and ) can be obtained 

as the square root of the summation of the squares of amplitudes of the two (  and ), in 

accordance with Eq. (4.3). Thus, the tissue-level total dissipation energy density will be a 

combination of dissipation energy density due to the fluid flow and that due to the pore 

pressure. 
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4.2.2.2 Dissipation Energy Density  Due to Fluid Flow Alone 

The adaptation model, where bone formation is considered only, is as follows: In the literature, 

it has been shown that shear stresses on osteocytes can be a potential candidate for 

mechanotransduction. Therefore, the energy of the fluid in lacunae canalicular porosity getting 

dissipated due to its viscous nature under the application of load can be considered as a stimulus 

to capture the fluid flow on bone formation, as shown by Kumar et al. (83). 

  (4.4) 

where  is the dissipation energy density per cycle due to the fluid flow,  is the porosity, 

 is the fluid velocity,  is the intrinsic permeability of the cortical bone tissue, and  is the 

kinematic viscosity of the fluid in LCN. The value of  is computed at the integration point 

of each element. 

4.2.2.3 Dissipation Energy Density  Due to Pressure Alone 

Osteocytes, like other cells, can be modeled as a viscoelastic material that shows time-

dependent behavior (132)(133)(134)(135). The pore pressure acting on the osteocyte varies 

along its thin and long osteocytic processes. This pressure acts only radially, allowing the cell 

process to expand/contract radially and longitudinally (even if an incompressibility condition, 

i.e., Poisson's ratio of 0.5, is applied), which will cause viscoelastic dissipation. In viscoelastic 

material, the hysteretic loss (dissipation energy density for one cycle) can be expressed as 

  (4.5) 

where   and  are the complex modulus of osteocyte and stress amplitude 

induced, respectively (93).  
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Assuming stress amplitude induced inside an osteocyte ( ) to be directly proportional to 

pressure amplitude ( ) acting on the surface of the osteocyte, i.e.,  , dissipation energy 

density due to pressure acting on osteocytes can be estimated as 

  (4.6) 

where  is the proportionality constant that needs to be determined. The value of  is also 

computed at the integration point of each element  

4.2.2.4 Zone of Influence 

Osteocytes form the network structure in bone by connecting their processes via gap junction 

(120). The processes of osteocytes also form the gap junction with osteoblast and lining cells 

on the bone surface. These osteocytes detect the mechanical cues, convert them into 

biochemical signals, and transmit them to the osteoblasts via gap junctions to form new bone 

(41). Simulated this global behavior of osteocytes by considering the concept of the zone of 

influence, which suggests that osteocyte's contribution closer to the surface is greater than the 

contribution of osteocytes away from the surface (121). For simplicity, a spherical zone of 

influence was considered, and averaging was weighted with the exponential function . 

  (4.7) 

where  is the distance between the node of interest  at the surface (where total dissipation 

energy density is being computed) and the integration point of the elements in the zone of 

influence (contributing to the total dissipation energy density at the node of interest). 

The value of  was set equal to 150 µm, as in section 3.3.7.2. Therefore, the updated stimulus 

for bone adaptation at node  is defined by 

The modified stimulus resulting from fluid flow and pore pressure at node  is determined by 

computing a weighted average across the finite region (spherical zone of influence of radius 

150  ), assuming uniform element volumes: 
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  (4.8) 

 

  (4.9) 

where  represents the  element lying inside the zone of influence, and  is the volume of 

the zone of influence. 

4.2.3 Osteogenesis as a Function of Pore Pressure 

Several in vitro and in vivo studies have shown that hydrostatic pressure is essential in bone 

maintenance (136)(89). Hence, similar to the previous chapter, a site-specific model is 

developed to predict osteogenesis at the cortical surfaces; however, this time with pore pressure 

as a stimulus. To predict new bone formation, we modeled the same in vivo study by Berman 

et al. (95) as done in the previous chapter. The quantity that estimated the new bone distribution 

as a function of fluid pore pressure is given by: 

  (4.10) 

where  is the total dissipation energy density due to pore pressure at a given node .  

As the pore pressure is assumed to be zero at the endocortical surface (which will result in a 

negligible dissipation energy density), the values of the parameters , , and  are estimated 

by fitting the new bone distribution at the periosteal surface as:  

  (4.11) 
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where  denotes the periosteal surface.  is the relative site-specific experimental 

MAR at a given node , while  is the computationally estimated site-specific MAR at 

the same node . 

4.2.4 Osteogenesis as a Function of Fluid Flow and Pore Pressure 

We use the same in vivo data as in subsection 4.2.3 to estimate the site-specific new bone 

thickness at cortical surfaces as a function of fluid flow and pore pressure. The quantity that 

predicts the site-specific new bone formation at both surfaces is given by Eq. (4.12).  

  (4.12) 

Due to the different permeability of the cortical envelope, the fluid flow and fluid pore pressure 

will dominate on the endocortical and periosteal surfaces, respectively. Therefore, the value of 

parameters, i.e., , , , and  are estimated by minimizing the error squared between the 

predicted mineral apposition rate  and the corresponding experimental value 

 of the periosteal and endocortical surfaces using Eq. (4.13). 

  (4.13) 

4.3 Results 

The model depicts osteogenesis as a function of pore pressure alone and pore pressure with 

fluid flow at cortical surfaces. The computed strain distribution (Fig. 4.2a) closely matches the 

experimental data with fluid velocity peaking at the endocortical surface (Fig. 4.2b). In 

contrast, pressure is zero at the endocortical surface and reaches the maximum at the periosteal 

surface (Fig. 4.2c). Figure 4.3 shows the plot of dissipation energy density due to fluid flow 

and pore pressure along the cortical thickness (shown by line a-a' in Fig. 3.4 of chapter 3) of 
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the beam mid-cross section. The dissipation energy density due to fluid flow and pore pressure

aligns with corresponding fluid velocity and pore pressure across the cortical thickness.

Figure 4.2 (a) Longitudinal strain distribution adapted from Berman et al. (95), (b) velocity 

distribution (mm/sec), and (c) pressure distribution (MPa) on the bone cross-section.

4.3.1 Osteogenesis as a Function of Pore Pressure

The osteogenic potential of pore pressure alone has been investigated here. The value of

parameters that fit the MAR data on the periosteal surface comes out to be as follows: =

2.06, = 0.52, and = 0.08 µm3/µm2/day. cannot be computed separately; hence, is

determined. The value of is 3.56x10-6 Nµm/µm3. Pore pressure as a stimulus in the

model predicts the new bone formation at the periosteal surface (Fig. 4.4b). However, it fails

to model osteogenesis completely at the endocortical surface. The BFR/BS estimated at the

periosteal and endocortical surface is 0.99 µm3/µm2/day (p-value = 0.71, t-test) and 0.22
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µm3/µm2/day (p-value = 0.03, t-test). The corresponding experimental values are 0.93 ± 0.16 

µm3/µm2/day and 0.59 ± 0.14 µm3/µm2/day. As shown in Fig. 4.4b, site-specific distribution 

at the periosteal surface is not significantly different from the experimental distribution (p-

value = 0.89, Watson's U2 test). However, the new bone distribution at the endocortical surface 

does not come close to the in vivo bone distribution (p-value = 0.04, Watson's U2 test). 

 

Figure 4.3 Normalised dissipation energy density (DED) due to fluid velocity and pore 

pressure along the radial line a-a' on the anterior side of the mid-cross section of the beam (see 

Fig. 3.4 of Chapter 3), progressing from the endocortical surface (ES - Node 1) to the periosteal 

surface (PS - Node 8). 
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4.3.2 Osteogenesis as a Function of Pore Pressure and Fluid Flow

The values of the parameters , , , and which fit the new bone thickness and dissipation

energy density due to both fluid flow and pore pressure are as follows: = 503.94

= 1.85x10-5, = 0.49, and = 0.25 µm3/µm2/day. is estimated to be 4.61x10-10

Nµm/µm3.

Figure 4.4 (a) In vivo, new bone formation at the cortical surfaces for mid-strain loading 

protocol (adapted from Berman et al. (95)), and the corresponding numerically predicted new 

bone distribution as a function of (b) pore pressure only, and (c) pore pressure with fluid flow.

The osteogenesis results at the cortical surface improve when fluid flow and fluid pressure are

considered together (Fig. 4.4c). The computed BFR/BS of 0.97 µm3/µm2/day and 0.63

µm3/µm2/day at the periosteal and endocortical surfaces are not significantly different from the

experimental BFR of 0.93 ± 0.16 µm3/µm2/day (p-value = 0.78, t-test) and 0.59 ± 0.14
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µm3/µm2/day (p-value = 0.83, t-test) at the corresponding surfaces. The distribution of the 

newly formed bone in the experimental study and that predicted by the mathematical model at 

both surfaces are also not significantly different (p-value = 0.95 at the periosteal surface, and 

p-value = 0.71 at the endocortical surface, Watson's U2 test) (Fig. 4.4c). 

4.4 Simplified Model 

In contemporary mathematical models, bone adaptation is commonly presumed to be 

proportional to either strain energy density or dissipation energy density (100)(75)(82). 

However, this foundational assumption may be inappropriate, as in vivo research has revealed 

that bone adaptation evinces a linear dose-response association with strain (56). This implies 

that bone adaptation may be more appropriately modeled as being proportional to the square 

root of dissipation energy density (137). This is supported by the derivation of MAR in Chapter 

2, where MAR is shown to vary with the square root of dissipation energy density. In the FEA 

model with unconstrained  (see section 3.3.3), too, the value of exponent  comes out to be 

0.497 and thus may act as another validation for MAR to be approximately proportional to the 

square root of dissipation energy density. Therefore, for the sake of simplicity and in 

accordance with the derived Eq. (2.16), we assumed the value of  to be 0.5 and tested the 

hypothesis, whether the site-specific mineral apposition rate at both periosteal and endocortical 

surface is directly proportional to the square root of dissipation energy density (above its 

reference value), i.e., 

  (4.14) 

Similar to that in section 3.3.3, when  = 0.5, the values of parameters, i.e.,  and  come 

out to be 509.33  and 0.23 µm3/µm2/sec, respectively. The value of  

calculated to be 3.89x10-10 N-µm/µm3. The BFR estimated at the periosteal surface by the 
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simplified model is 0.97 µm3/µm2/sec, which is significantly similar to the BFR of 0.93 ± 0.16

µm3/µm2/sec obtained experimentally (p-value = 0.81, t-test). According to the Watson U2 test,

the simplified model's estimation of new bone distribution at the periosteal surface, as depicted

in Fig. 4.5b, is not significantly distinct from the actual new bone distribution in vivo, as shown

in Fig. 4.5a (p-value = 0.95, Watson U2-test). Similarly, the BFR computed on the endocortical

surface by the simplified model is 0.63 µm3/µm2/sec (Fig. 4.5b), which is not significantly

different from the in vivo BFR of 0.59 ± 0.14 µm3/µm2/sec (p-value = 0.82, t-test). The Watson

U2 test also shows that simulated bone distribution at the endocortical surface (Fig. 4.5b) is not

significantly different from the in vivo new bone distribution, as shown in Fig. 4.5a (p-value =

0.67, Watson U2-test).

Figure 4.5 (a) The distribution of new bone in vivo at cortical surfaces for mid-strain loading 

protocol (adapted from Berman et al. (95)). (b) The corresponding computationally estimated 

new bone distribution using a simplified model is also illustrated.

4.4.1 Prediction Example

To verify the robustness of the model, we solved a high-strain loading example taken from

Berman et al. (95). The difference is that instead of 2050 2400 is applied at the

anteromedial site. The value of parameters , , , and remains the same as in section
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3.4. The predicted BFR at the periosteal surface is 1.56 µm3/µm2/sec, which is close to the

experimental BFR of 1.67 ± 0.15 µm3/µm2/sec (p-value = 0.49, t-test). Similarly,

corresponding to the experimental BFR of 1.01 ± 0.11 µm3/µm2/sec at the endocortical surface,

the BFR measured from the model is 1.02 µm3/µm2/sec, which is close to the experimental

BFR (p-value = 0.96, t-test). The new bone distribution at both the cortical surfaces, i.e., MAR

(Fig. 4.6b), is not significantly different from the experimental new bone formation at the mid-

diaphysis (Fig. 4.6a) (p-value = 0.44 and p-value = 0.08 for periosteal and endosteal surfaces,

Watson's U2 test). However, the model underestimates the new bone distribution at the anterior

side of the endocortical surface.

Figure 4.6 (a) In vivo new bone distribution at cortical envelops for high strain loading 

protocol (adapted from Berman et al. (95)) and (b) corresponding computationally estimated 

new bone distribution using the simplified model.

4.4.2 Sensitivity Analysis

In modeling studies, knowing how different factors affect the results is essential. In this study, 

we tuned the parameter and of a mathematical model while considering the value of 

= 0.5 to predict the new bone distribution. To understand the physical significance of 

parameters and , the simplest form of sensitivity analysis is used. The analysis is called 
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local sensitivity analysis (LSA) or one-factor-at-a-time (138). In this sensitivity analysis, we 

vary one model parameter at a time by a given amount and examine the impact on the output 

results. Figure 4.7a illustrates that increasing the remodeling rate ( ) (while keeping the other 

parameters constant) leads to a linear increase in the bone formation rate (BFR). Thus, we 

identify  as a parameter that amplifies the response of osteocytes. This is in accordance with 

the study done by Kumar et al., who found that  quantifies how much an osteocyte responds 

to loading (100). As far as the dependence of  on loading parameters is concerned, Eq. (2.17) 

shows that  is a proportionality constant that does not depend on any loading parameters. On 

the other hand, Fig. 4.7b demonstrates the impact of changing the parameter  on the bone 

adaptation, while  remains constant. Interestingly, increasing the value of  decreases the 

BFR linearly.  may be identified as a threshold sensitivity of the osteocytes, which depends 

on the number of loading cycles and days of loading.  increases as the number of loading 

cycles increases (see Fig. 4.7c), however, following the law of diminishing returns (54). This 

threshold sensitivity indicates that the osteocytes lose their sensitivity as the number of loading 

cycles increases. Other loading parameters, such as loading magnitude and frequency, do not 

change these tuning parameters as they directly influence the dissipation energy density per 

cycle.  
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Figure 4.7 Plots showing BFR as a function of (a) remodeling rate and (b) 

threshold/reference parameter , which in turn is also shown in (c) as a function of the 

number of loading cycles N.

4.5 Discussion

We utilize finite element analysis to determine the structural changes in the tibia mid-

diaphyseal cross-section under the action of mechanical loading, and a novel mathematical

formulation derived in the previous chapter is used to estimate the new bone formation at the

cortical surfaces. The developed mathematical model exhibits that the combination of fluid

flow with fluid pore pressure may be responsible for (re)modeling responses, i.e., MAR on

both the periosteal and endocortical surfaces. A study by Tiwari et al. also confirms that two

or more stimuli may be required to accurately predict osteogenesis at the cortical surfaces (82).
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It is in contrast to the studies that consider a single stimulus, such as strain, fluid velocity, etc., 

that find success only in predicting bone formation at the periosteal surface (100)(76)(78). 

Unlike previous mathematical models that measure the average bone formation rate at a cross-

section (139)(106), our site-specific model provides a spatial distribution of new bone formed 

at both cortical surfaces, which gives our model an edge over the previous models. 

In this work, we considered dissipation energy density due to both fluid flow and pore pressure 

as a stimulus, as numerous studies suggest that they play a prominent role in bone adaptation 

(88)(76)(124)(79)(63). The dissipation energy is the work done by the pore pressure or by the 

shear forces due to fluid flow, experienced by the osteocytes' membranes. The mathematical 

model results show that fluid flow alone as a stimulus predicts osteogenesis at the endocortical 

surface, whereas it underestimates the site-specific bone formation at the periosteal surface. 

The converse results were found when considering pore pressure alone as a stimulus, as it 

predicted bone formation at the periosteal surface and underestimated it at the endocortical 

surface. This was because of the drained and undrained conditions, respectively, of the 

endocortical and periosteal surfaces resulting in high fluid flow (or zero pressure) and 

negligible fluid flow (or high pressure), respectively, at the two surfaces (Fig. 4.2b, c) 

(112)(124). This follows the existing literature. For example, the work by Carriero et al. shows 

that the fluid flow correctly predicts the new bone distribution at the endocortical surface only 

(77). On the other hand, Gardiner et al. (86) and Scheiner et al. (124) show that the pore 

pressure also has the potential to act as an osteogenic stimulus. Accordingly, it may be assumed 

that fluid flow controls the new bone formation at the endocortical surface, whereas pore 

pressure controls the bone distribution at the periosteal surface. 

This model tries to integrate most of the previously developed models. Cater et al. suggested a 

power relationship between bone adaptation and stress history, where the power exponent was 

an unknown value to be estimated by the quantitative analysis of in vivo studies (140). Our 
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model establishes a power law relationship between bone formation and stimulus with a power 

exponent of 0.5. The total dissipation energy density ( ) is the function of the number of 

loading cycles ( ) and the number of loading days ( ). The more cycles and days of loading, 

the more will be the value of , which means more new bone formation; however, the 

osteogenic potential of the current cycle will be less than the previous cycle because of the 

power exponent . This is in accordance with the experimental and numerical literature that 

shows bone response saturates with the increase in the number of cycles (78)(56)(52)(57). 

Similarly, the osteogenic potential of the current day's loading will also be lower than the 

previous due to the exponent , resulting in the saturation of MAR. This saturation of MAR 

with an increase in the number of loading cycles or days might be due to the increases in the 

area of bone, which leads to a reduction in stimulus (dissipation energy density) (100). The 

previously developed poroelasticity-based models did not capture this aspect of bone 

adaptation as they have considered the bone adaptation to be linearly related to a stimulus (for 

example, fluid velocity, dissipation energy density) (83)(76). Note that similar to the stimulus 

( ), the threshold/reference  is also a function of the number of cycles  and the number 

of loading days (d). In a way, it means that the threshold value of MAR also increases as 

osteocytes become "deaf" to repeated mechanical loading.  

The developed model has the following limitations: (i) Bone formation and its spatial 

distribution are only tested on the midsection of the tibia. However, the model's accuracy can 

be pushed to predict the new bone formation at different cross-sections along the tibial length. 

(ii) We have not yet examined the model for different number of loading days. However, it is 

worth noting that the exponent for  in the model (i.e.,  = 0.5) is approximately similar to the 

exponent of  (i.e.,  = 0.465) in the model developed by Prasad and Goyal (78), which they 

have validated for a range loading protocols with varying duration. Nevertheless, validation of 

the present model for a shorter experiment has been taken as a future work. (iii) The developed 
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model is also not tested for mice of different ages. (iv) The model does not account for the 

erosion or resorption process during loading, which is generally detected near the neutral axis 

on the endocortical surface rather than the periosteal surface (105). (v) The developed model 

does not predict woven bone formation as the mechanism differs from the lamellar bone 

formation (141)(142)(143). (vi) Sensitivity analysis has not been carried out for material 

parameters, LCN permeability, loading magnitude, etc. (vii) The newly developed model made 

some simplifications concerning the structure, properties, and biology of the bone, which are 

as follows. 

Structure  Bones have porosities at different lengths, such as lacune canalicular and vascular 

porosity (107), affecting bone formation rate. These vascular channels act as a local sink and 

show their shielding effect by reducing the fluid flow in its surrounding region (144)(79). 

However, for simplification, we only considered the lacune canalicular porosities only. 

Moreover, we considered LCN porosity to be unrealistically regular, which, in reality, is 

spatially heterogeneous (145)(146). The LCN architecture influences the fluid flow pattern and, 

consequently, its effect on osteocytes (79). Incorporation of multiscale porosities may improve 

results. 

Properties  The bone, for simplicity, has been considered a linear, isotropic, homogenous 

poroelastic material. However, the bone, in general, is anisotropic (147), which may affect the 

fluid flow in LCN (148).   

Biological Factors  This newly developed tissue-level model focuses on the tissue-level 

response of bone adaptation and ignores the molecular and cellular elements, such as the role 

of integrins (66) and glycocalyx (135). Moreover, biochemical molecules such as parathyroid 

hormone (PTH), insulin-like growth factors (IGFs), IP, etc., believed to be involved in 

transmitting signals from osteocytes to osteoprogenitor cells, have not been incorporated in this 

model to reduce the complexity (149). 
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As such, spatial new bone distribution along the tibial length, testing of a model for mice of 

different ages, addressing erosion and woven bone formation at one or both the periosteal and 

endocortical surfaces, detailed sensitivity analysis, improved structure and property of bone, 

incorporation of more biological factors, etc. have been taken as the future work. 

4.6 Conclusion 

To the authors' best knowledge, a poroelasticity-based mathematical model presented here is 

the first of its kind to predict the site-specific lamellar bone distribution (MAR) simultaneously 

at both cortical surfaces (periosteal and endocortical). It shows that the site-specific mineral 

apposition rate is directly proportional to the square root of dissipation energy density due to 

both fluid flow and pore pressure minus its reference value. Analytical derivation of this 

relationship is also novel, and to the authors' best knowledge, such derivation is being reported 

for the first time. The key finding of this model is that the bone formation rate at the periosteal 

and endocortical surface is primarily controlled by pore pressure and fluid flow, respectively. 

This novel model can be improved by integrating woven bone formation at higher loads and 

resorption at the endocortical surface. The model can be further enhanced by considering the 

effect of age. 
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Chapter 5  Overall Bone Adaptation Model 

Declaration: Some of the contents of this chapter are published in ASME IMECE Conference 

Investigating the Difference in Cortical Bone Adaptation at 

Endocortical and Periosteal Surfaces by Fluid Flow Analysis.' 

https://doi.org/10.1115/IMECE2021-71220 

Abstract 

Bone formation rate is crucial for assessing osteogenesis due to mechanical loading, offering 

insight into bone (re) modeling process and health conditions like osteoporosis. The existing 

model cannot predict BFR at both cortical surfaces. This study aims to fill this gap by 

developing a mathematical model predicting BFR at both cortical surfaces, incorporating fluid 

flow and pore pressure as stimuli. We present a finite element analysis based on experimental 

data, simulating cantilever loading effects at mid-diaphysis of a C57BL6 mouse tibia. 

Dissipation energy density due to fluid flow and pore pressure is computed, and a novel 

mathematical formulation is used to estimate the bone formation rate. The model predicts the 

average bone formation rate (BFR) at the periosteal and endocortical surfaces. The 

experimental validation and comparison show good agreement, indicating the mode

efficacy. As desired, the model can differentiate between a continuous cyclic loading and a 

rest-inserted cyclic loading. The model establishes that bone formation at the two surfaces, viz. 

endocortical and periosteal, may result from the combined dissipation energy density due to 

fluid flow and pore pressure. 

Keywords: Bone Formation Rate (BFR), Periosteal Bone Surface, Endocortical Bone Surface, 

Theory of Poroelasticity, and Dissipation Energy Density. 

5.1 Introduction 

Bone formation rate (BFR) is the most fundamental term to measure osteogenesis due to 

mechanical loading (90). It represents the speed at which new bone tissue is deposited and 
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provides valuable insight into (re)modeling processes in bone. Monitoring BFR can help 

diagnose and manage bone health-related issues such as osteoporosis. Guided by BFR 

assessments, approaches, including physical exercise and pharmacological intervention, can be 

tailored to enhance the BFR. The bone adaptation model developed in Chapter 4 has its 

advantages as it predicts the site-specific new bone formation and can be used to measure BFR 

indirectly from the MAR measured by the model. However, it is going to be a tedious task. 

Therefore, a model that directly predicts the average bone formation rate might be significantly 

helpful. While there are few mathematical models to predict the average BFR at the periosteal 

surface, no existing mathematical models can predict the bone formation rate at both cortical 

surfaces.  

The previous chapter highlights that load-induced fluid flow and pore pressure are required to 

predict site-specific osteogenesis at both cortical surfaces. Hence, based on these findings, this 

chapter aims to develop a new mathematical model that can directly predict the BFR by 

considering fluid flow and pore pressure in conjugation as stimuli. Accordingly, we conducted 

the finite element analysis, which simulated the experimental data of Srinivasan et al. (99). We 

utilized the theory of poroelasticity to estimate the fluid velocity, pore pressure, and the 

corresponding dissipation energy density. These models were coupled to the novel 

mathematical formulation, predicting the average bone formation rate at the periosteal and 

endosteal surfaces. 

The chapter is organized as follows. Section 5.2 briefly describes the methods for computing 

the overall bone formation rate at the periosteal and endosteal surfaces of the tibial bone of 

female C57BL6 mice. Section 5.3 presents the result and discussion. A conclusion is drawn in 

section 5.4. 
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5.2 Materials and Methods 

5.2.1 Finite Element Model 

As shown in Fig. 5.1, we used a tabular beam of 5 mm in length with a cross-section similar to 

the 16-week-old mice's tibial mid-diaphyseal cross-section located at 1.8mm proximal to the 

tibia fibula junction, which was adapted from Srinivasan et al. (99). We solved the problem 

using the finite element method and the commercial software ABAQUS. The periosteal surface 

of the bone is impermeable, and the endosteal surface is permeable (115)(116). Therefore, to 

simulate these conditions, we apply zero pressure boundary condition (  = 0) on the inner 

surface and zero velocity boundary condition, i.e., zero flow boundary condition (  = 0) on 

the outer surface, where  is a vector in the radial direction. After conducting the convergence 

study, as shown in Fig. 5.2, the beam was meshed with 96400 C3D8RP (Continuous 3 

Dimensional 8-noded Reduced-integration Pore-pressure hexahedral) elements, and a coupled 

pore fluid diffusion and stress analysis are performed in ABAQUS. For the sake of simplicity, 

the material properties are considered to be the same as those used in previous chapters as laid 

out in Table 3.1 in Chapter 3. 

5.2.2 Dissipation Energy Density 

For this poroelastic model, dissipation energy density due to fluid flow and pore pressure after 

considering the zone of influence is computed similarly to Section 4.2.2 of Chapter 4. 

Accordingly, the updated stimulus (dissipation energy density, , and ) at the 

surface node is defined as follows: 

  (5.1) 

  (5.2) 
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where = a weightage function, is the average thickness of the bone at mid-

diaphysis cross-section, and is the distance from a node at the surface to the osteocyte in the 

zone of influence.

Figure 5.1 Pictorial representation of (a) C57BL/6 mouse tibia with (b) an idealized cross 

section at section a-a' (adapted from Srinivasan et al. (99)). (c) A simplified beam developed 

with a cross-section similar to the section at a-a'.
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Figure 5.2 The finite element meshed beam has a cross-section similar to the midsection of the 

mouse tibia.

5.2.3 Estimation of Bone Formation Rate

We hypothesize that the bone formation rate (BFR) for the section in consideration may be 

given by:

(5.4)

where = and = is the total dissipation energy density

due to fluid flow and pore pressure at a given node.

is the number of nodes at the 

cortical surface in consideration. , , and are the parameters to be determined. This 

mathematical equation presented can fit the periosteal BFR data obtained from the experiment 

conducted by Srinivasan et al. (see Table 5.1) (99). This study involves 70 C57BL/6 mice (16-

week-old females) divided into seven groups. All mice underwent a loading for three days a 

week for three-week loading protocols. The first six loading groups experienced either 50 
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cycles/day (with a 1 Hz trapezoidal waveform) of cyclic loading or 50 cycles/day with rest 

intervals of 10 seconds at three different strain magnitudes that engendered the following three 

strain magnitude:  (see Fig. 5.3). The remaining four loading group 

received either cyclic or rest inserted loading (depicted in Fig. 5.3) to induce a peak periosteal 

longitudinal strain of in these groups were also subjected to 10 or 250 load 

cycles daily.  BFR for each loading protocol, which may be calculated by 

  (5.5) 

where  stands for loading protocol. The parameters , , and  are calculated by 

minimizing the following squared error: 

  (5.6) 

where  represents the experimental bone formation rate for different loading protocols 

reported by Srinivasan et al. (99). Curve fitting is done using the Levenberg-Marquardt 

algorithm using Matlab. To simulate the loading protocols mentioned above, we set 

displacements to zero at one end of the beam, and the nodes at the other end are subjected to 

trapezoidal mechanical loading. 

To validate the endosteal apposition determined by our mathematical model, we utilized in 

vivo BFR data at the endocortical surface for the same loading protocols from another 

experimental study conducted by Srinivasan et al. (150), as shown in Table 5.2. 

The Student's t-test (a one-sample, two-tailed t-test) has been utilized to compare the bone 

formation rate predicted by the mathematical model against the experimental bone formation 

rate. 
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Table 5.1 Loading protocols adapted from Srinivasan et al. (99).

Protocols

1

2

3

4

5

6

7

8

9

10

Figure 5.3 Trapezoidal loading waveform (a) with rest and (b) without rest insertion. 
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Table 5.2 Loading protocols adapted from Srinivasan et al. (150). 

Protocols  

1 0.03 ± 0.03 

2 0.04 ± 0.1 

3 0.04 ± 0.18 

4 0.05 ± 0.11 

5 0.06 ± 0.32 

6 0.15 ± 0.31 

7 0.0 ± 0.05 

8 0.09 ± 0.04 

9 0.07 ± 0.09 

10 0.3 ± 0.21 

 

5.3 Results and Discussion 

Mechanical loading of the tibia resulted in a pressure gradient, resulting in a three-dimensional 

flow in the lacunar-canalicular porosity. Figure 5.4 shows the vector representation of the fluid 

flow pattern at the mid-section of bone for loading protocol 1. During the loading, the medial 

surface is in compression, and the lateral surface of the bone is in tension, which results in a 

fluid flow in the mediolateral direction. 

Figure 5.5 shows the time evolution of fluid velocity in the tibia along the radial direction under 

loading protocols 1 and 4. Protocol 1 applies cyclic trapezoidal loading, whereas Protocol 4 

applies rest-inserted cyclic trapezoidal loading. Figure 5.5a shows the initial transient for nearly 

1 sec, then follows the same profile at the same frequency as the applied load for cyclic 

trapezoidal loading. The presence of glycocalyx coating in the lacunar-canalicular porosity 
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resulted in a viscous flow of fluid (151). This suggests that repetitive cyclic loading did not 

provide sufficient time to recover from the damping effect of viscous flow, which resulted in 

an initial transient during cyclic trapezoidal loading (152). Rest-inserted loading offers enough 

time to recover from the damping effect of viscous flow after every cycle, and it does not show 

any transient state (Fig. 5.5b). Hence, considering bone to be poroelastic not only predicts the 

effect of loading frequency on bone adaptation, as Kumar et al. [84] show but also differentiates 

between continuous and rest-inserted cyclic loadings 

 

Figure 5.4 Three-dimensional fluid flow patterns when the tibia is under a loading inducing 

1000 µ  at 1Hz frequency for the cantilever bending. 
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Figure 5.5 Variation of velocity with time at a node on endocortical surface for the trapezoidal 

cyclic loading (protocol 1) (a) and rest inserted trapezoidal cyclic loading (protocol 4) (b).

The dissipation energy density for one cycle due to fluid flow ( ) and pore pressure 

( ) is computed at the node of interest as per Eq. (5.1) and (5.2) by extrapolating the 

results after the initial transient for cyclic trapezoidal loading (protocols 1, 2, 3, 7, and 8). For 

the rest-inserted loading, dissipation energy density is determined by extrapolating the first 
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cycle results (for protocols 4, 5, 6, 9, and 10). The parameters that fit the periosteal BFR data 

(Table 5.1) in Srinivasan et al. (99) at mid-diaphysis cross-section 1.8 mm proximal to the 

tibia-fibula junction are as follows: 

 = 72.14,  = 3.50 x 10-07, and  = -2.15 x 10-04 . 

The negative value of  signifies that bone resorption occurs when there is no physical 

activity, i.e., no load-induced fluid flow. At the same time,  represents the bone formation 

rate when the load-induced dissipation energy density is unity. Figure 5.6 shows that the BFR 

predicted by the mathematical model for the periosteal surface is not significantly different 

from the experimentally measured BFR (average p-value > 0.4278 for the ten protocols). BFR 

predicted in vivo for the endocortical surface has been compared to the endocortical BFR 

predicted by our model, as shown in Fig. 5.7. The predicted endocortical BFR is not 

significantly different from the experimental endocortical BFR (average p-value = 0.6499).  

The model estimated the enhanced BFR for rest-inserted loading compared to cyclic loading 

and predicted the BFR at both the periosteal and endocortical surfaces in response to increased 

peak strain magnitude and cycle numbers. 

We assumed the endosteal and periosteal surfaces are permeable and impermeable, 

respectively. This results in higher velocity at the endosteal surface relative to the periosteal 

surface (Fig. 5.8a). In contrast, pore pressure will be higher at the periosteal surface and lower 

at the endocortical surface (Fig. 5.8b). The dominance of fluid velocity on the endocortical 

surface and pore pressure on the periosteal surface leads to bone formation at the respective 

surface. This average bone formation model also confirms the hypothesis that fluid flow and 

pore pressure in conjugation are required to predict osteogenesis at both cortical surfaces. The 

-based average 

bone formation model, which only predicted the BFR at the periosteal surface (78). 
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Figure 5.6 Comparison between the BFR  mathematical model and the BFR(PS)  in vivo 

for the periosteal surface. PS stands for the periosteal surface. 

Although the developed model successfully predicts the BFR at the periosteal and the endosteal 

surfaces, our model has several limitations, as given below. 

1) For simplicity, the bone matrix in this model is considered isotropic for mechanical 

properties. It is well known, however, that the bone matrix is anisotropic. Mechanical 

properties of cortical bone were reported to be transversely isotropic (147). 

2) Small data regarding the permeability of endocortical and periosteal surfaces is available. In 

this model, we idealized the periosteal surface to be impermeable and the endocortical surface 

to be permeable. There will be an improvement in results if more data is available. 
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3) Cortical bone has porosities at different scales. However, we considered bone homogenous 

by considering the simple poroelastic model. The results may improve if the multi-scale 

porosity of bone is incorporated (153). 

 

Figure 5.7 Comparison between the BFR  mathematical model and the BFR (ES)  In vivo 

at the endocortical surface. ES Stands for endocortical Surface. 
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Figure 5.8 Illustration depicting (a) fluid velocity and (b) pore pressure at a node (54732) on 

the endocortical surface and node (54927) on the periosteal surface for protocol 1.

5.4 Conclusion

A computational model employing the theory of poroelasticity has been presented here to study 

load-induced bone adaptation. We have developed the dissipation energy-based mathematical 

model to differentiate between continuous cyclic and rest-inserted cyclic loadings. It also 
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reasonably accurately predicts the bone formation rate (BFR) at the endosteal and periosteal 

surfaces. This model suggests that load-induced fluid flow and pore pressure are essential in 

bone adaptation. 
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Chapter 6  The Outcome of the Work 

This concluding chapter delineates this thesis's specific contribution to bone adaptation. 

Furthermore, the chapter closes with future avenues of investigation enabled by the insights 

from this dissertation. 

6.1 Introduction 

Within the domain of bone adaptation, clinicians are diligently striving to identify the load-

induced therapies (physical exercises) tailored for astronauts, SCI patients, and others to 

prevent bone loss (154)(1). However, despite considerable efforts, existing physical exercise 

regimens have proven insufficient to mitigate bone loss. For instance, prolonged standing 

sessions or walking with the mechanical orthosis in the case of chronic SCI patients have shown 

no significant effect on bone mineral density, keeping in mind that experiments were performed 

on patients with an injury duration of more than ten years (155)(156). Similarly, for astronauts, 

although ARED has partially mitigated the decline in bone mass, it has not entirely addressed 

the issue (154). Thus, there is a pressing need to reassess our approach toward understanding 

how mechanical signals regulate the bone adaptation process to elicit the desired new bone 

response, which forms the central focus of this thesis.  

Most existing fluid flow-based in silico models for bone adaptation either predict osteogenesis 

at the periosteal surface or fall short in capturing dynamics at both cortical surfaces. Hence, the 

primary objective of this thesis is to develop a comprehensive mathematical model that can 

predict the new bone formation at both surfaces. Also, the model should take care of all the 

factors that affect the bone adaptation, such as magnitude of loading, frequency of loading, 

number of loading cycles and days, rest insertion, and shape of loading waveform. The research 

addresses the following anomalies related to existing in silico bone adaptation models: 

1. Is fluid flow sufficient to predict osteogenesis at both cortical surfaces? 
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2. If not, what other physical stimuli should be considered to establish an in silico model 

capable of predicting new bone formation on both cortical surfaces? 

The present study is a step ahead in understanding bone adaptation, which will aid researchers 

in developing new therapies for astronauts, SCI patients, and beyond. 

 6.2 Specific Contributions 

This thesis presents a simple derivation of loading-induced site-specific new bone formation 

(viz. mineral apposition rate), which would be the first in the literature. The derivation 

demonstrated that the mineral apposition rate at both cortical surfaces is directly proportional 

to the square root of dissipation energy density above its reference value. While most existing 

models (if not all) can predict site-specific new bone formation at only one surface, the 

developed model surpasses this limitation by predicting new bone formation at both 

endocortical and periosteal surfaces. It was achieved by considering dissipation energy density 

due to pore pressure and fluid velocity as an osteogenic stimulus.  

The overall thesis presents a plausible explanation for why tissue-level strain as a stimulus is 

rejected, whereas fluid flow and pore pressure are considered osteogenic stimuli. The theory 

also suggested that a single stimulus (fluid flow and pore pressure individually) may not 

adequately predict new bone formation at both cortical surfaces; instead, both should be 

incorporated into computer modeling of bone adaptation. Moreover, this study also highlighted 

that fluid flow controls the new bone formation at the endocortical surface, whereas pore 

pressure controls the new bone formation at the periosteal surface. Furthermore, the proposed 

law has been successfully tested against a different loading protocol. 

Unlike previously existing models, the derived model undergoes validation with experimental 

data. The formulated model has three unknown parameters: remodeling rate ( ), exponent of 

dissipation energy density ( ), and threshold sensitivity ( ). These parameters have been 

determined by minimizing a sum-square error function using the non-linear least square error 
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technique. The remodeling rate ( ) signifies the amplification of , whereas 

threshold sensitivity ( ) signifies the sensitivity of osteocytes, which further depends on the 

number of loading cycles and days. In addition, the exponent ( ), which, according to the 

derivation, is 0.5, is validated using a finite element analysis (FEA) model based on in vivo 

study by Berman et al. (95). Based on these findings, an overall bone adaptation model has also 

been developed that directly measures the average bone formation rate, considering fluid flow 

and pore pressure as stimuli. 

This thesis's findings may benefit the clinical and research field where bone health is the prime 

concern. This work also contributes to the research areas where the mathematical model 

development for bone adaptation has been attempted. 

6.3 Future Scope 

The findings from this work can be extended to the whole bone, providing a better 

understanding of whole-bone adaptation to mechanical loading. The model assumes a direct 

relationship between mechanical stimuli and site-specific bone adaptation. However, it is 

crucial to acknowledge that these mechanical signals reach the bone cells through a cascade of 

biochemical and cellular events. Therefore, incorporating these signal pathways via a 

multiscale modeling approach may provide a better understanding of bone adaptation.  

We have operated under the assumption that bone is uniformly mechanosensitive. However, 

the sensitivity of the bone spatially varies with the distribution of mechanosensory cells, 

particularly osteocytes. This limitation will be addressed in the future by incorporating the 

osteocyte lacunae canalicular network architecture. 

The in-silico model presented here assumes homogeneous lacunae canalicular porosity. 

However, it has been noticed that the lacunar canalicular network (LCN) is a complex 

heterogeneous network structure. Furthermore, the model overlooks the vascular porosity, 
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which may be a sink for fluid flow. Thus, incorporating both the vascular and heterogenous 

LCN porosity to estimate the local response.  

The currently developed model does not account for all the aspects of bone behavior. For 

instance, the model neither predicts woven bone formation at the higher mechanical loading 

nor anticipates inhibition in new bone formation due to static loading. In addition, the model 

does not look into the aspect of age-related bone loss. Hence, these works have been taken as 

future work.  
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Appendix A 

Declaration: Some of the contents of this chapter are published in Bone Reports under the title 

Derivation, validation, and prediction of loading-induced mineral apposition rates at 

endocortical and periosteal bone surfaces based on fluid velocity and pore pressure.' 

https://doi.org/10.1016/j.bonr.2023.101729 

1 Poroelastic-Viscoelastic Equivalence 

Biological tissue such as bone is known to be composed of a porous solid matrix filled with 

fluid. The deformation of these tissues depends on the solid matrix and the fluid movement in 

and out of the pores. This tissue shows time-dependent behavior. In cases where time-

dependent behavior cannot be neglected, we use either the viscoelasticity or poroelasticity 

theory to model these tissues. This section will show that whether we consider bone tissue 

viscoelastic or poroelastic material, it will offer similar time-dependent behavior. 

1.2 Bone as a Viscoelastic Material 

The theory of viscoelasticity can be used to interpret bone's mechanical behavior. It considers 

bone tissue a single phase and uses Kelvin-Voigt's models as its mechanical analog, where an 

elastic spring and a viscous dashpot are attached in parallel, as schematically shown in Fig. 

A1b. The governing equation for the deformation behavior of this model is as follows (92): 

  (A1) 

where  and   

For a viscoelastic bar supporting a uniaxial stress  as depicted in Fig. A1a, the strain 

is given as the following:  

  (A2) 
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where t is the time and  is the time constant. 

1.3 Bone as a Poroelastic Material 

Poroelasticity presents a continuum framework for analyzing the deformation of porous fluid-

filled material. Given that living bone shares the characteristics of fluid-filled porous material, 

it can be modeled as poroelastic under appropriate conditions. In the theory of poroelasticity, 

a small control volume is considered, which is large enough to encompass the size of pores yet 

small enough to be regarded as an infinitesimally small element. The symbol  denotes the 

stress acting on the surface of the control volume, while the macroscopic stain  is the 

infinitesimally small strain in solid. The variables  and  correspond to the equilibrium pore 

fluid pressure and mass of pore fluid per unit reference volume, respectively. Accordingly, the 

governing equations for the poroelastic bone are as follows (157): 

  (A3) 

  (A4) 

where Shear modulus ( ), passion ratio ( ), Willis coefficient , and Skemton's coefficient 

 are four independent material constants. In addition, Willis coefficient  and Skemton's 

coefficient  are related to  (bulk modulus of solid) and  (bulk modulus of fluid) as 

follows. 

  (A5) 

  (A6) 

Under appropriate conditions  =  =  (157). 
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The constitutive Eq. A3 and A4 are completed by introducing Darcy's law, which governs the 

flow of fluid through a porous medium and is given by 

  (A7) 

where  is the fluid mass flow rate,  is the hydraulic permeability ( , where  is the 

intrinsic permeability and  is the fluid's dynamic viscosity). The unit of intrinsic permeability 

is length square, and it is only a function of the porous structure, not the fluid inside it. 

We Consider the same example as that in Fig. A1a (1D bar supporting a load ). 

However, this time, the bar is poroelastic. It is also assumed that only the top surface is 

permeable, i.e., no fluid can escape through the lateral and the bottom surfaces, while fluid can 

escape from the top surface. The governing Eq. A3, A4, and A7 can be simplified for the 1D 

poroelastic bar as follows (130): 

  (A8) 

  (A9) 

  (A10) 

  (A11) 

where  is the displacement in the -direction,  is the pore pressure,  is the volumetric strain, 

and , , and  are the material constants. 

Thus, the strain in the bar is given by 

  (A12) 

Considering the simplest case, with n = 0, the above becomes: 
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(A13)

where .

Figure A1 (a) Schematic diagram of the bar of height h supporting constant compressive stress 

and (b) the equivalent Kelvin-Voigt model considering the bar to be viscoelastic ( and are 

, respectively).

The similarity of Eq. A2 and A13 show that a fluid-filled tissue can be modeled either as a 

viscoelastic material or a poroelastic material, as both materials result in similar time-

dependent strain responses to a step (constant) stress.

Accordingly, it can also be concluded that for a given cyclic loading condition, the energy 

dissipated at the tissue level will be the same regardless of whether the bone is considered 

viscoelastic or poroelastic.
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