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ABSTRACT 

 

The structural materials used in power plants can exhibit initial 

hardening/softening, prolonged softening/ hardening, saturation, and secondary 

hardening behavior before the final fracture under cyclic loading. The cyclic 

deformation of materials also causes the hysteresis loop to show Masing/non-Masing 

behavior. In the open literature, the non-Masing behavior is recently classified into 

Type-I (only isotropic stress changes with strain amplitude) and Type-II (both isotropic 

stress and strain hardening rate changes with strain amplitude). Constitutive models in 

the literature deal with material fatigue behavior without regard for the Masing/non-

Masing behavior. Thus, the constitutive modeling of the above four phenomena with 

accurate prediction of Masing, non-Masing Type-I, and Type-II is essential for 

successfully designing and developing components and structures. The constitutive 

models available in the open literature are primarily developed by modifying the 

isotropic and kinematic hardening laws. The classical and modified models developed 

to date cannot predict the material’s behavior exhibiting significant secondary 

hardening, as shown by some structural steels undergoing low cycle fatigue loading. 

Moreover, no article in the literature has demonstrated (or validated) any constitutive 

model for simulating materials' Type-I and Type-II non-Masing behavior. 

A modified constitutive model is proposed to consider all the cyclic features 

mentioned above as exhibited by the material under cyclic loading. A new non-

dimensional function, 𝜁 (representing cyclic hardening or cyclic softening rate), is 

introduced in the isotropic and kinematic hardening equations to account for the 

significant change in softening and hardening behavior with strain amplitude through 

maximum plastic strain range memory (𝑞). Moreover, to take into account the Masing 

and non-Masing behavior of Type-I and Type-II, another function, 𝜑𝐾𝐻 (representing 

the dependence of maximum back stress on strain amplitude), is introduced. 

The components of power plants undergo creep-fatigue loading at high 

temperature every day, causing the material to undergo a combination of creep, fatigue, 

and oxidation damage. In open literature, many methods are available to predict the life 

of the material. Most of these methods predict the life of material considering creep and 

fatigue loading without any consideration of oxidation damage. Moreover, most of these 

methods use data from pure fatigue, creep-fatigue, and pure creep tests. To overcome 



xii 

 

these problems, the tensile hysteresis strain energy density method (THSED) is 

investigated, and a modified THSED method is proposed that takes into account the 

parameter 𝛾𝑑 that depends on oxidation damage, temperature, strain rate of cyclic loading, 

and hold time. 

Further, the proposed modified isotropic and kinematic hardening laws are 

coupled with the unified Chaboche viscoplastic flow rule to predict the time-dependent 

creep effect. The developed viscoplasticity model further takes into account the complex 

microstructural degradation effect due to a synergistic combination of creep, fatigue, 

and oxidation through the incremental scalar damage lifetime rule, which can predict 

the component's mechanical state and the material's behavior under creep-fatigue 

loading. 

The proposed constitutive models are implemented in ABAQUS as user 

subroutines (UMAT) for simulating the LCF behavior of 304L SS and 321 SS materials 

and the creep-fatigue behavior of 304L SS material under peak tensile and peak 

compressive hold for 60sec. The excellent agreement between experimental data and 

simulated results suggests that the proposed model works well in predicting the cyclic 

deformation behavior of the materials. 

 

Keywords: Constitutive modeling, Low cycle fatigue, Secondary hardening, Non-

Masing: Type-I and Type-II, Creep-fatigue interaction, Creep-fatigue-oxidation 

interaction. 
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Chapter 1: Introduction 

 

1.1. Background 

The world’s demand for electricity has increased by 2.2% in 2023 [1] and is expected 

to rise further in the coming decade. While nuclear power plants produce clean energy, 

coal-fired thermal power plants are the major source of energy production in developing 

countries. To meet the outrageous energy demand and reduce greenhouse gas emissions, 

developing countries are looking towards electricity generation from nuclear power plants 

and advanced ultra-supercritical (AUSC) power plants. With respect to the conventional 

coal-fired power plant, the AUSC power plant is expected to enhance the efficiency from 

<35% to >47%, with overall CO2 emission reduction by ~10%-35%, for an increase in 

stream temperature from 600-650 ℃ to 700-760 ℃ [2].  However, the increase in steam 

temperature requires the development of new materials and an understanding of their 

performance under service conditions. 

The AUSC power plant components are designed to withstand an average steam 

temperature of (700-725°C) for ~11.5 years (~105 hours) with an average stress to rupture 

of 25-35 MPa [3]. In contrast, fast-breeder nuclear reactors undergo high temperatures of 

up to 700 °C for 40-60 years with high peak neutron doses of more than 100 dpa [4]. 

Moreover, with modernization, the electricity demand varies throughout the day, consisting 

of 2 hours of intermediate demand followed by 8 hours of low demand, 7 hours of 

intermediate demand, and 7 hours of peak demand [5], as depicted by Figure 1.1(a).  This 

fluctuation in demand is met by maneuvering the power plant, i.e., operating the reactor 

under different operational modes [5]. As depicted by Figure 1.1(b), the temperature rises 

or drops during maneuvering or due to the intermittent nature of cyclic start and stop 

operation schedules [2,5]. The components exposed to high temperatures try to expand or 

contract, but due to structural constraints, thermal stresses are developed. Such thermal 

stresses developed due to cyclic start-up and shut-down operations cause low cycle fatigue 

in components like main heat transport piping, reactor vessels, boilers, and heat exchangers 

used in power plants. The low cycle fatigue is known to cause surface crack formation [6]. 

When electricity demand is constant, the power plants are operated under constant load and 

thus undergo creep loading, which appears as intergranular or grain boundary cavitation 

[6]. Therefore, the components in the powerplant undergo creep-fatigue loading at a high 
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temperature every day. 

 

Figure 1.1. (a) Electricity demand in (kW) with time period of day (b) Reactor operational 

mode with time in (hrs) [5]. 

The AUSC and fast-breeder nuclear power plant components operating at such high 

temperatures interact with the environment, causing the oxidation of materials. It is reported 

that the interaction of oxidation phenomenon with creep and fatigue phenomena shortens 

the crack initiation period [6–8], and the combined effect causes the material to fail faster. 

Hence, to analyze the component behavior accurately in the laboratory, the materials are 

tested under various loading conditions (such as pure fatigue (PF), uniaxial creep-fatigue 

(U-CFI), etc.) to study materials' cyclic response, microstructural evolution, and life. 

Because of the complexities and economic constraints involved in the experimental 

analysis of these materials on a large scale, the field of computational modeling has 

emerged significantly with the advancement of computers. Simulation has reduced 

extensive experimentation and physical modeling in everyday engineering applications [9]. 

A similar trend has also been observed in the field of structural analysis. Constitutive 

models (a mathematical relationship between stress and strain) have been extensively used 

to simulate and predict responses to different mechanical and thermal loading conditions. 

1.2. Motivation of the work 

Materials like austenitic stainless steel (e.g., AISI 304L, 304LN, 316L, 316LN, 

321), ferritic steels (e.g., P91, 2.25CR-1Mo), and Ni-based superalloys (e.g., Alloy 617, IN 

750H) are considered to be suitable candidates for different components in fast-breeder 

reactors and advanced ultra-supercritical power plants to withstand the complex loading 

undergone by power plant components [10–13]. These materials possess high-temperature 

strength, phase stability, and excellent resistance to aqueous corrosion [3]. Under low-cycle 



3 

 

strain-controlled fatigue loading, different structural steels exhibit different behaviors. 

Ferritic-Martensitic steel (e.g., 9Cr-1Mo, 2.25Cr-1Mo steel) shows continuous softening or 

softening followed by saturation behavior, respectively [10,11]; Ni-based superalloy 617 

shows hardening behavior, while IN 750H shows continuous softening [12,13], Many 

austenitic steels such as 304L SS, shows cyclic initial hardening, softening, saturation, and 

secondary hardening behavior, and 321 SS show cyclic softening followed by hardening 

behavior (as per our experimental data), Figure 1.2. shows the cyclic stress variation of the 

different materials stated above. 

 

 

 

Figure 1.2. Cyclic peak stress variation with cycle number for different materials (a, b) 

ferritic -martensitic steel [10,11] (c, d) Ni-based superalloy [12,13] (e, f) Austenitic steel. 
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The cyclic deformation behavior of materials ultimately causes the hysteresis loop 

to show Masing/non-Masing behavior [14,15]. Yadav et al. [16] have recently classified 

the non-Masing behavior into Type-I and Type-II. According to their definitions, for 

Masing behavior, the linear elastic stress limit (2𝜎0) and strain hardening rate behavior 

(i.e., loop shape) of hysteresis loops do not change with strain amplitudes, as shown in 

Figure 1.3. However, for non-Masing Type-I, only the linear elastic stress limit changes 

with strain amplitude, and for non-Masing Type-II, both the linear elastic stress limit and 

strain hardening rate change with strain amplitude, as shown in Figure 1.3. More details 

about the Masing/non-Masing behavior of materials can be found in the review article [17]. 

Most constitutive models available in literature deal with material fatigue behavior without 

any reference to the Masing/non-Masing behavior. Although the Masing behavior is well 

defined and modeled in the literature[18]. There is still a need to investigate the influence 

of Type-I and Type-II non-Masing behavior on the strain range memory effect and, 

subsequently, to develop a constitutive model for LCF behavior. 

 

Figure 1.3. Stress-strain loops at material’s half-life showing (a) Masing [13] (b) Non-

Masing Type-I [16] (c) Non-Masing Type-II behavior [16]. 

The components in the powerplant undergo creep-fatigue loading at a high 

temperature every day. The synergistic combination of the creep-fatigue-environment 
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effects at high temperatures leads to accelerated failure of the components [19–22]. The 

oxidation damage can be, in general, summarized as the factor that degrades the material 

performance and is considered a surface and sub-surface phenomenon that depends on time 

and temperature [21,23–27]. The accurate life prediction considering creep, fatigue, and 

oxidation under different loading conditions and strain paths is critical and necessary for 

prognostic and health management of the actual components at elevated temperatures. 

According to the open literature, the prediction of material life at high temperatures depends 

on the loading, strain waveform, and environmental conditions. Different methodologies 

have been suggested to predict material life [28]. Most of these methods used for creep-

fatigue life prediction use complicated fitting prType equation here.ocedures with many 

model parameters without considering the effect of oxidation. Thus, a robust life prediction 

method that eases complicated fitting procedures with the inclusion of the effect of 

oxidation damage is still required. 

The interaction of complex time-dependence (oxidation and creep) and time-

independent (fatigue) phenomena causes difficulties in identifying the damaged locations 

in real structures. Numerically, the key locations/areas where material degradation is likely 

to occur, can be done by analyzing the maximum state of stress or strain accumulation 

developed in the material. In this regard, the continuum damage mechanics theories 

combined with constitutive laws help to establish the material’s microstructural 

degradation through the cumulative damage state. In literature, many constitutive laws 

based on unified and non-unified theories of strain decomposition exist in the constitutive 

modeling field that predicts the mechanical behavior of materials subjected to creep and 

fatigue loading. In contrast, limited models are available in the literature that combines the 

continuum damage mechanics theory with constitutive laws[29].  Thus, the field of 

constitutive modeling still needs to be enriched to take into account the interaction of 

damage (time-dependent and time-independent phenomena) for high reliability and 

accuracy to simulate the experimental behavior of the materials. 

1.3. Objectives 

Based on the above insights, the main objectives of the present thesis are defined as: 

1. To develop a constitutive model based on modification of the hardening laws to 

predict the initial hardening, softening, saturation, and secondary hardening 

behavior shown by the material under strain-controlled low-cycle fatigue loading. 
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2. To investigate the influence of Type-I and Type-II non-Masing behaviors on the 

strain range memory effect and develop a constitutive model that can accurately 

predict the material's Type-I and Type-II Non-Masing behaviors. 

3. To quantify the creep, fatigue, and oxidation damage and life prediction of different 

materials under various loading conditions such as uniaxial creep-fatigue (U-CFI) 

and hybrid creep-fatigue (H-CFI). 

4. To develop a unified constitutive model for creep-fatigue loading incorporating 

physical degradation, i.e., damage and generalized constitutive response. 

1.4. Organization of the thesis 

The research work performed in the present thesis is organized into seven chapters. A 

chapter-wise breakup of the thesis work is as follows, 

Chapter 1: Introduction 

This chapter briefly reviews the loading scenario in AUSC and fast breeder reactors and 

the associated damage phenomena. Subsequently, the macroscopic behavior (i.e., 

hysteresis stress-strain loop shape and cyclic peak stress variation) of various structural 

steel that can be used in different components of AUSC and fast breeder reactor 

components is discussed. Based upon the discussion, the objectives of the present study are 

outlined 

Chapter 2: Literature review 

This chapter covers the literature review on the chronological development of 

various constitutive models used to predict steel's fatigue and creep-fatigue behavior. 

Thereby, the enrichment needed in the field of constitutive modeling to incorporate the 

different cyclic behavior shown by various structural steel, creep-fatigue model to 

incorporate the damage mechanics theory, and stress-relaxation behavior with cycling, is 

justified. Also, in brief, the basic theory of the constitutive model is discussed. 

Chapter 3: Modified isotropic and kinematic hardening equations for 304L SS under 

low cycle fatigue 

The 304L stainless steel exhibits cyclic behavior characterized by initial hardening, 

softening, saturation, and secondary hardening. Existing classical and modified models 

have struggled to accurately capture all four of these features. To address this limitation, 

this chapter introduces modified kinematic and isotropic hardening laws based on 

accumulated plastic strain. The significant influence of secondary hardening is incorporated 

through a newly introduced non-dimensional function, which depends on the memory of 
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the maximum plastic strain range (𝑞). Additionally, another function, 𝜑𝐾𝐻, is introduced to 

account for the dependence of the maximum back stress on strain amplitude. The proposed 

constitutive model is implemented in ABAQUS as a user subroutine (UMAT) and validated 

using strain-controlled low-cycle fatigue test data for 304L stainless steel. 

Chapter 4: Type-I and Type-II non-Masing behaviors of materials under low cycle 

fatigue: Constitutive modeling and simulation 

The cyclic deformation behavior of materials ultimately causes the hysteresis loop 

to show Masing/non-Masing behavior [14] [15]. Yadav et al. [16] have recently classified 

the non-Masing behavior into Type-I and Type-II. Thus, here we investigate the influence 

of Type-I and Type-II non-Masing behavior on the strain range memory effect and 

addressed the constitutive modeling of LCF behavior. In a previous chapter, we proposed 

modified isotropic and kinematic hardening laws to simulate the cyclic hardening, 

softening, saturation, and significant secondary hardening behavior of 304L SS under LCF 

at room temperature. The strain range memory effect was only considered for the secondary 

hardening (SH) behavior. The modifications proposed predict secondary hardening well. 

However, the modifications aim to further improve the modeling of overall cyclic behavior. 

These are specifically important for materials like 321 SS that show significant variation in 

the cyclic softening rate with strain amplitude. 

The proposed model in this work considers the strain range memory effect for both 

the cyclic hardening and softening behavior, thus enhancing its applicability for various 

materials. The proposed model considers the strain range memory effect for the translation 

and expansion of the yield surface with the help of a non-dimensional function, 𝜁. Also, the 

identification of material parameters and optimization methods are highlighted to improve 

cyclic prediction. The proposed constitutive model is implemented in ABAQUS as a user 

subroutine (UMAT) for simulating the LCF behavior of 304L SS and 321 SS materials. 

The experimental and simulated results show that the prediction of non-Masing Type-I and 

Type-II is done accurately. Also, the peak stress with cycling shows good accuracy. 

Chapter 5: Quantification of the creep, fatigue, and oxidation damage and life 

prediction 

In literature, many methods are available to predict the creep-fatigue life of a 

material. Most of the methods mentioned in the literature use complicated fitting 

procedures and many model parameters to predict the life of the material under creep-

fatigue conditions. The open literature has proposed the net tensile hysteresis energy 

density method (THSED) to overcome this difficulty. The method uses the model 
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parameter (𝛾𝑑), which is said to be found by the hit and trial method. In this chapter, the 

oxidation kinetics approach is considered to predict damage due to oxidation as surface and 

sub-surface phenomena. It is observed that the model parameter (𝛾𝑑) used by Wang et al. 

[40] for P91 steel at 550 °C, Haynes 230 at 850 °C, Alloy 617 at 850 and 950 °C, and 

Inconel 625 at 815 °C, is proportional to the ratio of oxidation damage with strain rate. 

Thus, here we propose the modified THSED considering the  𝛾𝑑 as the model parameter 

rather than numerical constant determined by hit and trial method. The THSED method is 

extended for uniaxial creep-fatigue (U-CFI) and hybrid creep-fatigue (H-CFI) loading 

conditions. The model is validated for the austenitic, ferritic stainless steel, and Ni-based 

superalloy for different loading conditions. Experimental data for validating the modified 

THSED method is collected from various papers. The prediction capability of the proposed 

modified THSED model is compared with modified strain energy density exhaustion 

method (SEDE) (that considers oxidation damage) [28] and existing THSED [30]  methods 

available in the open literature. 

Chapter 6: Continuum damage mechanics based unified model for creep-fatigue-

oxidation 

The continuum damage mechanics-based constitutive models help establish the 

deterioration in components through the cumulative damage state, which can predict the 

microstructural degradation and crack propagation. Thus, in this chapter, Chaboche’s 

viscoplastic model [32] is used to take into account creep and fatigue together with 

modified hardening laws (to develop a generalized fatigue model). The modified unified 

model is coupled with damage to predict a component's mechanical state and the material's 

behavior under creep-fatigue loading. The tests are performed at a temperature of 650 ºC, 

at a strain amplitude of ±0.6% with a strain rate of 1×10-3 and a peak tensile hold of 60 sec, 

180 sec, and 300 sec and peak compression hold of 60 and 180 sec. The experiment and 

simulated results are compared, i.e., variation of peak stress with cycle number and stress-

strain loops and stress-relaxation with hold time for selected cycles. The results show good 

agreement. 

Chapter 7: Conclusions and future scope 

The final chapter summarizes the key findings of the research. The chapter will 

discuss this study's implications, its contributions to the field, and suggest avenues for 

future research. 
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**Note 

The thesis has been written based on the articles published (or under review/to be 

submitted) in different journals. All the results, discussions, and conclusions published in 

those articles were part of the research work. Each chapter of the thesis contains the results 

of a particular article; however, some modifications were made to get continuity in the story 

and avoid repetitions. Each chapter represents a part of the story and can be read 

independently. 
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Chapter 2: Literature review 

 

2.1. Introduction 

Constitutive modeling is the development of mathematical models to describe a 

material's or system's constitutive behavior to external stimuli like mechanical/thermal 

loading. It is a numerical approach used to capture the behavior of materials under different 

loading conditions. The mathematical models used in constitutive models represent the 

relationship between two or more physical variables like stress, strain, temperature, etc. In 

the context of fatigue and creep-fatigue behavior of materials, the constitutive models 

usually represent how the material would respond to externally applied cyclic loading in 

terms of stress or strain responses. Ultimately, based on those stress and strain responses, 

the damage accumulation and life of a material or component are predicted. 

As reported in the literature, the cyclic plasticity models can be classified into two broad 

categories based on whether they explicitly use the internal variables to predict the elastic-

plastic behavior of material or they consider the path-dependent strain or stress integrals 

over time (such as endochronic theory models), as shown in Figure 2.1 [18,33]. 

Furthermore, internal variable concept considers that the state of material at any point 

depends on the evolution of the internal variables, which depends on the both current state 

and history of material.  [18,34]. 

Most models nowadays are based on the internal variable concept due to their 

reduced complexity and more straightforward implementation [18]. The internal variable-

based models are further classified as subloading surface models (i.e., the expansion of 

loading surface) and kinematic hardening models (i.e., translation of yield surface), as 

shown in  Figure 2.1 [18,33]. This classification is based upon how they incorporate the 

transition from elastic to plastic state. The initial sub-loading model hypothesizes two 

surfaces: yield surface and subloading surface. The plastic strain rate can develop in the 

material even when the stress state is elastic, i.e., there exists no purely elastic domain. The 

subloading surface always passes through the current state of stress, which evolves with 

plastic deformation until it reaches the yield surface and coincides. The subloading surface 

is formulated in such a way that it does not expand over the yield surface. Thus, it always 

provides a smooth transition between elastic and plastic states of material behavior. The 

model is mainly used for polymers, soils, clay, and geomechanics [33]. 
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While the simplest constitutive model that considers the reduced yield stress on the 

application of reverse lading is given by Prager to take into account the Bauschinger effect 

[35–37], it considers that the back stress is linearly proportional to the plastic strain. The 

main drawback of the model is that stress-strain loops consist of linear segments, while the 

experiments show that the material exhibits non-linear behavior. To overcome this 

difficulty, non-linearity is introduced in the constitutive models by considering the 

translation-based models, which are mainly classified as multi-surface  [33] (Besseling 

model [38] and Mroz model [39]) and two-surface model [33] (Dafalias and Popov[37], 

Krieg [40], Yoshida and Uemori model [41], etc.). 

 

Figure 2.1. Classification of the cyclic plasticity constitutive models [18,33]. 

The Besseling model [38] theory considers the material to be macroscopically 

homogeneous but inhomogeneous on the microscopic scale.  The model assumes that the 
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plastic deformation in the material would start at specific locations and spread across the 

entire volume with increased stress. These phenomena in the model are considered by 

taking into account many sub-volumes, where each of the sub-volumes can have different 

yielding strengths despite being subjected to the same overall strain. Thus, each sub-volume 

shows the hardening phenomena and is considered as the linear function of strain (or plastic 

strain). Therefore, if sub-layers are considered adequate in number, then the number of 

linear sections can accurately describe the non-linear stress-strain curve. However, the 

smooth transition is almost impossible sto occur, and the hysteresis loop will be composed 

of several linear segments. 

Mroz's model [39] used the concept of “field of work-hardening moduli” instead of 

single modulus “C” and predicted the Bauschinger effect accurately. Thus, the model can 

predict the non-linearity exhibited by the experimental stress-strain loops. Also, the model 

can accurately predict cyclic hardening and cyclic softening effects under symmetric 

loading conditions. However, the model fails to show the cyclic hardening followed by 

softening or cyclic softening followed by hardening that occurs in a material under 

asymmetric loading. 

One of the main difficulties with the multi-surface model is the large number of 

surfaces necessary to describe the experimental behavior of the material. Each surface 

needs the storage of a tensor variable (usually six components) and a scalar one. Several 

models were then developed to obtain the same specific properties using only two surfaces: 

the yield surface and the bounding surface (or limit surface). Dafalias-Popov model  [37] 

considers two surfaces: the loading surface and the bounding surface, the same as the 

combined hardening model. The backstress is regarded as the loading surface, while 

isotropic stress is the bounding surface. The yield surface in stress space is restricted in 

these models to move inside an outer surface, denoted by 𝑓(𝜎, 𝜀) = 0, also referred to as 

the bounding surface, loading surface, or memory surface. 

Yoshida and Uemori [41] have modified the Dafalias and Popov model [37]  and 

consider the two surfaces: the inner surface (i.e., active surface) and bounding surface ( i.e., 

yield surface). The inner surface translates due to kinematic hardening in stress space to 

reach the yield surface (i.e., isotropic nature). The model can also consider the 3rd hardening 

surface to include the memory effect, thereby showing more complex phenomena exhibited 

by the material (such as hardening followed by saturation). Although the model can 

simulate cyclic plasticity at large plastic strain ranges for metals exhibiting cyclic hardening 
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followed by saturation, but cannot predict the accumulation of plastic strain under constant 

stress amplitude. Moreover, it is experimentally observed that the materials undergoing the 

cyclic loading can exhibit initial hardening followed by softening or hardening at a 

decreased or increased rate. The model fails to predict such complex features shown by the 

material. 

Further, the two hypotheses, isotropic and kinematic hardening are superimposed 

and are considered in combined form to predict the nonlinear hardening regime exhibited 

by material under cyclic loading. Such models are known as superposed surface models. 

Chaboche model [18] is one the most used superposed model due to its inherent simplicity 

and accuracy in simulating the Masing kind of cyclic response shown by various structural 

materials [17]. The model assumes that kinematic hardening governs the shape of the 

hysteresis loop, and isotropic hardening governs the change in the maximum/peak stress 

from one cycle to another [18]. The constitutive laws discussed above could not model 

cyclic hardening/softening with stabilization or persistent cyclic hardening after 

stabilization exhibited by some material under cyclic loading. Thus, Chaboche et al. [11] 

considered the maximum plastic strain range memory effect on isotropic hardening 

variables to simulate such materials' cyclic stress-strain response. The asymptotic isotropic 

hardening variable was defined based on the largest plastic strain range history by 

considering a new index function representing a hypersphere. Many researchers have made 

several modifications based on the Chaboche et al. [11] plastic strain memory model 

because of its simplicity and accuracy, to include the combination of hardening /softening 

behavior exhibited by various steels undergoing low cycle fatigue loading. Such as Ohno 

and Wang [42] [43], Jiang and Sehitoglu [44], Krishna et al. [45], Nouailhas et al. [46],  

Khutia et al. [47], Taleb et al. [48], Xu et al. [49], Zhu et al. [50], Zhou et al. [51], Zhang 

and Jiang [52], Abdel-Karim and Khan [53], etc. Zhou et al. [51] and Song et al. [13] have 

also modified the Chaboche et al. [11] plastic strain memory model and claimed that their 

model can simulate the initial  hardening, softening, and secondary hardening behavior. 

However, it should be noted that Zhou et al. [51] have not validated their model for the 

material that shows secondary hardening. In contrast, Song et al. [13] have validated their 

model for a material that shows negligible secondary hardening, almost close to the 

saturated response. 

Thus, developing a model that can simulate a significant amount of secondary 

hardening is still required. As reported in Chapter 2: Section 1.2, the material can 

demonstrate some (or all) of the cyclic features like initial hardening, softening, saturation, 
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and secondary hardening. The classical and modified models developed to date cannot 

address cyclic behavior comprising all four features. Thus, there is still a need for a 

constitutive model to describe the cyclic behavior of materials irrespective of the sequence 

of the cyclic features exhibited. Moreover, the constitutive models available in the open 

literature can predict the cyclic behavior exhibiting either 'Masing' or 'non-Masing Type-I'. 

However, no article in the literature has demonstrated (or validated) any constitutive model 

for simulating materials' Type-I and Type-II non-Masing behavior. 

Further, the time-dependent phenomena such as stress-relaxation, i.e., decrease in 

stress under constant strain, is modeled by combining the fatigue constitutive laws with 

creep constitutive laws using a unified approach [54–57] and a non-unified approach [58–

60]. It is reported in the literature that the unified approach predicts the experimental 

behavior accurately and is easy to implement [61]. Thus, many modified models based on 

a unified approach exist in the literature that take into account the effect of mean stress, 

strain rate, strain amplitude, and hold time [54–56]. In the open literature, the effect of 

change in stress relaxation with cycling is taken into consideration only for 9Cr-1Mo steel 

(exhibits continuous softening behavior) in articles [57,62]. Moreover, the incorporation of 

damage is essential (especially for material undergoing complex degradation mechanisms, 

i.e., fatigue, creep, and oxidation) in constitutive models to improve its numerical 

prediction and accurate prediction of material deterioration.  Thus, in the present study, a 

damage mechanics-based unified constitutive model that incorporates the change in stress 

relaxation with cycling is proposed.  

As discussed in Chapter 1: Section 1.1, the increasing energy demands call for new 

advanced material development for extremely high-temperature applications where 

oxidation damage cannot be avoided. Usually, the damage prediction models for creep-

fatigue interaction loading conditions do not take into account the oxidation damage. These 

models consider the contribution of creep and fatigue damage separately, and the total 

creep-fatigue damage is often estimated using damage summation rules, such as linear [63], 

bi-linear [64], and non-linear [65,66] formulations. The pure fatigue damage is predicted 

using traditional approaches such as Coffin-Manson relationship and its modifications [67–

69], while the creep damage is calculated using the time fraction (TF) rule [70] and ductility 

exhaustion (DE) method [71–73], strain energy density exhaustion method [74,75], and 

their later modifications [28,76–78]. There is a need to develop a damage model that 

accurately captures the creep-fatigue and oxidation damages and provides reliable life 

prediction. 
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A brief literature review is presented here from the point of view of the historical 

development of different models in chronological order. A detailed literature review 

specific to the research objectives is presented in each chapter in the introduction section. 

A brief review of the fundamental laws of constitutive modeling, which are used in the 

current investigation for developing the constitutive models, is discussed in Section 2.2.   

2.2. Basic concepts of modeling 

Modeling of plasticity is based on three main ingredients (i.e., theoretical expressions) 

that are given as: 

1. Yield criterion 

2. Flow rule 

3. Consistency condition 

2.2.1. Yield criterion 

The stress below which the material deforms elastically, i.e., it regains its original 

shape, is known as yield stress, defined for uniaxial loading [79,80]. For the complex 3-

dimensional state of stress, the yield criterion determines the stress level at which yielding, 

i.e., plasticity, is initiated. The plastic behavior of homogeneous, isotropic materials can be 

represented by a yield function, as shown by Eq. (2.1) [79–81]. 

𝑓(𝝈𝒊𝒋) =  𝜎𝑒 − 𝜎𝑦0 (2.1) 

𝜎𝑒 = √
3

2
(𝝈𝒊𝒋

′ ∶ 𝝈𝒊𝒋
′ )  

(2.2) 

Where 𝜎𝑒 represents equivalent stress that depends on the stress tensor (𝜎𝑖𝑗) and 𝜎𝑦0 

represents the initial yield stress, i.e., material yield parameter. 

The yield criterion comprehends the formation of the yield surface in the stress 

space, where the yield surface defines the boundary between elastic and plastic region 

(considering von Mises yield criterion) [79–81]. 

Mathematically, three possible cases of stress state can occur [79–81] are given as: 

•  𝑓(𝜎𝑖𝑗) < 0: the equivalent stress is lower than material yield 𝑓(𝜎𝑖𝑗) < 𝜎𝑦0. The 

stress state point is inside the yield surface, and the material behaves elastically 

(no plastic strain occurs). 

•  𝑓(𝜎𝑖𝑗) = 0: plasticity condition – the equivalent stress is equal to the material yield 

strength 𝜎𝑦0. Stress state point lies on the yield surface. 
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•  𝑓(𝜎𝑖𝑗) > 0 plastic behavior of material occurs. 

In reality, the third option is not possible at all since it violates the consistency 

condition. Therefore, the stress state can only lie on the yield surface and the yield surface 

"moves" or “expands” along if the stress state tends to move outside the surface. The 

hardening rule describes this phenomenon. 

2.2.2. Flow rule 

The flow rule gives the magnitude and direction of the plastic straining. It is given 

by Eq. (2.3) [79–81]. 

𝑑𝜺𝒊𝒋
𝒑

= 𝜕𝜆
𝜕𝑄

𝜕𝝈𝒊𝒋
 (2.3) 

Where 𝜕𝜆  is the plastic multiplier that determines the amount of plastic strain 

increment, 𝑄 is the plastic potential function, and 
𝜕𝑄

𝜕𝝈𝒊𝒋
 is the direction of plastic strain 

increment 

The flow rule is said to be associative if the yield function (𝑓) and the plastic 

potential function (𝑄 = 𝑓) are equal, i.e., plastic strain increment is normal to the yield 

surface [79–81]. According to Drucker's postulate [79–81], this is valid for stable materials 

whose yield surfaces are convex (convexity rule) and whose plastic strain increments vector 

at a smooth yield surface point is given in the direction of the yield surface's normal 

(normality rule). It guarantees a unique solution for the boundary value problem. 

2.2.3. Consistency condition 

The consistency condition states that for time-independent plasticity, the load point 

always remains on the yield surface during plastic deformation [79–81]. It is observed 

experimentally that the yield stress can increase or decrease and is found to be a function 

of effective plastic strain, p. Thus, yield function can be given by Eq. (2.4) 

𝑓(𝝈𝒊𝒋, 𝑝) =  𝜎𝑒(𝝈𝒊𝒋) − 𝜎𝑦(𝑝) = 0 (2.4) 

𝑝̇ = √
2

3
(𝜺̇𝒊𝒋

𝒑
∶ 𝜺̇𝒊𝒋

𝒑
) 

(2.5) 

Once the plasticity begins, it must be ensured that stress-state does not move back 

to elastic region, and it stays on or moves along the yield surface, i.e., Eq. (2.6). Therefore, 

if the stress state goes beyond the yield surface using the radial return method the stress is 

updated such that it falls back on yield surface as explained later in Section  2.5. 
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𝑑𝑓(𝝈𝒊𝒋, 𝑝) ≥ 0 (2.6) 

Engineering materials, i.e., any metals under uniaxial loading, show strain 

hardening behavior, i.e., yield stress or size of yield surface increases with an increase in 

plastic strain. However, stress can be more than the yield strength of the material. Thus, if 

the stresses can surpass the yield strength without being able to exit the yield surface, then 

the yield surface will need to alter throughout the hardening process. It can be brought about 

by a combination of concentric expansion, translation, and/or shape change. Which, in turn, 

is decided by the direction and magnitude of plastic straining [79–81]. 

It is observed experimentally that the yield stress can increase or decrease and is 

found to be a function of effective plastic strain, p; thus, the consistency condition is 

written, for an incremental change in stress and effective plastic strain, as shown by Eq. 

(2.7) [79–81]. 

𝑓(𝝈𝒊𝒋 + 𝑑𝝈𝒊𝒋, 𝑝 + 𝑑𝑝) = 0 (2.7) 

The consistency condition, along with the normality hypothesis and the hardening 

rules enables us to determine the plastic multiplier, or equivalently, for a von Mises 

material, the increment in effective plastic strain [79–81]. 

2.3. Yield surface expansion and translation 

2.3.1. Yield surface expansion (isotropic hardening) 

The material is loaded below a certain amount of load, i.e., yield point; on 

unloading, the material regains its original shape and shows elastic behavior. When loaded 

beyond the yield point (let us say up to load level A), the material shows permanent 

deformation, i.e., plastic behavior. Now, suppose we unload the material and load it again 

up to load level A. In that case, the material will again show elastic behavior, i.e., the stress 

required to introduce further plastic deformation increases as a function of accumulated 

plastic strain [79–81]. It defines the expansion/contraction of the yield surface in all 

directions by an equal amount, as shown in Figure 2.2 [79–81]. 

Mathematically, it can be represented as: 

𝜎0 =  𝜎𝑦0 + 𝑟(𝑝) (2.8) 



19 

 

Where, 𝜎0 and 𝜎𝑦0 are the size of the yield surface and initial yield surface or initial 

yield stress, respectively. The isotropic hardening function 𝑟(𝑝) describes the 

increment/decrement in yield surface size from one cycle to another. 

𝜎0 =  𝜎𝑦0 + 𝑟(𝑝) (2.9) 

𝑟(𝑝) = 𝑄(1 − 𝑒−𝑏𝑝) (2.10) 

𝑄 and 𝑏 are isotropic hardening parameters that are obtained from experimental 

data. 𝑄 represents the saturated (i.e., maximum/minimum) value of the function (𝑟), and 𝑏 

represents the rate at which the saturation is achieved by the function (𝑟) [79–81]. 

Furthermore, 𝑝 represents the accumulated plastic strain, which is calculated [79–81] as 

given by Eq. (2.11). 𝑖 is the cycle number 

𝑝 = (4𝑖 − 3)
∆𝜀𝑝

2
 

(2.11) 

Here, ∆𝜀𝑝 represents the plastic strain range, which is given as the difference 

between the total strain range and the elastic strain range. [79–81]. 

∆𝜀𝑝 = ∆𝜀 −
∆𝜎

𝐸
 

(2.12) 

 

Figure 2.2 Expansion of yield surface under tensile loading and corresponding stress-

strain curve [80]. 

2.3.2. Translation of yield surface (kinematic hardening) 

When the material is loaded-unloaded, followed by loading in the reverse direction, 

the stress required to cause the plastic deformation in the reverse direction is less than the 

initial yield stress (i.e., Bauschinger effect). It is hypothesized by considering that the yield 

surface translation takes place like a rigid body motion in stress space rather than 
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expansion/contraction, as shown in Figure 2.3 [79–81]. During the cyclic loading, it defines 

the shape of the loop. The shift in the position of the yield surface is denoted by back stress 

(𝑥). The back stress (𝑥) is given as Eq. (2.13) 

𝑥 =
𝐶

𝛾
(1 − 𝑒−𝛾𝜀𝑝

) (2.13) 

 

Figure 2.3 Shifting of yield surface and the resulting non-linear kinematic hardening 

stress-strain curve [80]. 

Where 𝐶 and 𝛾 are material parameters that are identified from cyclic test data, 𝐶 is 

the initial kinematic hardening modulus (rate of increment of back stress at zero plastic 

strain), and 𝛾 is the rate at which kinematic hardening modulus decreases with an increase 

in plastic deformation (rate of saturation of back stress). C/ 𝛾 is the saturation value of back 

stress (𝛼), as shown in Figure 2.3 [79–81]. 

2.3.3. Expansion and translation of yield surface (combined isotropic and kinematic 

hardening behavior) 

When subjected to cyclic loading conditions, the plastic deformations that occur in 

materials exhibit several phenomena, such as the Bauschinger effect, cyclic 

hardening/softening, and ratcheting. The cyclic loading of a material under tension-

compression conditions produces hysteresis loops. Furthermore, it is hypothesized that it 

combines two general hardening theories (i.e., kinematic and isotropic hardening) [79–81]. 

The Chaboche model [18] is the simplest model that combines two theories for simulating 

strain-controlled cyclic loading. In which kinematic hardening dominates within a cycle, 

and with successive cycling, the material also hardens/softens isotopically. As a result, the 
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peak stress increases/decreases from one cycle to another until saturation is achieved, as 

shown in Figure 2.4 [79–81]. 

The combined form of the Chaboche model for proportional monotonic loading is given by 

Eq. (2.14) 

𝜎 = 𝜎𝑦0 +
𝐶

𝛾
(1 − 𝑒−𝛾𝜀𝑝) + 𝑄(1 − 𝑒−𝑏𝑝) (2.14) 

 

Figure 2.4 Combined non-linear kinematic and isotropic hardening [80]. 

2.3.4. Time-dependent cyclic plasticity 

Irreversible deformation may also happen at stresses below the yield limit if the 

load is maintained for a long time. This type of deformation is referred to as creep, the 

magnitude of which is a function of stress, time, and temperature [79–81]. As mentioned 

in Chapter 1: Section 1.1 and shown in Figure 1.1, the materials used in power plants 

undergo creep-fatigue loading. The constitutive modeling for this type of loading condition 

is done through time-dependent plasticity in which the plastic strain and creep strain 

contribute to the estimate of total strain. The time-dependent constitutive models [79–81] 

can be classified as 

1. Unified model 

2. Non-unified model 
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2.3.4.1. Unified model 

The unified model considers that the total strain is additively decomposed into 

elastic and inelastic strain [82], where inelastic strain includes both time-dependent 

(viscous) and time-independent (plastic) strain as a single variable and is given by Eq. 

(2.15) 

𝜺 = 𝜺𝑒 +  𝜺𝒊𝒏 (2.15) 

The elastic component of the strain tensor obeys Hooke’s law [79–81] and is given 

by  Eq. (2.16). The inelastic component of the strain tensor that has time-dependent (creep) 

and time-independent (plastic) components included together and is given by Eq. (2.17) 

The inelastic strain rate is given by Eq. (2.18), where 𝐾 and 𝑚 are rate dependent 

viscous material parameters and 𝜎𝑣 is viscous stress, as shown by Eq. (2.19) . while 〈 〉 

is the MaCauley bracket, which means that 〈𝑦〉 = 0, when 𝑦 < 0 and 〈𝑦〉 = 𝑦 when 𝑦 ≥  0. 

𝑝̇ = ⟨
𝑓

𝐾
⟩

𝑚

 
(2.18) 

𝜎𝑣 = 𝐾𝑝̇1/𝑚 
(2.19) 

The Von-Mises yield criteria is given by Eq. (2.20). 𝜎𝑦0 is the initial yield stress 

and 𝐽2(𝜎′ − 𝑥) is second invariant of the deviatoric stresses. 

𝑓 = 𝐽
2
(𝝈′ − 𝒙) − 𝑟(𝑝) − 𝜎𝑦0 (2.20) 

Considering the Chaboche viscoplastic model [32], the non-linear kinematic 

hardening law (𝑥) with static recovery term, is given by Eq. (2.21) and Voce’s [83] 

isotropic hardening law 𝑟(𝑝), is given by Eq. (2.22). 

𝒙̇ =
2

3
𝐶𝜺̇𝒑 − 𝛾𝑥 𝑝̇ 

(2.21) 

𝑟(𝑝) =  𝑄(1 − 𝑒𝑥𝑝−𝑏𝑝) 
(2.22) 

2.3.4.2. Non-unified model 

For isothermal loading, the non-unified model considers that the total mechanical 

strain is additively decomposed into elastic, plastic, and creep strain [82], where plastic 

𝜺𝒆 = 𝑪−1: 𝝈 (2.16) 

𝜺̇𝒊𝒏= 
3

2
𝜆̇

𝝈′−𝒙

𝐽2(𝝈′−𝒙)
 (2.17) 
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strain includes time-independent effect and creep strain includes time-dependent strain, as 

given by Eq. (2.23) 

𝜺𝒎 = 𝜺𝒆 +  𝜺𝒑 +  𝜺𝒄  (2.23) 

2.4. Continuum damage mechanics-based model 

In order to simulate the behavior of a material for the whole fatigue process, the 

material constitutive model could be combined with continuum damage mechanics theory. 

The damage mechanics theory enables the modeling of the material’s strength degradation. 

Kachanov [84] proposed the “continuing parameter” and stated that a progressive 

deformation occurs in material that leads to deterioration in the material’s mechanical 

properties. 

Lematire [85], Chaboche [32], and many others [86,87] authors in the open 

literature considered the damage as an intrinsic property of the material, i.e., within the 

material, the cracks, voids etc, formed and gets oriented in any direction without the effect 

of any external factors. Thus, they considered the damage variable to be anisotropic fourth-

order tensor quantity and simplified the “damage variable (𝐷)” as an isotropic, i.e., scalar 

quantity considering that cracks and voids are distributed equally in all directions. Thus, 

the elastic coupled damaged law is given by Eq. (2.24).   

𝝈 = (1 − 𝐷)𝑪: 𝜺𝒆 (2.24) 

𝐶 is the elasticity tensor, and 𝜀𝑒 represents the elastic part of the strain. 

For high-temperature applications, using the damage 𝐷 as a scalar variable in the 

constitutive model combined with the hardening laws is important to predict the material’s 

deterioration. Thus, the evolution of yield criteria is given by Eq. (2.25).  

In Eq. (2.25), 𝒙 represents the back stress, i.e., translation of yield surface. Whereas 

combined 𝑟(𝑝) + 𝜎𝑦0 shows the expansion of yield surface (𝜎0).  

𝑓 = 𝐽
2

(
𝝈′

1 − 𝐷
− 𝒙) − 𝑟(𝑝) − 𝜎𝑦0 (2.25) 

The damaged coupled kinematic and isotropic hardening laws are given by Eq. 

(2.26) and Eq. (2.27), respectively [88]. Eq. (2.27) is proposed by Yaguchi et al. [89] where 

𝐶 and 𝛾 are dynamic recovery material parameter while 𝜏 and 𝑟 are static or thermal 

recovery temperature dependent material parameter. 𝒀̇𝒊 represents the internal variable that 
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describes the evolution of mean stress. 𝒀𝒔𝒕 represents the rate/time dependent inelastic 

deformation. 

𝑟(𝑝) = 𝑄(1 − 𝑒𝑥𝑝(−𝑏𝑝))(1 − 𝐷) (2.26) 

𝒙̇𝒊 = (1 − 𝐷)(
2

3
𝐶𝜺̇𝒊𝒏 − 𝛾(𝒙 − 𝒀𝒊)𝑝̇)  − 𝜏[𝐽(𝒙)]𝑟−1𝒙 

where 𝒀̇𝒊 = −𝛼𝑏(𝑌𝑠𝑡
𝒙𝒊

𝐽(𝒙𝒊)
+ 𝒀𝒔𝒊) [𝐽(𝒙)]𝑟−1 and 𝐽(𝑥) = √

3

2
𝒙𝒊: 𝒙𝒊 

(2.27) 

2.4.1. Damage models 

2.4.1.1. Empirical models 

Many empirical models have been developed to quantify damage under creep-

fatigue interaction loading. Most damage prediction models for creep-fatigue interaction 

loading use the damage summation rule [63–66], which considers the creep and fatigue 

damages separately. Some of the commonly used models/methods are summarized in Table 

2.1. 

Table 2.1 Chronological development of damage models for creep-fatigue interaction. 

Period Model / 

Method 

Key equations P
a
ra

m
eter

 

D
a
ta

  

req
u

irem
en

t 

1950’s 

- 

1960’s 

 

Ostergren 

[90] 
𝐷𝑓 =

1

𝑎𝑓(𝜎𝑚𝑎𝑥∆𝜀𝑝)−ℓ𝑓
 

𝜎𝑚𝑎𝑥 is maximum stress, ∆𝜀𝑝 is plastic strain 

𝑎𝑓, ℓ𝑓 

 

Pure 

fatigue 

Robinson’

s rule [70] 𝐷𝑐 = ∫
1

𝑡𝑟(𝜎, 𝑇𝑎𝑏𝑠)

𝑡ℎ

0

𝑑𝑡 

𝑡𝑟 = ℒ𝑟𝜎−ℓ𝑟 

𝑡𝑟 is rupture time, 𝑇𝑎𝑏𝑠 is temperature, 𝑡ℎ is 

hold time 

ℒ𝑟, ℓ𝑟 Pure 

creep 

Frequency-based approaches 

1970’s 

 

Coffin 

[91] 
𝐷𝑓 =

1

𝐶𝑐(𝜀𝑖𝑛)ℓ𝑐𝑓𝑡
𝜘(𝑓𝑐 𝑓𝑡)⁄ ℏ

 

𝑓𝑡   and 𝑓𝑐 tension and compression 

frequency factor, 

𝐶𝑐, ℓ𝑐,

𝜘, ℏ  

 

Pure 

fatigue/ 

Creep-

fatigue 
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𝜀𝑖𝑛 is inelastic strain 

Halford 

and 

Saltsman 

[92] 

𝐷 =
1

𝐶𝑚(∆𝜀𝑖𝑛)ℓ𝑚
 

for (PP, CP, PC, CC) regions 

PP is plasticity in both tension and 

compression 

CP is creep strain in tension and plastic strain 

in compression 

PP is plastic strain in tension and creep strain 

in compression 

CC creep strain in both tension and 

compression 

𝐶𝑚,

 ℓ𝑚 

Pure 

fatigue/ 

Creep-

fatigue 

Strain-based ductility exhaustion approach  

1980’s 

 

Priest et 

al. [93] 𝐷𝑐 = ∫
𝜀𝑖̇𝑛

𝜀𝑓(𝜀𝑖̇𝑛, 𝑇𝑎𝑏𝑠)

𝑡ℎ

0

𝑑𝑡 

𝜀𝑓 = ℒ𝑝𝜀𝑖̇𝑛
ℓ𝑝 

𝜀𝑖𝑛 is inelastic strain, 𝜀𝑓 is strain at rupture, 
𝑇𝑎𝑏𝑠 is temperature 

ℒ𝑝, ℓ𝑝 Creep-

fatigue 

Strain energy-based ductility exhaustion approaches  

2000’s 

- 

Present 

Takahashi 

et al. [75] 𝐷𝑐 = ∫ (
1

𝑤̃𝑓(𝑤̇𝑖𝑛, 𝑇𝑎𝑏𝑠)

𝑡ℎ

0

−
1

𝑤̃𝑓0(𝑇𝑎𝑏𝑠)
) 𝑤̇𝑖𝑛𝑑𝑡 

𝑤̇𝑖𝑛 = 𝜎𝜀𝑖̇𝑛   

 𝑤̃𝑓 = min (∅𝑤̇𝑖𝑛
𝛿
, 𝑤̃𝑓0(𝑇𝑎𝑏𝑠)) 

𝑤̇𝑖𝑛 is inelastic strain energy density rate, 𝑤̃𝑓 
is the function of inelastic strain energy 

density, 𝑤̃𝑓0  is the upper bound of 𝑤̃𝑓, 𝑇𝑎𝑏𝑠 

is temperature 

∅, 𝛿, 

𝑤̃𝑓0 

Pure 

fatigue, 

creep-

fatigue, 

pure 

creep 

Wang et 

al. [76] 𝐷𝑐 = ∫ (
1

𝑤̃𝑓(𝑤̇𝑖𝑛, 𝑇𝑎𝑏𝑠)

𝑡ℎ

0

−
1

𝑤̃𝑓0(𝑇𝑎𝑏𝑠)
) 𝑤̇𝑖𝑛,𝑛𝑒𝑤𝑑𝑡 

𝑤̇𝑖𝑛,𝑛𝑒𝑤 =
𝑀

1 + 𝑡
−

𝑁

1 + 𝑡
log (1 + 𝑡) 

𝑀 =  
𝜎𝑜(𝑃𝑙𝑜𝑔(∆𝜀𝑝)+𝑄)

𝐸.𝑙𝑛10
(

𝜎𝑚

𝜎0
+ 1)   

𝑁 =  
(𝑃𝑙𝑜𝑔(∆𝜀𝑝) + 𝑄)2

𝐸. 𝑙𝑛10
 

P, Q, 

∅, 𝛿, 

E, 𝑤̃𝑓0 

Pure 

fatigue, 

creep-

fatigue, 

pure 

creep 
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𝑤̇𝑖𝑛,𝑛𝑒𝑤 is inelastic strain energy density 

rate, 𝑤̃𝑓0  is the upper bound of 𝑤̃𝑓, 𝑇𝑎𝑏𝑠 is 

temperature, 𝜎𝑜 is maximum stress, 𝜎𝑚 is 

mean stress 

Song et al. 

[78] 𝐷𝑐 = ∫ (−
𝐴

(1 + 𝑡) ln(10) 𝐸𝑤𝑓

−
𝐴

𝑤𝑓,𝑚𝑎𝑥(𝑤̇, 𝑇)
)  𝑑𝑡 

𝐴 = (𝑀 +
2𝑁𝑙𝑜𝑔(1 + 𝑡)

ln (10)
) (𝜎 − 𝜎𝑡ℎ) 

𝑀 = 𝑎𝑎 log(∆𝜀𝑝) + 𝑎𝑏   

𝑁 =  𝑏𝑎 log(∆𝜀𝑝) + 𝑏𝑏 

𝑤𝑓 is creep fracture strain energy density, 
𝑤𝑓,𝑚𝑎𝑥 is maximum creep fracture strain 

energy density, 𝑇 is temperature, 𝜎𝑡ℎ  is 

threshold stress, 𝐸 is elastic modulus, 𝑡 is 

time 

𝑎𝑎, 𝑎𝑏 
𝑏𝑎, 𝑏𝑏 

 𝐸 

Pure 

fatigue, 

creep-

fatigue, 

pure 

creep 

 

Most of these methods rely heavily on extensive data from pure creep, pure fatigue, 

and creep-fatigue interaction tests and often overlook the impact of oxidation. Since 

oxidation becomes significant at high temperatures, there is scope for improving these 

models by incorporating the oxidation effect. 

2.4.1.2. Continuum damage models 

Although continuum damage mechanics (CDM) models remain more 

computationally intensive than purely empirical approaches, they have rapidly increased 

adoption because they account for load history and provide a rigorous description of 

material deterioration. Many empirical cycle based damage laws, as shown in Table 2.1, 

can be recast within a CDM framework as long as their evolution laws satisfy the 

requirement of non-negative energy dissipation (thermodynamic admissibility) [86,94]. In 

CDM theory, the scalar damage variable (𝐷) grows monotonically from 0 (undamaged) to 

1 (fully damaged), earning it the name continuum or continuous damage parameter [95–

97].The damage variable 𝐷 is calibrated directly from macroscopic property changes, such 

as, reductions in elastic modulus, shifts in cyclic plastic response, variations in ultrasonic 

wave speed, accelerated creep strain rates, micro-hardness loss, or evolution of 

strain-energy density etc. [95,98–101]. A few of the most widely used constitutive damage 

models for creep-fatigue interaction are shown in Table 2.2. In the context of creep-fatigue 
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interaction loading, the damage variable (𝐷) is typically governed by the combined effects 

of creep and fatigue damages, as explained by Eq. (2.28), (2.29), and (2.30) [85–

87,102,103]. Any one of these three equations can be used, where Eq. (2.28) considers one 

to one mapping of creep and fatigue damage contribution combined, while Eq. (2.29) 

considers the independent contribution of creep and fatigue damages, and  Eq. (2.30) further 

considers the non-linear mixing of the independent creep and fatigue damages with the 

addition of 𝑓𝑐𝑓 term.  

𝑑𝐷 = 𝑓𝑓(𝝈, 𝑇, 𝐷𝑐 + 𝐷𝑓)𝑑𝑁 + 𝑓𝑐(𝜎𝑒 , 𝑇, 𝐷𝑐 + 𝐷𝑓)𝑑𝑡 (2.28) 

𝑑𝐷 = 𝑓𝑓(𝝈, 𝑇, 𝐷𝑓)𝑑𝑁 + 𝑓𝑐(𝜎𝑒 , 𝑇, 𝐷𝑐)𝑑𝑡 
(2.29) 

𝑑𝐷 = 𝑓𝑓(𝝈, 𝑇, 𝐷𝑓)𝑑𝑁 + 𝑓𝑐(𝜎𝑒 , 𝑇, 𝐷𝑐)𝑑𝑡 + 𝑓𝑐𝑓(𝝈, 𝜎𝑒 , 𝐷𝑓 , 𝐷𝑐)𝑑𝑁 
(2.30) 

 

Table 2.2 Continuum damage mechanics models for creep-fatigue interaction. 

 

Period Model Key equations 

P
a
ra

m
eter

 

1960’s Rabotnov 

and 

Kachanov 

[104,105] 

𝑓𝑐 =
𝑅𝑣

(1 − 𝐷)𝛼𝑟
(

𝜎𝑒

𝜆𝑟
)

𝑟𝑟

𝑝̇ 

𝑅𝑣 =
2

3
(1 + 𝜈) + 3(1 − 2𝜈) (

𝜎ℎ𝑦𝑑

𝜎𝑒
)

2

 

𝑅𝑣 is multiaxial factor, 𝜎ℎ𝑦𝑑 is hydrostatic stress, 𝜎𝑒 is 

equivalent stress, 𝜈 is Poisson’s ratio. 

𝑟𝑟, 

𝜆𝑟, 

𝛼𝑟 

1990’s Lemaitre 

and 

Chaboche 

[106] 

𝑓𝑓 =
𝑅𝑣

Ω𝑙(𝛽𝑙 + 1)

(
∆𝜀𝑝

2
)

𝛾𝑙+1

(1 − 𝐷)𝛼𝑙
 

𝑅𝑣 =
2

3
(1 + 𝜈) + 3(1 − 2𝜈) (

𝜎ℎ𝑦𝑑

𝜎𝑒
)

2

 

𝑅𝑣 is multiaxial factor, 𝜎ℎ𝑦𝑑 is hydrostatic stress, 𝜎𝑒 is 

effective stress, ∆𝜀𝑝 is plastic strain 

𝛾𝑙, 

Ω𝑙, 

 𝛽𝑙, 

𝛼𝑙 

Liu and 

Murakami 
𝑓𝑐 =

𝐴𝑚(1 − 𝑒−𝑞𝑚)

𝑞𝑚

[𝜎𝑑(𝑡)]𝑟𝑚exp(𝑞𝑚𝐷) 
𝐴𝑚, 

𝑞𝑚, 
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[107] 
𝜎𝑑(𝑡) = 𝜅𝑚 (

3

2
𝜎𝑖𝑗

′ : 𝜎𝑖𝑗
′ )

1 2⁄

+ (1 − 𝜅𝑚) 𝜎𝐼 

𝜎𝐼 is maximum principal stress 

𝑟𝑚, 

𝜅𝑚 

2000’s 

-

Present 

Pandey et 

al. [108] 
𝑓𝑓 =

𝐴𝑝(1 − 𝑒−𝜓𝑝)

𝜓𝑝
(

(1 − 𝑅𝜀)𝜀𝑚𝑎𝑥,𝑒𝑞

2 − (1 − 𝑅𝜀)𝜀𝑚𝑎𝑥,𝑒𝑞
)

𝛽𝑃

𝑒𝑎𝑝𝐷𝑅𝑣
0.5𝛽𝑃 

𝜀𝑚𝑎𝑥,𝑒𝑞 is the maximum equivalent strain 

𝐴𝑝, 

𝜓𝑝, 

 𝛽𝑃 

 

Although the above models are widely used, these models require a lot of material 

parameters, which are obtained from pure fatigue, pure creep and creep-fatigue interaction 

tests.  To address this limitation, the inelastic strain energy density based continuum 

damage variable 𝐷 is proposed in the literature [99–101,109,110]. Based on this, the present 

thesis adopts a continuum damage variable 𝐷 using modified tensile hysteresis strain 

energy density method, as discussed in Chapter 6:.  

2.5. Numerical implementation of the constitutive model 

The constitutive relations are mathematically implemented in the finite element 

method using an implicit backward or explicit forward integration scheme [79–81]. In the 

explicit forward scheme, the flow direction is calculated at the start of the incremental step 

[79–81]. The integration scheme is conditionally stable, i.e., when the time step is kept very 

small, but it may have convergence issues if the time step or load is increased [79–81], i.e., 

stress falls outside the yield surface. The implicit integration scheme is used [79–81] to 

overcome this issue, in which the stress is corrected/updated at the end of the current 

increment step to fall on the yield surface. Thus, the method is unconditionally stable and 

does not have any convergence issues [79–81]. However, the accuracy of the results is still 

dependent on the time step of the incrementation [79–81]. 

The flow diagram for the return mapping integration scheme for implementation of 

the (UMAT, i.e., the constitutive model developed in the current study) is depicted in Figure 

2.5. The previous step is taken as 𝑁 while the incrementation is done from 𝑁 to 𝑁 + 1 step. 

As stated above, in the flow algorithm, the values needed from the previous incrementation 

step (i.e., 𝑁) are recalled and stored in memory as state variables defined in ABAQUS. 

(Note: Strain, stress and back stress are shown in Voigt notation, as used for implementation 

in ABAQUS user subroutine). 
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Figure 2.5 Flowchart of radial-return implicit integration scheme for implementation of 

UMAT 

The additive decomposition of strain is considered, which states that total strain is 

the summation of elastic and plastic strains [80]. 

𝜀𝑁+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝜀𝑁+1
𝑒⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ + 𝜀𝑁+1

𝑝⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
(2.31) 
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The whole of the total strain at the beginning of an increment is considered as an 

elastic strain, which is written as elastic strain obtained from the previous step 𝑁 added 

with incremental strain (∆𝜀) for step 𝑁 to 𝑁 + 1[111]. 

𝜎𝑁+1
𝑡𝑟⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝜎𝑁⃗⃗ ⃗⃗ ⃗ + 𝑪∆𝜀⃗⃗⃗⃗⃗ 

(2.32) 

Where 𝜎𝑡𝑟⃗⃗⃗⃗⃗⃗⃗ represents the trial stress, and 𝑪 is the elasticity tensor matrix for the material. 

The incremental strain (∆𝜀) is obtained from ABAQUS. 

𝑥𝑁+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =   𝑥𝑁⃗⃗ ⃗⃗ ⃗ (2.33) 

Here, 𝑥 represents the total back stress. 

εN+1
p⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =   ε𝑁

p⃗⃗⃗⃗⃗ 
(2.34) 

εp represents the plastic strain tensor. 

∆pN+1 =   ∆p𝑁 
(2.35) 

∆𝑝𝑁+1 represents the increment in effective plastic strain tensor. 

The flow direction represented by 𝑛⃗⃗ is given by Wilkins [112] for metals i.e. for the 

associated flow rule, which states the normality condition, plastic strain increment is always 

normal to yield surface and is given by Eq. (2.36) 

𝑛⃗⃗ =
𝜕𝑓

𝜕𝜎

⃗⃗⃗⃗⃗⃗
∆𝑝𝑛+1 

(2.36) 

Yield condition (𝑓(𝑝)) is checked for the nonlinear isotropic and kinematic 

hardening model. The function is given by Eq. (2.37) [80], which states that material is 

elastic if the state of stress lies inside the yield surface i.e. if  𝑓 < 0, else the state of material 

is considered as plastic. 

𝑓(𝑝) = 𝐽
2
(𝜎⃗⃗ − 𝑥⃗) − 𝑟(𝑝) − 𝜎𝑦 

(2.37) 

The consistency condition and yield condition together give the increment in the effective 

plastic strain at the end of the increment step is given as ∆𝑝𝑘+1 as 

∆𝑝𝑘+1 = ∆𝑝𝑘 - 
𝑓(𝑝)

𝑓′(𝑝)
 

(2.38) 

Where 𝑓(𝑝) is yield condition at step N+1. and 𝑓′(𝑝) represents the derivative of the yield 

condition at step N+1. 
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Accumulated plastic strain is given as 

𝑝𝑁+1 =  𝑝𝑁 +  ∆𝑝𝑁+1 
(2.39) 

Eq. (2.40) gives the increment in the plastic strain tensor. 

∆𝜀𝑁+1
𝑝⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ = 𝑛⃗⃗∆𝑝𝑁+1 

(2.40) 

If the convergence criterion is met, i.e., the increment in effective plastic strain becomes 

less than the tolerance value, which is taken as a very small value (1 × 10−10) than the 

iteration for calculating the effective increment in plastic strain is stopped. Then, the elastic 

and plastic strains, back stress, and elastic stress are updated using the closet point 

projection method, which states that if the state of stress due to incrementation falls outside 

the yield surface, it is projected back on the yield surface. Thus, the stress state is made to 

fall back on the yield surface. 

Elastic strain is updated as 

𝜀𝑁+1
𝑒⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =  εN 

e⃗⃗⃗⃗⃗⃗ − ∆εN+1
p⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ 

(2.41) 

Plastic strain is updated as 

εN+1
p⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = εN

p⃗⃗⃗⃗⃗ +  ∆εN+1
p⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ 

(2.42) 

Stress is updated as 

𝜎𝑁+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =   𝜎𝑁+1
𝑡𝑟⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ − 𝑪 (∆εN+1

p⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗) 
(2.43) 
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Chapter 3: Modified isotropic and kinematic hardening 

equations for 304L SS under low cycle fatigue. 

 

This chapter is on the simulation of the low cycle fatigue behavior of 304L SS that 

exhibited initial hardening, softening, saturation, and significant secondary hardening. The 

combined non-linear isotropic and kinematic hardening model has been modified, 

implemented in ABAQUS, and validated with experimental results. New non-dimensional 

functions were introduced in the constitutive laws such that both isotropic and kinematic 

hardening behaviors depend on the accumulated plastic strain and maximum plastic strain 

range memory. The proposed isotropic hardening equation additively decomposes the 

cyclic hardening behavior into hardening, softening, and secondary hardening parts and 

captures well the cyclic peak stress variation throughout the fatigue life. Fatigue life is well 

predicted from the simulated loops. 

3.1. Introduction 

The field of computational plasticity has emerged significantly with the 

advancement of computers. It is widely used for analysis and design in many disciplines. It 

has reduced extensive experimentation and physical modeling in everyday engineering 

applications [113]. A similar trend has also been observed in the field of fatigue analysis. 

Constitutive modeling and simulation have been extensively used for the fatigue analysis 

of materials and structures. 

Generally, two hypotheses considered in combined form to predict the non-linear 

hardening behavior exhibited by material under cyclic loading are isotropic hardening and 

kinematic hardening. The isotropic and kinematic hardenings hypothesize the expansion 

and simultaneous translation, respectively, of the yield surface. It is assumed that kinematic 

hardening governs the shape of the hysteresis loop, and isotropic hardening governs the 

change in the maximum/peak stress that varies from one cycle to another [79]. 

The most commonly used constitutive law to model cyclic plasticity is the 

Armstrong and Fedrick (AF) model [114]. It considers the non-linearity in the kinematic 

hardening part using an additional dynamic recovery term in Prager's rule [36]. Further, to 

capture the transient hardening evolution and ratcheting effects, the back stress in the AF 

model [114] is decomposed into multiple parts by Chaboche [18]. Ohno and Wang [42] 

further modified the kinematic hardening equation given by Chaboche [18] to capture the 
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effect of ratcheting more precisely by introducing a new dynamic recovery term. The 

dynamic recovery term gets activated when the material reaches a critical state. Further, 

many modifications were made to the kinematic hardening term to accurately capture the 

uniaxial and multiaxial ratcheting strain of material by Abdel-Karim and Khan [53], 

McDowell [115], Jiang and Sehitoglu [44], and Chen et al. [43]. 

The constitutive laws discussed above could not model cyclic hardening/softening 

with stabilization or persistent cyclic hardening after stabilization exhibited by some 

material under cyclic loading. Thus, Chaboche et al. [116] considered the maximum plastic 

strain range memory effect on isotropic hardening variables to simulate the cyclic stress-

strain response of such materials. The asymptotic isotropic hardening variable was defined 

based on the largest plastic strain range history by considering a new index function 

representing a hypersphere. For the same purpose, Ohno et al. [42] modified the non-

hardening region to capture the effect of loading histories. They assumed that isotropic 

hardening does not occur when plastic strain is located inside a non-hardening range. 

Nouailhas et al. [46,117] introduced a memory evanescence term in memory surface to 

consider the anisotropic hardening in multiaxial loading. Khutia et al. [47], Taleb et al. 

[118], and Zhang and Jiang [52] considered the strain range memory effect on isotropic 

hardening variables. They modeled the cyclic stress-strain response of materials that 

undergo hardening followed by softening. They used modified isotropic equations and 

could capture the variation in peak stress but not the loop shape. 

Marquis [81] considered the peak back stress variation with the number of cycles 

to consider the loop shape change and found that the variation is similar to that of the peak 

stress amplitude. Tanaka [119], Jiang and Kurath [120,121], and Kang et al. [122] have 

incorporated the plastic strain memory effect in both isotropic and kinematic hardening to 

capture the hardening and softening effects. 

Xu et al. [123] studied the cyclic behavior of low-yield point steel (BLY160) and 

observed a 'flattening effect,' i.e., the decrease in elastic domain with reduced stress 

amplitude. To model this 'flattening effect,' they considered the yield surface 

contraction/expansion and translation through a transformation zone consisting of an S-

shaped logistic function. Their model uses 23 material parameters to simulate the cyclic 

hardening, softening, and saturation behaviors. Later, in [49], they reported that the low 

yield point steel (BLY160) exhibits non-masing behavior. Hence, the stress-strain loop 

shape changes with cycling from the 1st to the 100th cycle. Thus, the kinematic hardening 
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rate and isotropic hardening parameters were considered to be dependent on the strain range 

memory. The modified model they developed uses a total of 34 material parameters. The 

kinematic hardening rate was further regarded as dependent on the accumulated plastic 

strain with an asymptotic function. 

Zhu et al. [124] studied the behavior of 316L under thermo-mechanically coupled 

cyclic loading and proposed a model by considering the strain range memory effect in 

isotropic hardening. They modified the isotropic part of the basic elastic-viscoplastic 

Chaboche constitutive model [32] to represent the hardening followed by softening. Xing 

et al. studied [125] the LCF behavior of 316L comprising of cyclic hardening followed by 

softening behavior exhibited by the material under different strain amplitudes. They have 

considered that the change in peak stress i.e., hardening followed by softening occurs with 

cycling and strain amplitude, is due to isotropic hardening only. They have used the strain 

range memory-dependent modified isotropic hardening equation to model the material 

using more than 40 material parameters. Zhou et al. [51] studied the behavior of two 

austenitic stainless steels (316L-A and 316L-B). The material 316L-A demonstrated initial 

hardening followed by softening, while the 316L-B demonstrated initial hardening 

followed by softening and secondary hardening at higher strain amplitude. They claimed 

to have developed the numerical model to simulate the initial hardening, softening, and 

secondary hardening by considering a φ term in the kinematic hardening law of the 

Armstrong-Fedrick model [114]. Their model uses a total of 30 material parameters. The 

strain range memory dependence is considered in the kinematic hardening part only. The 

experiment results were compared with the simulation for 316L-A (which shows no 

secondary hardening). They demonstrated that change in loop shape and variation in 

peak/valley stress is addressed well for the material. However, their article did not report a 

similar validation for the 316L-B material that exhibited initial hardening followed by 

softening and secondary hardening at higher strain amplitude. 

Song et al. [13] have modified Chaboche's non-linear isotropic-kinematic hardening 

rule to develop a constitutive model using 23 material parameters to predict the hardening, 

softening, and secondary hardening behavior of 316H steel. They modified the isotropic 

hardening rule with two exponential terms and one linear term and the kinematic hardening 

rule using ψ and µ terms to incorporate the effect of accumulated plastic stain on back 

stress. They validated their model by comparing their simulated results with the 

experimental data. However, it should be noted that the secondary hardening demonstrated 
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by 316H is almost negligible, close to the saturated response. Thus, developing a model 

that can simulate a significant amount of secondary hardening is still required. 

As reported above, a material can demonstrate some (or all) of the cyclic features 

like initial hardening, softening, saturation, and secondary hardening. The classical and 

modified models developed to date lack the ability to address the cyclic behavior 

comprising all four features. Thus, there is still a need for a constitutive model to describe 

the cyclic behavior of materials irrespective of the sequence of the cyclic features exhibited. 

This chapter proposes the modified kinematic and isotropic hardening laws to model the 

aforementioned cyclic features. A new non-dimensional function, 𝜁, is introduced in the 

isotropic and kinematic hardening equations to account for the significant change in the 

secondary hardening behavior through maximum plastic strain range memory (𝑞). 

Moreover, another function, 𝜑𝐾𝐻, was introduced to account for the dependence of 

maximum back stress on strain amplitude. Thus, the proposed model considers the isotropic 

and kinematic hardening to be dependent on the accumulated plastic strain and maximum 

plastic strain range memory. The proposed constitutive model is validated with the strain-

controlled low-cycle fatigue test data of 304L SS material. The comparison of the 

experimental and simulated results shows that the developed constitutive model can predict 

the cyclic behavior of the investigated steel that exhibited initial hardening, softening, 

saturation, and significant secondary hardening very satisfactorily. The proposed model 

predicts the variation of the entire stress-strain hysteresis loops, i.e., change in a loop shape 

and variation in peak & valley stresses with good agreement. 

3.2. Cyclic behavior 

3.2.1. Cyclic peak stress 

The strain-controlled low cycle fatigue test data of 304L SS material were analyzed. 

The chemical composition (in % wt.) of the material is C: 0.029, Si: 0.46, Mn: 1.74, Ni: 

8.17, Cr: 18.16, N: 0.061, P: 0.033, S: 0.004, and balanced Fe. The test specimens with a 

gauge diameter of 10 mm and a length of 28 mm were prepared as per ASTM E606  [126]. 

Tests were conducted at room temperature at a constant strain rate of 1×10-3 s-1 and strain 

amplitudes of ±0.4%, ±0.6%, ±0.8%, and ±1%. It is observed that the cyclic peak stress 

shows initial hardening followed by softening and significant secondary hardening at 

higher strain amplitude. While at lower strain amplitude, the material exhibited initial 

hardening followed by significant softening, saturation, and secondary hardening, as shown 
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in Figure. 3.1. This type of behavior of austenitic stainless steel is reported in the open 

literature [51,116,118]. It is observed that the life spent during the secondary hardening 

period is almost 73%, 80%, 90%, and 91% at strain amplitudes of ±0.4%, ±0.6%, ±0.8%, 

and ±1%, respectively. Thus, the constitutive modeling of secondary hardening, along with 

initial hardening, softening, and saturation behavior, has practical importance for materials 

like 304L SS. 

 

Figure. 3.1. Peak stress variation with cycle number. 

The half-life stress-strain (%) loops of 304L SS are translated to match the upper 

loading portions in  Figure. 3.2. As can be seen, despite all efforts, only the linear parts 

could be matched, not the non-linear parts of all hysteresis loops. The increase in the linear 

elastic region can be seen in Figure. 3.2, i.e., an increment from AB to AC for the increment 

of strain amplitude from ±0.4% to ±1%. In constitutive modeling, the increase in the elastic 

domain is taken into account by expanding the yield surface. Thus, the isotropic hardening 

equation needs to be modified to take care of this behavior [49]. Moreover, the change in 

loop shape with strain amplitude becomes evident in  Figure. 3.2. Such changes in loop 

shape are taken into account by translation of the yield surface. Thus, the kinematic 

hardening equation also needs to be modified to take care of this behavior [127]. The 

modified isotropic and kinematic hardening equations are explained in detail in Section 3.3. 
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Figure. 3.2. Translated stress vs. plastic strain loops of 304L at half-life to match the 

linear elastic portions. 

3.2.2. Microstructural deformation 

During cycling, the initial hardening occurs due to the interaction of dislocations 

with solute atoms, grain boundaries, other dislocations, and their multiplication [128,129]. 

The softening (that follows initial hardening) is due to the re-arrangement of dislocation 

cells or the annihilation of dislocations [129,130]. The secondary hardening occurs due to 

the increased density of defects like dislocations, stacking faults, twins, and austenite to 

martensite transformation responsible for the material's non-masing behavior [16,126]. The 

austenite has a face-centered cubic (FCC) structure, while the martensite can have a body-

centered tetragonal BCT (BCC: body-centered cubic) or hexagonal close-packed (HCP) 

crystal structure. The conversion of austenite to BCT (BCC) martensite during 

deformation-induced transformation leads to volume increment [131], which causes the 

development of back stress in the material. Thus, the yield stress gets reduced in the 

compressive direction [131]. Hence, the kinematic hardening variables need to be modified 

to accommodate such an increase in back stress. Also, due to the reduction in the active 

number of slip systems in BCT and HCP structures than FCC, the martensite phase is harder 

than austenite [132]. Hence, martensite formation leads to a change in the isotropic 

hardening. Thus, the strain range of cyclic loading affects both isotropic and kinematic 

hardening. 

3.3. Modified constitutive laws 

3.3.1. Isotropic hardening 

The isotropic hardening law used in the combined non-linear isotropic and 

kinematic hardening model [18] to predict the change in peak stress from one cycle to 
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another is given by Voce's law [133], as shown in Eq. (3.1). This equation predicts either 

continuous cyclic hardening or cyclic softening with high accuracy. However, a material 

under fatigue can exhibit different extents and sequences of hardening, softening, 

saturation, and secondary hardening regions before the final fracture occurs. Thus, the 

isotropic hardening equation needs to be modified to accommodate such variations 

commonly found in different materials under fatigue, e.g., Figure. 4.2. shows for 304L SS. 

Various modifications to the isotropic hardening equation were suggested by Chaboche et 

al. [116], Taleb and Cailletaud [134], Pécheur et al. [135], Zhu et al. [50], Xu et al. [49], 

Krishna et al. [45], and Song et al. [13]. These suggested modifications can accommodate 

only the variation in initial hardening, softening followed by transient stabilization and/or 

negligible secondary hardening. 

The cyclic peak-stress response curves at different strain amplitudes for 304L SS, 

fatigue tested at room temperature, are shown in Figure. 3.1. The peak stress vs. 

accumulated plastic strain is plotted in Figure. 3.3. The peak stress vs. accumulated plastic 

strain plots is split into three parts: initial hardening (𝑅1), softening (𝑅2), and saturation 

and/or secondary hardening (𝑅3), as shown in Figure. 3.3. 

 

Figure. 3.3. Peak stress vs. accumulated plastic strain curves. 

The variation in yield surface size (𝜎0), i.e., the peak effective stress with cycling 

can be related to isotropic hardening (𝑟(𝑝)) as given by Eq. (3.2) [136–140] for the classical 

model. The parameter 𝜎𝑦0 represents the initial size of the yield surface. The variation in 

yield surface size with accumulated plastic strain has a similar trend as of peak stress vs. 

accumulated plastic strain, as seen in Figure. 3.4. Thus, the variation in yield surface size 

with accumulated plastic strain is also split into three parts: initial hardening (𝑅1), softening 

(𝑅2), and saturation and/or secondary hardening (𝑅3), as shown in Figure. 3.4. 

𝑟(𝑝) =  𝑄(1 − 𝑒𝑥𝑝−𝑏𝑝) (3.1) 
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𝜎0 = 𝑟(𝑝) +  𝜎𝑦0 (3.2) 

The concept of Eq. (3.2) is applied to the different regions to derive the proposed 

isotropic hardening equations. The extent of the initial hardening region is approximately 

up to the initial 20 cycles for different strain amplitudes, as can be seen in Figure. 3.1. This 

region (𝑅1) is plotted by lines of different styles in Figure. 3.4. The asymptotic behavior of 

the initial isotropic hardening region is modeled by using Voce's law [133], as given by Eq. 

(3.3). 

The parameter 𝑄 represents the maximum amount of hardening, while 𝑏 is the rate at which 

the hardening occurs. 

The second part of the isotropic hardening behavior, i.e., the cyclic softening region, 

is shown by the region 𝑅2 (solid symbol) in Figure. 3.4. We observe that at high strain 

amplitude (±1%), the softening region of the material is very small. However, it is very 

long at low strain amplitude (±0.4%), and the peak effective stress decreases exponentially. 

Thus, the softening behavior (i.e., the second part) of the material is given by Eq. (3.4) in 

the proposed model. 

𝑟2(𝑝) = 𝜎𝑆
𝑜 − 𝜎1 = 𝑄1(1 − 𝑒𝑥𝑝−𝑏1𝑝) (3.4) 

The transition from initial hardening to the softening region is taken care of by the 

parameter 𝜎1. The parameters 𝑄1 and 𝑏1 represent the maximum softening and the rate of 

softening, respectively. 

The third part of the isotropic hardening behavior, i.e., the secondary hardening 

region, is shown by the region 𝑅3 (open symbol) in Figure. 3.4. The peak effective stress 

varies almost linearly with accumulated plastic strain in this region. It should be noted that 

the variation apparently looks non-linear because of the linear-log scales used in Figure. 

3.4. The secondary hardening region (i.e., the third part) of the material is represented by 

Eq. (3.5). 

𝑟3(𝑝) = 𝜎𝑆𝐻
𝑜 − 𝜎2 = 𝑎1𝑝 (3.5) 

The transition from softening to the secondary hardening region is handled by 

parameter 𝜎2. The parameter 𝑎1 represents the rate of the hardening. 

𝑟1(𝑝) = 𝜎𝐼𝐻
𝑜 − 𝜎𝑦0 = 𝑄(1 − 𝑒𝑥𝑝−𝑏𝑝) (3.3) 
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Figure. 3.4. Peak effective stress vs. accumulated plastic strain curves. 

It should be noted that the cyclic saturation behavior of the material observed at 

lower strain amplitude was taken into account by splitting the different regions 

appropriately and identifying the material parameters accordingly. 

The above equations given for initial hardening, softening, and secondary hardening 

regions are combined to make the single equation (Eq. (3.6)) for isotropic hardening as- 

𝑟(𝑝) =  𝑟1(𝑝) + 𝑟2(𝑝) + 𝑟3(𝑝) =  𝜎𝐼𝐻
𝑜 − 𝜎𝑦0 + 𝜎𝑆

𝑜 − 𝜎1 + 𝜎𝑆𝐻
𝑜 − 𝜎2 (3.6) 

Which is further rewritten as Eq. (3.7), with an assumption that 𝜎0 = 𝜎𝐼𝐻
𝑜 + 𝜎𝑆

𝑜 +

𝜎𝑆𝐻
𝑜 . The assumption is made because 𝜎𝐼𝐻

𝑜 , 𝜎𝑆
𝑜, and 𝜎𝑆𝐻

𝑜  actually represent 𝜎0 for different 

regions. 

𝑟(𝑝) =  𝑟1(𝑝) + 𝑟2(𝑝) + 𝑟3(𝑝) = 𝜎0 − 𝜎𝑦0 −  𝜎1 − 𝜎2 (3.7) 

Eq. (3.7) can be rewritten as Eq. (3.8) and Eq. (3.9), which are principally similar 

to the isotropic hardening (Eq. (3.2)) defined in the non-linear isotropic-kinematic 

hardening Chaboche model [136–140]. Xing et al. [125] have used an equation similar to 

Eq. (3.8) to take into account the initial hardening and softening behavior shown by the 

material. Comparing the equation used by Xing et al. [125] and Eq. (3.8) proposed here, 

we have included the linear term 𝑟3(𝑝) and 𝜎2 to consider the secondary hardening region 

shown by the region 𝑅3 (open symbol) in Figure. 3.4. Also, it should be noted that the 

equation used by Xing et al. [125] looks similar to Eq. (3.8) proposed here but Eq. (3.8) 

here takes into account the maximum plastic strain range memory effect differently. This 

is described in Section 3.3.3. 

𝜎0 =  𝑟1(𝑝) + 𝑟2(𝑝) + 𝑟3(𝑝) +  𝜎𝑦0 +  𝜎1 + 𝜎2 (3.8) 
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𝜎0 =  𝑟(𝑝) + 𝜎𝑦0 + 𝜎1 + 𝜎2 (3.9) 

3.3.2. Kinematic hardening 

The conventional Chaboche [18] model considers the kinematic hardening behavior 

given by Eq. (3.12), where 𝐶𝑖 and 𝛾𝑖 are kinematic hardening material constants, 𝑛 = ±1 

represents flow direction, 𝑥𝑖,0 is the backstress obtained at the start of plasticity and ∆𝑝 is 

the effective plastic strain increment. The material constants 𝐶𝑖 and 𝛾𝑖 in the conventional 

model [6] remain constant for the whole cyclic life. Thus, the loop shape is assumed to not 

change from one cycle to another. However, the loop shape changes significantly with 

cycling for austenitic stainless steels, e.g., 304L SS. Many materials with a similar variation 

in hysteresis loop shape with cycling have been reported in the articles [126,129,141,142]. 

Thus, the conventional Chaboche model [18] fails to predict the hysteresis loop shape of 

all cycles at a particular strain amplitude. Moreover, as explained in Section 3.2 and shown 

in Figure. 3.2, the change in hysteresis loop shape with strain amplitude due to non-Masing 

behavior also calls for modification in the kinematic hardening equation. A few researchers 

have made efforts to model the change in loop shape with cycling [13,51,123,124,127,143], 

but none of them have demonstrated the applicability of their model to simulate material 

behavior comprising of all four cyclic features viz-a-viz hardening, softening saturation, 

and secondary hardening. A significant amount of secondary hardening greatly alters the 

hysteresis loop shape, as shown in Figure. 3.2. Modeling of such a considerable change in 

loop shape is highly required to accurately predict the fatigue behavior of austenitic 

stainless steel or other materials that undergo deformation-induced transformation. 

The kinematic hardening is determined by measuring the back stress, which varies 

with cycling for 304L SS; thus, it depends on the accumulated plastic strain. The 

dependence of kinematic hardening on accumulated plastic strain is also highlighted by 

Zhu et al. [124]. They considered the variation of the ratio (𝜑) of ‘maximum back stress at 

any cycle (𝑥𝑚𝑎𝑥
𝑁 ), it is obtained from different stress-strain loops, as explained in Section 

3.4.' to the 'maximum back stress at first cycle (𝑥𝑚𝑎𝑥
1 ).’ with accumulated plastic strain ‘𝑝’, 

given by Eq. (3.10). In Eq. (3.10), 𝑖 represents and M represents total number of region (for 

example if material shows initial hardening, softening and secondary hardening regions, 

then M=3). Later, Song et al. [13] also used the same equation (Eq. (3.10)) in their 

constitutive model to take into account the change in back stress with cycling or 

accumulated plastic strain. 
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𝜑 = ∑ 𝜑𝑖 + (1 − 𝜑𝑖)exp (−𝜔𝑖𝑝)

𝑀

𝑖=1

 (3.10) 

 

Figure. 3.5. Variation of 𝜑 with accumulated plastic strain is fitted with Eq. (3.10) (a) for 

material 304L SS  (b) for 316H (data were extracted from Song et al. [13]). 

We tried to fit Eq. (3.10) to the data for 304L SS, but the fit did not converge at 

higher strain amplitudes, as shown in Figure. 3.5(a). However, the fit converges with 57% 

of the coefficient of determination (R2) at a lower strain amplitude (±0.4%). The poor fitting 

may be attributed to the complex shape of the plots of (𝜑) caused by the significant amount 

of secondary hardening, as shown in Figure. 3.5(a). While the 316H material used by Song 

et al. [13] shows negligible secondary hardening (almost like a saturated response) at all 

strain amplitudes, thereby giving a good fit (R2 =97%), as shown in Figure. 3.5(b). The data 

is plotted in Figure. 3.5 (b) were extracted from the article [13]. 

Considering the shape of the plots in Figure. 3.5(a), Eq. (3.11) is proposed for 𝜑mod 

to describe the variation of 𝜑 with 𝑝. This equation additively decomposes the function into 

three parts corresponding to the initial hardening, softening, and secondary hardening 

behaviors.  A similar kind of decomposition is used for isotropic hardening as well in Eq. 

(3.9). As shown in Figure. 3.6 (a & b), the proposed Eq. (3.11) fits well with the data for 

the 304L SS material used for the current investigation and 316H material used by Song et 

al. [13] with a coefficient of determination (R2) greater than 90%. 

𝜑mod =  𝑎2 + 𝑎3(1 − 𝑒−𝑎4𝑝) + 𝑎5+ 𝑎6(1 − 𝑒−𝑎7𝑝) + 𝑎8 + 𝑎9𝑝 (3.11) 
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Figure. 3.6. Variation of 𝜑 with accumulated plastic strain is fitted with Eq (3.11) (a) for 

material 304L SS  (b) for 316H (data were extracted from Song et al. [13]). 

Chaboche's non-linear kinematic hardening equation, given by Eq. (3.12), is 

modified to take into account the dependence of the kinematic hardening law on the 

accumulated plastic strain, as shown by Eq. (3.13). The increasing value of 𝜑𝑚𝑜𝑑 with 

accumulated plastic strain causes hardening, while decreasing value of 𝜑𝑚𝑜𝑑 causes 

softening.  

𝒙 =  ∑(𝒏 𝐶𝑖 𝛾𝑖⁄ ) + ((𝒙𝒊,𝟎 − 𝒏 𝐶𝑖 𝛾𝑖⁄ )𝑒−𝛾𝑖∆𝑝)

3

𝑖=1

 
(3.12) 

𝒙̇ =  𝜑𝑚𝑜𝑑

2

3
𝐶𝑖𝜺̇𝒑 − 𝛾𝑖𝒙 𝑝̇ 

(3.13) 

3.3.3. Plastic strain range memory effect 

As shown in Figure. 3.4 and Figure. 3.6(a), the shape of the plot’s changes 

significantly with strain amplitude due to the secondary hardening. And, the linear terms 

𝜎2 + 𝑎1𝑝 in Eq. (3.8) for isotropic hardening and 𝑎8 + 𝑎9𝑝 in Eq. (3.11) for kinematic 

hardening take care of the secondary hardening region that depends on the accumulated 

plastic strain (p). Thus, these two linear terms or parts of the isotropic and kinematic 

hardening equations have been modified to incorporate the plastic strain range memory 

effect such that a single set of material parameters can be used to define the cyclic behavior 

of the material. 

For that purpose, a non-dimensional parameter, 𝜁, is defined by Eq. (3.14). 

𝜁𝑖 =  (
∆𝜎𝑃𝑆𝐻𝑖

((∑ ∆𝜎𝑃𝑆𝐻𝑖
𝑛
𝑖=1 )/𝑛)

) (
∆𝑝𝑆𝐻𝑖

((∑ ∆𝑝𝑆𝐻𝑖
𝑛
𝑖=1 )/𝑛)

)⁄  (3.14) 
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Here ∆𝜎𝑃𝑆𝐻 is the change in peak stress due to secondary hardening only (i.e., in 

the region 𝑅3 in Figure. 3.3), ∆𝑝𝑆𝐻 is the accumulated plastic strain in the secondary 

hardening region only, 𝑛 is the number of tests performed at different strain amplitudes, 

and the integer 𝑖 varies from 1 to 𝑛. The parameter 𝜁 gives a non-dimensional estimate of 

the secondary hardening with respect to accumulated plastic strain. Thus, 𝜁 may be called 

a cyclic secondary hardening rate. 

The parameter 𝜁 is estimated for 304L SS from the data given in Figure. 3.3 for different 

strain amplitudes and plotted as a function of the maximum plastic strain range (𝑞) in 

Figure. 3.7. Interestingly, the plot is found to follow an S-shaped growth curve, which can 

be defined by the relationship in Eq. (3.15), in which 𝑎10, 𝑎11and 𝑎12 are material 

parameters. 

𝜁 =  𝑎10/(1 + 𝑎11𝑒−𝑎12𝑞)) (3.15) 

 

Figure. 3.7. Variation of 𝜁 with maximum plastic strain range (%). 

Now, with the help of the parameter, 𝜁, the isotropic and kinematic hardening 

equations (Eq. (3.9), Eq. (3.11), and Eq. (3.13)) have been modified to make them 

maximum plastic strain range memory dependent, as shown by Eq. (3.16), Eq. (3.17) and 

Eq. (3.18). 

𝜎̃0 =  𝜎0 + (𝜁 − 1)𝑎1𝑝 (3.16) 

𝜑̃ =  𝜑𝑚𝑜𝑑  +  (𝜁 − 1)𝑎9𝑝 (3.17) 

𝒙̇ =  𝜑̃
2

3
𝐶𝑖𝜺̇𝒑 − 𝛾𝑖𝒙 𝑝̇ 

(3.18) 

As shown in  Figure. 3.2 and discussed in Section 3.2.13.2.1, the hysteresis loop 

shape changes significantly with strain amplitude, such that the upper loading branches do 
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not match with one another. To take into account such changes with strain amplitude, the 

normalized maximum back stress (denoted by 𝜑𝐾𝐻) is plotted with the maximum plastic 

strain range (𝑞), as shown in Figure. 3.8. The normalization of the maximum back stress is 

done by dividing the values with the maximum back stress at the highest strain amplitude. 

The dependence of 𝜑𝐾𝐻 on maximum plastic strain range (𝑞) could be defined by Eq. (3.19) 

and is implemented in the constitutive model, as shown by Eq.  (3.20). 

𝜑𝐾𝐻 =  𝑎13 + 𝑎14𝑒𝑎15𝑞 (3.19) 

𝐶𝑖/𝛾𝑖 =  𝜑𝐾𝐻𝐶𝑖/𝛾𝑖 
(3.20) 

 

Figure. 3.8. Variation of  𝜑𝐾𝐻 with maximum plastic strain range (%). 

The modified equations (Eq. (3.15) to Eq. (3.20)) have been implemented in the 

constitutive model with the help of the plastic strain memorization equations given by 

Chaboche et al. [116]. 

3.4. Material parameter identification 

The yield stress (𝜎𝑦0) and elastic modulus (𝐸) are calculated from the 1st cycle of 

the stress-strain hysteresis loops, as shown schematically in  Figure. 3.9.  The peak effective 

stress (𝜎0) for each cycle is estimated from the linear portion of the stress-strain hysteresis 

loops. The maximum back stress (𝑥𝑚𝑎𝑥) is calculated from the peak stress (𝜎𝑚𝑎𝑥) by 

subtracting the peak effective stress (𝜎0). The parameter  𝜑𝑚𝑜𝑑 is calculated as the ratio of 

‘maximum back stress at any cycle (𝑥𝑚𝑎𝑥
𝑁 )' to the 'maximum back stress at first cycle 

(𝑥𝑚𝑎𝑥
1 ).’ 
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Figure. 3.9. Schematic diagram showing the determination of elastic modulus (𝐸), yield 

stress (𝜎𝑦0), peak effective stress (𝜎0) and maximum back stress (𝑥𝑚𝑎𝑥). 

3.4.1. Isotropic hardening parameters 

The isotropic hardening function requires the determination of a total of 11 

parameters, out of which three parameters are for initial hardening given by Eq. (3.3), three 

parameters are for softening given by Eq. (3.4), and another two parameters are for 

secondary hardening region defined by Eq. (3.5), and three parameters for plastic strain 

range dependence given by Eq. (3.15). The constant 𝜎𝑦 is the stress at zero plastic strain, 

i.e., the yield stress. According to their definition, the constants 𝜎1 and 𝜎2, were determined 

directly from the peak effective stress vs. accumulated plastic strain plots. The remaining 

parameters of isotropic hardening were determined by fitting Eq. (3.9) to the experimental 

data, as shown in Figure. 3.10. The isotropic hardening parameters used in the modified 

non-linear isotropic hardening law were defined as the average values of the parameters 

obtained at different strain amplitudes. The strain range memory parameters associated with 

Eq. (3.15) have been determined using the data given in Figure. 3.7. The values of isotropic 

hardening parameters used are shown in Table 1. 
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Figure. 3.10. Determination of isotropic hardening material parameters for different strain 

amplitudes by fitting Eq. (3.9). 

3.4.2. Kinematic hardening parameters 

As discussed in Section 3.3.2, the change in hysteresis loop shape with cycling is 

defined by kinematic hardening laws given by Eq. (3.17), Eq. (3.18), Eq. (3.19), and Eq. 

(3.20) considering 13 parameters. Among these, the 𝐶𝑖/𝛾𝑖 defines the maximum value of 

hardening that can be achieved in a cycle, while 𝛾𝑖 gives the rate of hardening. For the 

conventional Chaboche [18] model, the back stress for the stabilized cycle is given by Eq. 

(3.21) [144]. 

𝒙𝑺 = 𝝈𝑺 ± 𝜎𝑦0 ± 𝑄𝑆, S represents the stabilized cycle (3.21) 

Using the above formula, the back stress 𝒙 for the 𝑁𝑡ℎ cycle can be defined as 

𝒙𝑵 = |𝝈𝑵|  − 𝜎𝑦−𝜎1 − 𝜎2 − 𝑟(𝑝)𝑁 (3.22) 

𝑟(𝑝)𝑁  =  𝑟1(𝑝)𝑁 + 𝑟2(𝑝)𝑁 + 𝑟3(𝑝)𝑁 (3.23) 

Where 𝝈𝑵 is the stress for 𝑁𝑡ℎ cycle obtained from the experimental data and 𝒙𝑵 is the 

maximum back stress in 𝑁𝑡ℎ cycle. 

The back stresses were calculated from the first hysteresis loop at the largest strain 

amplitude (±1.0%) using Eq. (3.22). Then the parameter 𝐶𝑖 and 𝛾𝑖 were obtained by fitting 

Eq. (3.12) to the back stress vs. plastic strain data. 

To incorporate the loop shape change with cycling, the constants 𝑎2 to 𝑎9 were 

obtained by fitting Eq. (3.11) to the data plotted in Figure. 3.6(a) for different strain 

amplitudes. As the strain range memory effect is taken into account by the modified 

equations (Eq.(3.15), Eq. (3.17), and Eq. (3.20)), the average values of the parameters (𝑎2 
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to 𝑎9) obtained at different stain amplitudes have been used as the single set of parameters 

defining the kinematic hardening behavior of the material. The values of the material 

parameters are shown in Table 3.1 

To take into account the significant change in loop shape with strain amplitude, as 

discussed in Section 3.3.3, the material parameters  𝑎13, 𝑎14, and 𝑎15 were obtained by 

fitting Eq. (3.19) to the data shown in Figure. 3.8. 

Table 3.1. Material parameters for 304L SS 

 E = 187.609 GPa, 𝜈 = 0.3 

Isotropic 𝜎𝑦𝑜 = 170 MPa, 𝑄 = 34.81 MPa, 𝑏 = 19.96, 𝜎1 = 197.69 MPa, 

𝑄1 = −44.57 MPa, 𝑏1 = 1.33, 𝜎2 = −204.78 MPa, 𝑎1 = 5.233 

𝜁 𝑎10 = 4.9332  𝑎11 = 2.98156 × 105,  𝑎12 =  11139.812 

Kinematic 𝐶 = 57345.81 MPa,  𝛾 = 378.9 

Memory 

surface 

𝜂 = 0.95 

𝜑modified 𝑎2 = 1, 𝑎3 = 1.157, 𝑎4 = 3.326, 𝑎5 = 1.527, 𝑎6 = −1.057, 𝑎7 =

1.654, 𝑎8 = −1.369, 𝑎9 = 0.106 

𝜑𝐾𝐻 𝑎13 = 1.2281,  𝑎14 = −1.40281  𝑎15 = −1160.4116 

3.5. Simulation details 

The proposed model has been implemented in the finite element analysis code 

ABAQUS through a user material subroutine (UMAT) using the radial-return algorithm 

and the Newton-Raphson iteration algorithm. The radial return integration scheme is used 

to implement the (UMAT) as explained in Section 2.4.1 and depicted in Figure 2.5. The 3D 

model with a cubic geometry of 35 mm is used for simulations. A three-dimensional 8-

noded linear brick element (C3D8) [145] [146] was considered for the simulation, as shown 

in Figure. 3.11. The model was subjected to displacement-controlled cyclic loading with a 

triangular waveform. Displacements of ±0.14, ±0.21, ±0.28, and ±0.35 mm were applied 

to induce strain of ±0.4%, ±0.6%, ±0.8%, and ±1.0% of amplitudes, respectively. The 

displacement was applied on the right surface of the cube, while the opposite (left) surface 

was constrained to not move along the direction of the applied load. Also, the rotational 

movement was restricted in all directions. Two adjacent edges on the left surface were 
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constrained to deform along their lengths only, while the other two edges were left free to 

move in any direction on that surface. This constraint prevents rigid body translation of the 

whole model. 

 

Figure. 3.11. The 3D model used for the simulation. 

3.6. Results and discussion 

The proposed constitutive model, along with the modified isotropic and kinematic 

hardening equations, has been implemented in ABAQUS with the help of a user subroutine 

(UMAT). The model has been validated with the low cycle fatigue test data of 304L SS for 

±0.4%, ±0.6%, ±0.8%, and ±1.0% of strain amplitudes. 

3.6.1. Variation in cyclic peak stress 

The variation in cyclic peak stress with the number of cycles for experimental and 

simulated results is shown in Figure. 3.12. As can be seen, the model predicts the variation 

in cyclic peak stress with high accuracy for the initial hardening, softening, saturation, and 

secondary hardening regions at all strain amplitudes. Thus, the proposed model could 

accurately predict the cyclic stress response of the material for the whole life. 

 

Figure. 3.12. Comparison of peak stress variation with cycle number. 
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3.6.2. Hysteresis loop shape 

The accurate prediction of hysteresis loop shape becomes essential while 

performing the numerical prediction of material behavior. The comparison between the 

simulated and experimental loops is shown in Figure. 3.13 for all strain amplitudes. For 

clarity in visualization, the second cycle is shown, and one loop from each of the primary 

hardening, softening, and secondary hardening regions is plotted. For ±0.4% strain 

amplitude, one cycle from the saturation region (3000) is also shown in Figure. 3.13(a). As 

shown in Figure. 3.13, the prediction of the hysteresis loop shape is considerably good 

throughout fatigue life. The estimate of cyclic plastic strain energy density (CPSED), i.e., 

the area inside the hysteresis loop, gives a quantitative measure of the hysteresis loop 

prediction. The comparison of the CPSEDs of the experimental and simulated hysteresis 

loops in Figure. 3.13 is demonstrated in Figure. 3.14. As can be seen, the deviation in the 

CPSEDs is considerably less (<10%) in all the regions at all strain amplitudes, except for 

±0.6% strain amplitude in the secondary hardening region. 

 

 

Figure. 3.13. Comparison of experimental and simulated hysteresis loops for different 

strain amplitudes: (a) ±0.4%, (b) ±0.6%, (c) ±0.8%, and (d) ±1.0%. The hysteresis loops 

for the second cycle (○), initial hardening region (□), softening (▼), saturation (◊), and 

secondary hardening (×) regions are shown. The actual cycle numbers are highlighted in 

the figures. 
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Figure. 3.14. Comparison of the cyclic plastic strain energy densities (CPSEDs) of the 

experimental and simulated hysteresis loops for strain amplitudes of (a) ±0.4%, (b) 

±0.6%, (c) ±0.8%, and (d) ±1.0%. The error percentages are shown above the bars. 

3.6.3. Fatigue life prediction 

The primary objectives of constitutive modeling and simulation are to study the 

fatigue response of an actual component with complex geometry and predict the life and 

possible location of damage initiation. Conventionally, the fatigue life prediction is made 

using empirical relationships proposed by Basquin [147] and Coffin-Manson [148], which 

utilize the relationship between stress or strain and fatigue life. However, if we consider a 

material's response under cyclic loading, the strain energy density is a more fundamental 

parameter as it inherits the effect of both stress and strain. Thus, the estimation of CPSED 

forms the basis of the strain energy-based fatigue life prediction methods [126,149]. 

Conventionally, the CPSED of the half-life or stabilized hysteresis loop is considered a 

representative estimate of the fatigue behavior of a material [150]. Figure. 3.15 shows a 

comparison of the half-life hysteresis loops of the fatigue tests conducted at different strain 

amplitudes. It also highlights the ability of the constitutive model to predict the material's 

cyclic behavior. 
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Figure. 3.15. Comparison of half-life hysteresis loops of different strain amplitudes. 

For the estimation of fatigue life, various researchers have used the power-law 

relation between fatigue life (𝑁𝑓) and CPSED (𝑊) [126,151], which is given by Eq. (3.24) 

𝑊 = 𝐾1(𝑁𝑓)𝛼 (3.24) 

Where 𝐾1  and 𝛼 are material constants; are estimated to be 413.841 MPa and -0.580, 

respectively, for the 304L SS, as shown in Figure. 3.16. 

 

Figure. 3.16. Experimental cyclic plastic strain energy density (CPSED) is estimated from 

the data in Figure. 3.15 is plotted with fatigue life (𝑁𝑓,𝑒𝑥𝑝). 

Using the power-law relationship (Eq. (3.24)), estimated material constants (𝐾1  and 

𝛼), and the CPSEDs of the simulated half-life hysteresis loops, the fatigue lives at different 

strain amplitudes have been computed and compared in Figure. 3.17. As can be seen, the 

fatigue life could be predicted within a scatter factor of 1.5. 
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Figure. 3.17. Comparison of experimental and simulated fatigue lives. 

3.7. Conclusions 

The new modified isotropic and kinematic hardening equations have been proposed 

to simulate materials' low-cycle fatigue response that exhibits initial hardening, softening, 

saturation, and secondary hardening behaviors. The proposed model additively decomposes 

the isotropic hardening equation into cyclic hardening, softening, and secondary hardening 

parts. The cyclic hardening and softening behaviors were defined by Voce's exponential-

type relationship, and the secondary hardening was represented by a linear relationship. For 

the kinematic hardening, two new non-dimensional functions have been introduced to 

Choboche's non-linear kinematic hardening equation to account for the loop shape change 

that occurs with cycling and strain amplitude due to the non-Masing behavior of materials. 

The model has been implemented in the commercial finite element analysis code 

ABAQUS as a user-defined subroutine (UMAT) and validated with the low cycle fatigue 

test data of 304L SS, fatigue tested at ±0.4%, ±0.6%, ±0.8%, and ± 1.0% of strain amplitude 

at room temperature. The proposed model could predict the whole cyclic deformation 

behavior of the material with high accuracy. Estimates of the cyclic plastic strain energy 

densities and comparison of the hysteresis loops at different life fractions highlight the 

same. 

The proposed model uses 26 material parameters to simulate the whole cyclic 

behavior of the material, i.e., initial hardening, softening, saturation, and secondary 

hardening. However, most of the models available in the open literature use more than 23 

parameters, and up to 32 also, for simulating material behavior consisting of initial 

hardening, softening, and saturation only. Further, the fatigue life prediction based on the 

cyclic plastic strain energy densities of the simulated hysteresis loops is found to lie within 

a scatter factor of 1.5. 
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Chapter 4: Type-I and Type-II non-Masing behaviors of 

materials under low cycle fatigue: constitutive modeling and 

simulation 

 

In Chapter 1: Section 1.2, we have discussed that stainless steels under strain-

controlled low cycle fatigue (LCF) exhibit complex cyclic deformation behavior consisting 

of cyclic hardening, softening, secondary hardening, etc., and have proposed the modified 

isotropic and kinematic hardening equations that depend on the accumulated plastic strain 

and maximum plastic strain range memory to numerically predict the aforementioned 

behaviors. However, this complex cyclic deformation influences the material’s 

Masing/non-Masing behavior. Recent studies classify the non-Masing behavior into Type-

I and Type-II. No studies in the literature have demonstrated the applicability of constitutive 

models for simulating both Type-I and Type-II non-Masing behaviors exhibited by 

materials. To address the issue, the materials 321 SS exhibiting ‘non-Masing Type-I’ and 

304L SS showing ‘non-Masing Type-II’ under LCF are selected for this study. In this 

chapter, we proposed a general constitutive model by modifying the isotropic and kinematic 

hardening laws to predict the Type-I and Type-II non-Masing behaviors of materials under 

LCF. The modified constitutive laws include dependence on the strain range memory effect 

(for the whole life or part of the material’s life), accumulated plastic strain, and transient 

back stress effect. The agreement between experimental data and simulated results suggests 

that the proposed model works well in predicting the cyclic deformation behavior for both 

materials. Thus, the proposed model is believed to be applicable in modeling the cyclic 

deformation behavior of other materials. 

4.1. Introduction 

Many investigations have been carried out to understand and numerically 

model/simulate the different behaviors of materials, as highlighted in Table 4.1. The 

numerical models available in the open literature can predict the cyclic behavior exhibiting 

either 'Masing' or 'non-Masing Type-I'. No article in the literature has demonstrated (or 

validated) any constitutive model for simulating materials' Type-I and Type-II non-Masing 

behaviors. Thus, in this chapter, modified isotropic and kinematic hardening equations are 

proposed to simulate the Type-I and Type-II non-Masing behaviors of materials under LCF. 
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The proposed constitutive model has been validated with LCF test data of two materials, 

321 SS and 304L SS, which exhibit Type-I and Type-II non-Masing behaviors, 

respectively. 

From the constitutive modeling perspective, the cyclic deformation behavior of the 

materials fundamentally varies in terms of the changes in loop shape (i.e., kinematic 

hardening), proportional stress limit (i.e., isotropic hardening), and strain range 

dependencies. The strain range dependency manifests itself in terms of strain amplitude's 

effect on the translation and/or expansion of the yield surface under cyclic loading. It is 

taken into account by the strain range memory effect in constitutive modeling. Chaboche 

et al. [152,153], Nouailhas et al. [46], and Mc Dowell [154] have considered the strain 

range memory effect in the expansion of yield surface to model the peak stress variation. 

Zhou et al. [51], Krishna et al. [45], Song et al. [13], and Kang et al. [155] have considered 

the same in the translation of yield surface to model the loop shape as well as peak stress 

variation. Further, Ohno and Kachi [156,157], Xu et al.[49],  Das et al. [158], Yang et al. 

[11], and Wang et al. [12] have considered the strain range memory effect for both 

translation and expansion of yield surface together. 

In a previous article [159], we proposed modified isotropic and kinematic hardening 

laws to simulate the cyclic hardening, softening, saturation, and significant secondary 

hardening behavior of 304L SS under LCF at room temperature. The strain range memory 

effect was considered for the secondary hardening (SH) behavior only. The modifications 

proposed in [159] predict secondary hardening well. However, the current investigation 

aims to further improve the modeling of overall cyclic behavior, especially considering the 

strain range memory effect for the cyclic softening behavior. This is specifically important 

for materials like 321 SS that show significant variation in the cyclic softening rate with 

strain amplitude. The proposed model in this article considers the strain range memory 

effect for both the cyclic hardening and softening behaviors, thus enhancing its applicability 

for various materials. In open literature, it is reported that many stainless steels under strain-

controlled low cycle fatigue (LCF) exhibit strain range dependence behavior throughout 

their life or for some part of their life [11]. The proposed model considers the strain range 

memory effect for the translation and expansion of the yield surface with the help of a non-

dimensional function, ζ. Also, the identification of material parameters and optimization 

methods are highlighted to improve cyclic prediction. The proposed constitutive model is 

implemented in ABAQUS as a user subroutine (UMAT) for simulating the LCF behavior 

of 304L SS and 321 SS materials. The excellent agreement between experimental data and 
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simulated results suggests that the proposed model works well in predicting the cyclic 

deformation behavior of the materials. 

Table 4.1 Cyclic behavior of some materials used in nuclear and thermal power plants and 

their constitutive model. 

S 

No. 

Material 

and 

applications 

Behavior under strain-

controlled fatigue 

Constitutive model developed to 

simulate the same/other 

materials with similar behavior 

1.  304 

Pipe 

structures 

(elbow) 

[160] 

• At room temperature and 

low strain amplitude: 

Stage I: Continuous 

cyclic softening 

• At high strain amplitude: 

Stage I: Cyclic hardening 

      Stage II: Saturation 

[18,121] 

*Exhibits non-Masing Type-I  

[121] 

• Chaboche [18] (Only 

continuous cyclic hardening or 

softening) 

• Ohno and Kachi [156,157] 

(Ohno and wang model) 

• Krishna et al. [45] (Modified 

Chaboche et al. model 

including stain memory effect. 

Only peak stress is modeled 

accurately, not loop shape)  

• Nouailhas et al. [46] (316 SS: 

Cycling hardening at high 

strain amplitude and softening 

at decreasing strain level test. 

Only peak stress is modeled 

accurately, not loop shape) 

• Zhang and Jiang [52] 

(Polycrystalline copper: Cyclic 

hardening and softening, both 

peak stress and loop shape are 

modeled accurately) 

2.  SS 316Ti 

(Alloy D9) 

• At 600 °C and low strain 

amplitude: 

Stage I: Continuous 

cyclic hardening 

• Chaboche and Rousselier 

[152,153,164] 
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Pressurized 

capsule Clad 

and wrapper 

tubes 

[161,162]. 

• At high strain amplitude: 

Stage I: Cyclic hardening 

Stage II: saturation [163] 

**Masing/non-Masing: could 

not be determined 

• Xie et al. [165] (316L: Shows 

cyclic hardening followed by 

saturation) 

3.  316LN 

Reactor 

main vessel, 

inner vessel, 

and out-core 

components 

[161,166] 

• At 550 °C and low strain 

amplitude: 

Stage I: Continuous 

cyclic hardening (consists 

of two distinct regions) 

• At high strain amplitude: 

Stage I: Cyclic hardening 

Stage II: Softening [167] 

* Exhibits non-Masing Type-

I [167]  

• Chen et al. [168].  

 

4.  316H 

High 

temperature 

gas cooled 

reactor [169] 

• At 550 °C and ±0.6% to 

±1% strain amplitude: 

Stage I: Cycling 

hardening 

Stage II: Softening 

Stage III: Continued 

softening/negligible 

secondary hardening [13] 

* Exhibits non-Masing Type-

I [13] 

• Song et al. [13] (Model 

validated for negligible 

secondary hardening) 

• Hu et al. [170] (Considering 

different temperatures, the 

model is validated with 

negligible secondary 

hardening) 

5.  304H 

AUSC- 

Final stage 

Super heater 

tubing/rehea

• At room temperature and 

±1% strain amplitude: 

Stage I: Cycling 

hardening 

Stage II: Softening 

Stage III: Saturation [173] 

• Xu et al.  [49]. (BLY160: 

Cyclic hardening and softening 

followed by saturation) 

• Zhong et al. [174]. (Q235: 

Cyclic hardening followed by 

saturation at low strain 
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ter tubes 

[171,172] 

**Masing/non-Masing: could 

not be determined 

amplitude and hardening 

followed by softening at high 

strain amplitude) 

6.  347H 

AUSC-

Superheater/

reheater 

tubes [175–

177] 

• At room temperature and 

±0.4% to 1.2% strain 

amplitude: 

Stage I: Cycling 

hardening 

Stage II: Softening 

[176,177] 

**Masing/non-Masing: could 

not be determined 

• Zhou et al. [51]  

• Yang et al. [11] (316L: Cyclic 

hardening followed by 

softening) 

7.  316L 

Condenser 

tubes and 

intermediate 

heat 

exchanger 

tubes [161] 

• At room temperature and 

±0.3% to 1.5% strain 

amplitude: 

Stage I: Cycling 

hardening 

Stage II: Softening  [51] 

* Exhibits non-Masing Type-

I [11,51] 

• Zhou et al. [51]  

• Yang et al. [11] 

8.  SA 333 

Nuclear 

piping 

material for 

primary heat 

transport 

[158] 

• At room temperature and 

low strain amplitude: 

Stage I: Softening 

Stage II: Softening 

Stage III: Hardening  

• At high strain amplitude:  

Stage I: Hardening 

Stage II: Hardening 

Stage III: Hardening 

[178] [158] 

*Non-Masing Type-I [11,51] 

• Das et al. [158] 
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9.  Mod. 9Cr-

1Mo 

AUSC-

Boiler 

membrane 

wall 

superheater, 

reheater 

tubing[171] 

• At room and high 

temperature: 

Stage I: Cycling softening  

Stage II: Saturation [179] 

* Exhibits non-Masing Type-

I [179] 

• Chaboche and Rousselier 

[138,152,153] 

• Zhang et al. [57] 

• Wang et al. [62] (P92: Cyclic 

softening and saturation) 

10.  2.25CrMoV 

AUSC-main 

steam 

pipelines, 

hydrogenate

d reactors 

[11] 

• At high (455 ℃) 

temperature: 

Stage I: Cycling softening 

Stage II: softening [11] 

* Exhibits Masing behavior 

[11] 

• Yang et al. [11] 

11.  Inconel 617 

AUSC-final 

stage super-

heater 

tubing/rehea

ter tubes 

[171] 

• At high (700 ℃) 

temperature and low 

strain amplitude: 

Stage I: Continuous 

cyclic hardening 

• At high strain amplitude: 

Stage I: Cyclic hardening 

Stage II: Softening 

Stage II: Accelerated 

softening [12] 

* Exhibits non-Masing Type-

I [12] 

• Wang et al. [12] 

12.  Inconel 

750H 

• At high (750 ℃) 

temperature: 

Stage I: Cyclic hardening 

• Song et al. [13] 



61 

 

AUSC-

boiler tubes, 

steam 

header, and 

transfer 

pipes [3] 

Stage II: Softening [13] 

* Exhibits Masing behavior 

[179] 

13. . 316 SS 

Detector 

sheath 

[180], 

automatic 

droplet 

dispensing 

system [181] 

• At room temperature and 

low strain amplitude: 

     Stage I: Cyclic hardening  

     Stage II: Softening 

     Stage III: Saturation 

• And, at high strain 

amplitude: 

Stage I: Cyclic hardening 

Stage II: 

Softening/saturation 

Stage III: Secondary 

hardening [182] 

* Exhibits non-Masing Type-

I  [182] 

 

• Chaboche et al. [116,117] 

(Cyclic hardening/softening 

and saturation are considered 

in the model) 

• Ohno and Kachi [156,157]  

In the above articles, only peak 

stress variation is modeled 

accurately, not loop shape. 

• Hormzi [183] (Cyclic 

hardening and saturation) 

• Xu et al. [49] (BLY160: Cyclic 

hardening followed by 

softening and saturation) 

• Mehani and Roy [159] (304L: 

Strain range memory effect is 

not considered in cyclic 

softening) 

14.  304LN 

Colder pipes 

[166], 

Safety 

vessels 

[161] 

• At room temperature and 

strain amplitude up to 

1.2%: 

     Stage I: Cycling 

hardening 

Stage II: Softening  

• At higher strain amplitude 

(>1.2%) 

• Khutia et al. [185]. (Note: 

considered only cyclic 

hardening and softening) 

• Mehani and Roy [159] (304L: 

Strain range memory effect is 

not considered in cyclic 

softening) 
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Stage I: Cycling 

hardening  

Stage II: Softening  

Stage III: Secondary 

Hardening [178,184] 

* Exhibits non-Masing Type-

II [178,184] 

15.  304L 

AUSC- heat 

exchanger 

tube shell 

[186] 

• At room temperature and 

±0.4% to 1.0% strain 

amplitude: 

Stage I: Cycling 

hardening 

Stage II: 

Softening/saturation  

Stage III: Secondary 

hardening [159] 

* Exhibits non-Masing Type-

II [159] 

• Taleb et al. [48] (Cyclic 

hardening followed by 

softening is considered; only 

peak stress variation is 

modeled, not loop shape) 

• Mehani and Roy [159] (304L: 

Strain range memory effect is 

not considered in cyclic 

softening) 

Note: *Material behavior: ‘Masing’, ‘non-Masing Type-I’ or ‘non-Masing Type-II’ is 

evaluated from stress-strain loops given in the referred articles. 

**Material behavior could not be determined as stress-strain loops are not given in the 

referred articles 

4.2. Experimental details 

The strain-controlled low-cycle fatigue tests were conducted on 304L and 321 

austenitic stainless steels. The chemical composition (in % wt.) of the materials is shown 

in Table 4.2. The LCF samples were prepared with the axis of the specimen in the rolling 

direction. Highly polished specimens (roughness <0.1 µm) with tight dimensional 

tolerances were prepared considering ASTM E606 guidelines. Only uniform gauge section 

specimens were considered for both materials, as shown in Figure 4.1. The LCF tests were 

conducted at room temperature with symmetric triangular waveforms. 
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For 304L SS, the specimens were prepared with a gauge diameter of 10 mm and a length 

of 28 mm. The tests were conducted at strain amplitudes of ±0.4%, ±0.6%, ±0.8%, and 

±1.0% under a constant strain rate of 1×10-3 s-1 [126]. The tests were conducted on an 

INSTRON 8862 servo-electric fatigue test machine 

For 321 SS, the specimens were prepared with a gauge diameter of 8 mm and a 

length of 16 mm. The tests were conducted at strain amplitudes of ±0.4%, ±0.5%, ±0.6%, 

and ±0.8% under a constant strain rate of 3×10-3 s-1. The tests were performed on a BISS 

(UT-20-0100) 100 kN servo-electric fatigue testing machine. 

The fatigue life (𝑁𝑓) of the materials at different strain amplitudes is given in Table 

4.3. The fatigue life is considered as the cycle before the peak stress starts dropping rapidly 

due to fracture, at the end of hardening in 321 SS and secondary hardening in 304L SS. 

Table 4.2. The chemical composition (in % wt.) of the materials. 

 C % Si % Mn 

% 

P % S % Cr% Ni % Ti/N 

% 

Fe % 

304L 

SS 

0.029 0.46 1.74 0.33 0.004 18.16 8.17 0.061 

(N) 

Balanced 

321 

SS 

0.027 0.620 1.80 0.027 0.011 17.630 9.450 0.24 

(Ti) 

Balanced 

 

 

Figure 4.1. LCF test specimens: (a) 304L SS [126] and (b) 321 SS. (All dimensions are 

 in mm) 
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Table 4.3. Fatigue life of the materials tested at different strain amplitudes. 

Strain amplitude Fatigue life 

(𝑵𝒇) of 304L 

SS 

Fatigue life 

(𝑵𝒇) of 321 

SS 

±0.25% 25600 ----- 

±0.4% 13600 9000 

±0.45% ------- 6962 

±0.5% ------- 3500 

±0.6% 3000 2000 

±0.8% 800 500 

±1.0% 500 ------ 

Note: Fatigue life (𝑁𝑓) is considered as the cycle before the peak stress starts dropping 

rapidly due to fracture. 

4.2.1. Cyclic peak stress variation 

The cyclic stress amplitude of 304L SS in Figure. 4.2(a) shows initial hardening 

(𝑅1) followed by softening (𝑅2), and significant secondary hardening (𝑅3). However, the 

material 321 SS shows softening (𝑅2) followed by hardening (𝑅3) behavior, as shown in 

Figure. 4.2(b). 

For 304L SS, it is observed that the life spent during the secondary hardening period 

is almost 73%, 80%, 90%, and 91% at strain amplitudes of ±0.4%, ±0.6%, ±0.8%, and 

±1%, respectively.  For 321 SS, the life spent during the hardening period is 83%, 86%, 

92%, and 94% at strain amplitudes of ±0.4%, ±0.5%, ±0.6%, and ±0.8%, respectively. As 

can be seen, 321 SS exhibits more softening (𝑅2) and less hardening (𝑅3) compared to 

304L SS. In both the materials, the hardening (𝑅3) becomes more pronounced with 

increased strain amplitude. This is probably due to an increased amount of deformation-

induced martensite formation [126]. 
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Figure. 4.2. Peak stress variation with number of cycles for (a) 304L SS and (b) 321SS. 

4.2.2. Yield surface expansion and translation with cycling 

The yield surface expansion in constitutive model is modeled by considering peak 

effective stress (𝜎0), i.e., half of the linear stress of the loading branch of different stress-

strain loops as explained in Chapter 3: Section 3.4. Further, the yield surface expansion is 

analyzed for various regions, i.e., initial hardening (𝑅1), softening (𝑅2) and secondary 

hardening (𝑅3). For 304L SS at ±0.4% strain amplitude, it is observed that for the initial 

hardening region (𝑅1) (i.e. 2nd cycle to the 10th cycle), the linear stress increases. For the 

softening region (𝑅2)(i.e. 10th cycle to the 3000th cycle), the linear stress decreases, and for 

the secondary hardening region (𝑅3) (3000th cycle to the 13000th cycle), the linear stress 

again increases, as shown in Figure. 4.3(a). For 321 SS, the linear stress decreases and then 

increases for softening (i.e., 2nd cycle to the 2000th cycle) and hardening (i.e., 2000th cycle 

to the 9000th cycle) regions, respectively, as shown in Figure. 4.3(b). A similar trend in 

peak effective stress variation cyclic hardening behavior is observed for other strain 

amplitudes for both materials. 

 

Figure. 4.3.  Linear stress variation in different cyclic hardening/softening regions of (a) 

304L SS and (b) 321 SS, highlighted with translated (at origin) hysteresis loops from 

different regions. 
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Thus, it can be said that for both 304L SS and 321 SS, the peak effective stress (𝜎0) 

is cycle-dependent and increases with hardening and decreases with softening. A 

MATLAB-based program is written for the calculation of the peak effective stress (𝜎0), 

i.e., (linear stress/2) from different hysteresis loops, and is plotted in Figure. 4.4(a) for 304L 

SS and Figure. 4.4(b) for 321 SS. 

 

Figure. 4.4.  Peak effective stress variation with accumulated plastic strain (a) 304L SS 

(b) 321 SS. 

Also, Figure. 4.3(a) for 304L SS and Figure. 4.3(b) for 321 SS (plotted with 

different cycles covering the initial hardening, softening, and secondary hardening regions) 

highlights that the loop shape changes significantly with cycling. In literature, the loop 

shape variation with cycling is characterized by the evolution of translation of yield surface, 

i.e., peak back stress with cycling [13,49,51,123,187]. The linear region is eliminated from 

the stress vs. strain curve to obtain the peak back stress. The peak back stress from different 

stress-strain hysteresis loops is plotted with accumulated plastic strain for 304L SS and 321 

SS, as shown in Figure. 4.5(a) and Figure. 4.5(b), respectively. It is observed that the peak 

back stress with accumulated plastic strain shows initial hardening, softening, and 

secondary hardening regions for 304L SS. In comparison, material 321 SS shows softening 

and hardening only. Thus, the peak back stress variation is similar to the peak tensile stress 

variation with cycling (Figure. 4.4 and Figure. 4.5). 
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.    

Figure. 4.5. Peak back stress vs. accumulated plastic strain for (a) 304L SS and (b) 

321 SS at different strain amplitudes. 

To model the loop shape change with cycling, a non-dimensional parameter (𝜑mod), 

defined as the ratio of 'maximum back stress at any cycle' to the 'maximum back stress at 

the first cycle,' is introduced, considering it to be a function of accumulated plastic strain, 

'𝑝' [159]. The same parameter is also used by others [13,51], but they did not validate the 

applicability of 𝜑mod(𝑝) for materials with significant secondary hardening, and changes 

in the cyclic behavior with strain amplitude. Moreover, the equation used by Song et al. 

[13] and Zhou et al. [51] could not model significant secondary hardening exhibited by 

304L SS; thus, Eq. (4.4) is proposed [159]. In this article, the applicability of 𝜑mod(𝑝) is 

validated with two grades of stainless steels, 304L SS and 321 SS, that show different cyclic 

behaviors with significant softening and hardening. The variation of 𝜑mod with 𝑝 is plotted 

for 304L SS in Figure. 4.6(a) and for 321 SS in Figure. 4.6(b). 

 

Figure. 4.6. Variation of 𝜑mod with accumulated plastic strain (𝑝) at different 

strain amplitudes for (a) 304L SS and (b) 321 SS. 

4.2.3. Strain range dependence behavior 

The half-life stress-strain (%) loops for 304L SS and 321 SS are translated and tied 

together at a common tensile yield point, as shown in Figure. 3.2(a) and Figure. 3.2(b). The 
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increase in linear elastic stress (2𝜎0) with strain amplitude for 304L SS and 321 SS can be 

seen in Figure. 3.2(a) and Figure. 3.2(b), respectively. The change in linear elastic stress 

with strain amplitude is considered in constitutive modeling by strain range memory effect 

in the expansion of the yield surface. The peak effective stress (𝜎0) variation with 

accumulated plastic strain (𝑝) is plotted in Figure. 4.4(a) and Figure. 4.4(b) for 304L SS 

and 321 SS, respectively. 

For 304L SS (Figure. 4.4(a)), it is observed that the initial hardening (𝑅1) occurs 

with almost the same amount of plastic strain accumulation (0.2) at different strain 

amplitudes. However, the softening (𝑅2) and secondary hardening (𝑅3) regions at different 

strain amplitudes result in significant variations in the amount of plastic strain 

accumulation. For 321 SS also, it is observed that the plastic strain accumulation varies 

significantly with strain amplitudes in the softening (𝑅2) and hardening (𝑅3) regions, as 

shown in Figure. 4.4(b). Thus, the strain range memory effect in peak effective stress is 

considered only for the softening (𝑅2) and secondary hardening (𝑅3) regions for 304L SS. 

For 321 SS, the strain range memory effect is considered for the whole life (i.e., 𝑅2 and 𝑅3 

regions). Similar considerations for strain range memory effect for different materials (such 

as 2.2.5Cr_1Mo SS and 316L) are reported in the open literature [11,188] 

It can be seen in Figure. 3.2(a) the linear elastic stress limit and strain hardening 

rate behavior (i.e., loop shape) change with strain amplitude for 304L SS. However, for 321 

SS (Figure. 3.2(b)), the linear elastic stress limit only changes with strain amplitude; the 

loop shape beyond the common yield point (𝜎𝑦0) remains almost the same. Thus, according 

to Sanjeev et al. [16], the cyclic behavior of 321 SS and 304L SS can be considered 'non-

Masing Type-I' and 'non-Masing Type-II', respectively. More details about Masing/non-

Masing behavior can be found in [189]. For Type-I non-Masing behavior of 321 SS, 

although the strain hardening behavior remains almost the same (as shown in Figure. 

3.2(b)), the peak back stress variation with accumulated plastic strain (Figure. 4.5(b)) shows 

significant changes with strain amplitude. The accumulated plastic strain in different 

regions varies significantly with strain amplitudes for 321 SS (Figure. 4.5(b)). Similar 

variation in the accumulated plastic strain with strain amplitudes can be found for 304L SS 

in the softening and secondary hardening regions (Figure. 4.5(a)). 

Thus, the strain range memory effect in kinematic hardening is considered for 304L 

and 321 SS. It should also be noted that the apparent matching or mismatching of the 
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hysteresis at different strain amplitudes (as shown in Figure. 3.2) cannot be taken as an 

indicator to include or exclude the strain range memory effect in kinematic hardening. 

 

Figure. 4.7. Translated stress-strain loops at common tensile yield point (a) 304L 

SS (b) 321SS at half-life. 

4.2.4. Transient back stress effect 

The Transient Bauschinger Effect (TBE) or Transient Back Stress Effect is defined 

as the change in plastic modulus (or rate of work hardening) of the first reverse loading 

curve at the initial yield point [11,49,51,165,190], as shown in Figure. 4.8. It is evident that 

for material 304L SS, the plastic modulus changes significantly, as shown in Figure. 4.8(a), 

while it is almost the same for 321SS, at the initial yield point, as shown in Figure. 4.8(b). 

The shifted stress-strain curves of the reverse loading [190] in Fig. 10 were obtained using 

the following Eq. (4.1) and Eq. (4.2). 

𝜎𝑆ℎ𝑖𝑓𝑡 = −(𝜎𝑟𝑒𝑣𝑒𝑒𝑟𝑠𝑒 − 𝜎𝑚𝑎𝑥) 2⁄  (4.1) 

𝜀𝑆ℎ𝑖𝑓𝑡 = −(𝜀𝑟𝑒𝑣𝑒𝑒𝑟𝑠𝑒 − 𝜀𝑚𝑎𝑥) 2⁄  (4.2) 

Similar to the behavior of 304L SS in Fig. 10(a), Yang et al. [11] have also reported, 

for 316L SS, that the plastic modulus of reverse loading at initial yield stress is more than 

that of the monotonic tensile curve. Moreover, the plastic modulus has also been reported 

to increase with increased strain amplitude due to the same effect. On the contrary, Xu et 

al. [190] have shown for U20Mn carbide-free bainitic rail steel that the plastic modulus of 

reverse loading at initial yield stress is less than that of the monotonic tensile curve. 

Moreover, the plastic modulus has also been reported to decrease with increasing strain 

amplitude due to TBE. Thus, the change in plastic modulus (or strain hardening rate) from 

one strain amplitude to another may occur due to TBE. 
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Figure. 4.8. Comparison of the monotonic tensile curve and shifted reverse stress-strain 

(%) curves for (a) 304L SS and (b) 321 SS. 

The back stress is calculated from the 2nd stress-strain loops, i.e., after the first load 

reversal. It is plotted with plastic strain, as shown in Figure. 4.9. Similar to the TBE of 304L 

SS, a significant variation in the kinematic hardening rate at different strain amplitudes can 

be observed in Figure. 4.9(a). Thus, this significant variation in strain hardening rate is also 

attributed to the transient Bauschinger effect. However, for material 321 SS, the rate of 

kinematic hardening rate is almost the same as depicted in Figure. 4.9(b) for different strain 

amplitudes. Thus, the transient back stress effect is considered for 304L SS but not 321 SS. 

 

Figure. 4.9. Back stress vs. plastic strain (%) curve for (a) 304L SS and (b) 321 SS 

obtained from the loading branches of the 2nd cycle 

4.3. Constitutive model 

4.3.1. Modeling yield surface expansion and translation with cycling 

The variation of the isotropic and kinematic hardening, i.e., peak effective stress 

(𝜎0) and non-dimensional parameter (𝜑mod) with cycling, is modeled as an additive 

decomposition of three terms for cyclic hardening (1st term), softening (2nd term), and 
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secondary hardening (3rd term) behaviors, as given by Eq. (4.3) and Eq. (4.4) [159]. These 

equations could be directly used for 304L SS as the material exhibited initial hardening 

(𝑅1), softening (𝑅2), and secondary hardening (𝑅3)  behaviors, as shown in Figure. 4.4(a) 

and Figure. 4.5(a). However, as 321 SS did not exhibit the initial hardening (𝑅1) behavior 

(as shown in Figure. 4.4(b) and Figure. 4.5(b)), the value of 𝑄 = 0 and 𝜎1 = 0 may be 

considered in Eq. (4.3), and the value of 𝑎3 = 0 and 𝑎5 = 0 may be considered in Eq. (4.4) 

to model its cyclic hardening/softening behavior. The parameter 𝜎1 represents the stress at 

the end of initial hardening and the start of softening regions. Thus, the absence of the initial 

hardening region (𝑄 = 0) essentially indicates that 𝜎1 does not exist; hence, softening starts 

from a stress level equal to 𝜎𝑦0. A similar explanation goes for considering zero values of 

𝑎3 in Eq. (4.4) for 321 SS. 

𝜎0 = [𝜎𝑦0 + 𝑄(1 − 𝑒𝑥𝑝(−𝑏𝑝))] + [𝜎1 + 𝑄1(1 − 𝑒𝑥𝑝 (−𝑏1𝑝)] + [𝜎2 + 𝑎1𝑝] 

              1st term                                      2nd term                               3rd term 

(4.3) 

𝜑mod = [𝑎2 + 𝑎3(1 − 𝑒𝑥𝑝(−𝑎4𝑝))] + [𝑎5 + 𝑎6(1 − 𝑒𝑥𝑝(−𝑎7𝑝))]

+ [𝑎8 + 𝑎9𝑝] 

(4.4) 

4.3.2. Modeling of strain range dependence behavior 

The strain range memory effect is considered in both isotropic and kinematic 

hardening equations for softening (𝑅2) and secondary hardening (𝑅3) regions for 304L SS 

and softening (𝑅2) and hardening (𝑅3) region for 321 SS, as discussed in Section 4.2.2. In 

the constitutive model, the strain range memory effect is incorporated through a non-

dimensional parameter, 𝜁, which gives an estimate of cyclic hardening or cyclic softening 

rate (depending on the hardening or softening behavior under consideration) with 

accumulated plastic strain and is given by Eq. (3.14) [159]. 

𝜁𝑖 = (
∆𝜎𝑃𝑆𝑖

((∑ ∆𝜎𝑃𝑆𝑖
𝑘
𝑖=1 )/𝑘)

) (
∆𝑝𝑆𝑖

((∑ ∆𝑝𝑆𝑖
𝑘
𝑖=1 )/𝑘)

)⁄  (4.5) 

The non-dimensional parameter, 𝜁, is generalized here for different regions 

(softening and hardening/secondary hardening) irrespective of the material’s ‘non-Masing 

Type-I’ or ‘non-Masing Type-II’ behavior. For cyclic softening rate (𝜁𝑆),  ∆𝜎𝑃𝑆 is calculated 

as the change in peak stress due to softening only (i.e., in 𝑅2 region), ∆𝑝𝑆 is calculated as 

the accumulated plastic strain associated with the softening region only, 𝑘 varies from 1 to 

𝑘, where 𝑘 represents the different strain amplitude tests. The parameter 𝜁𝑆 is plotted with 

the maximum plastic strain range (𝑞), as shown in Figure. 3.7(a) and Figure. 3.7(b), for 
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304L SS and 321 SS, respectively. It is interesting to note that 𝜁𝑆 varies exponentially with 

𝑞 for both materials. It is given by the relationship in Eq. (3.15), in which 𝑎10, 𝑎11and 𝑎12 

are material parameters. 

𝜁𝑆 = 𝑎10 + 𝑎11 𝑒𝑥𝑝(𝑎12𝑞) (4.6) 

 

Figure. 4.10. Variation of 𝜁𝑆 with maximum plastic strain range (%) for (a) 304L SS and 

(b) 321 SS 

Similarly, the cyclic hardening rate, 𝜁𝐻, is calculated for 304L SS and 321 SS from 

the secondary hardening and hardening region, respectively, using Eq. (3.14) and plotted 

with the maximum plastic strain range (𝑞), Figure. 4.11(a) and Figure. 4.11(b). As can be 

seen, both materials are found to follow an S-shaped growth curve defined by the 

relationship in Eq. (4.7), in which 𝑎13, 𝑎14, and 𝑎15 are material parameters [159]. 

 

Figure. 4.11 Variation of 𝜁𝐻 with maximum plastic strain range (%) for (a) 304L SS and 

(b) 321 SS 

𝜁𝐻 = 𝑎13/(1 + 𝑎14 𝑒𝑥𝑝(−𝑎15𝑞)) (4.7) 
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Now, with the help of the parameters: 𝜁𝑆  and 𝜁𝐻, the isotropic and kinematic 

hardening equations, i.e., Eq. (4.3) and Eq. (4.4), are modified to make them maximum 

plastic strain range memory dependent, as shown by Eq. (3.16), Eq. (3.17), and Eq. (3.18). 

𝜎̃0 = 𝜎0 + (𝜁𝐻 − 1)𝑎1𝑝 + (𝑄1 𝑒𝑥𝑝(−𝑏1𝑝))(1 − 𝑒𝑥𝑝(−𝜁𝑆𝑏1𝑝 + 𝑏1𝑝)) (4.8) 

𝜑̃ =  𝜑𝑚𝑜𝑑 + (𝜁𝐻  − 1)𝑎9𝑝 + (𝑎6 𝑒𝑥𝑝(−𝑎7𝑝))(1 − 𝑒𝑥𝑝(−𝜁𝑆𝑎7𝑝 + 𝑎7𝑝)) (4.9) 

𝒙̇ = 𝜑̃
2

3
𝐶𝜺̇𝒑 − 𝛾𝒙 𝑝̇ 

(4.10) 

In the above equation, 𝑥 represents the back stress. It is interesting to note that as 

the strain range memory effect is not considered for the initial hardening region, which the 

material 304L SS exhibits, the Eq. (3.16) to Eq. (3.18) can be invariably applied to both 

304L and 321 SS materials. 

4.3.3. Modeling of transient back stress effect 

The material 304L SS exhibiting Type-II non-Masing behavior shows significant 

variation in plastic modulus with strain amplitude, as shown in Figure. 4.8(a). In the 

constitutive model, the plastic modulus variation is taken into account through normalized 

maximum back stress (𝜑𝐾𝐻) variation as a function of the maximum plastic strain range 

(𝑞). The parameter 𝜑𝐾𝐻 is obtained by dividing the ‘maximum back stress at 2nd cycle for 

different strain amplitudes’ by the ‘maximum back stress at the highest strain amplitude’. 

The normalized maximum back stress (𝜑𝐾𝐻) is plotted with the maximum plastic strain 

range (𝑞), as shown in Figure. 3.8(a), for 304L SS. The dependence of 𝜑𝐾𝐻 on 𝑞, could be 

given by Eq. (3.19) and is implemented in the constitutive model, as shown by Eq. (4.12). 

For 321 SS material, as the kinematic hardening rate remains almost the same for different 

strain amplitudes (Figure. 4.9(b)), 𝜑𝐾𝐻 = 1 is considered in Eq. (4.12). 

𝜑𝐾𝐻 = 𝑎16 + 𝑎17𝑒𝑥𝑝(𝑎18𝑞) (4.11) 

𝒙̇ = 𝜑𝐾𝐻 (𝜑̃
2

3
𝐶𝜺̇𝒑 − 𝒙 𝑝̇) 

(4.12) 

The strain range memory-dependent equations are incorporated into the constitutive 

model with the help of the plastic strain memorization equations given by Chaboche et al. 

[116]. 
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Figure. 4.12. Variation of  𝜑𝐾𝐻 with maximum plastic strain range (%) (a) 304L SS (b) 

321 SS. 

All the equations associated with the proposed constitutive model, as discussed in 

Section 4.3.1 to Section 4.3.3, along with the strain range memory functions, are 

summarized in Table 4.4 (strain, stress and back stress are shown in voigt notation, as used 

for implementation in ABAQUS user subroutine). 

Table 4.4. Summarized framework of the equations used in the modified constitutive 

model. 

Basic framework used in the proposed modified constitutive model: 

𝜀 = 𝜀𝑒⃗⃗⃗⃗ + 𝜀𝑝⃗⃗⃗⃗⃗ ; 𝜎𝑡𝑟⃗⃗⃗⃗⃗⃗⃗ =  𝑪: (𝜀 − 𝜀𝑝⃗⃗⃗⃗⃗); 𝑓 = 𝐽2(𝜎⃗ − 𝑥⃗) − 𝜎̃0; 𝜀̇𝑝⃗⃗⃗⃗⃗= 
3

2
𝜆

𝜎′⃗⃗ ⃗⃗⃗−𝑥⃗

𝐽2(𝜎⃗⃗⃗−𝑥⃗)
 

Isotropic hardening rule: 

𝜎0 =  𝑟(𝑝) + 𝜎𝑦0 + 𝜎1 + 𝜎2; 𝑟(𝑝) = 𝑄(1 − 𝑒𝑥𝑝(−𝑏𝑝)) + 𝑄1(1 − 𝑒𝑥𝑝(−𝑏1𝑝)) + 𝑎1𝑝 

Non-linear kinematic hardening rule: 

𝑥⃗ = ∑ 𝑥𝑖⃗⃗⃗⃗3
𝑖=3  ; 𝑥⃗̇ =  

2

3
𝐶𝑖𝜀𝑝̇

⃗⃗ ⃗⃗ − 𝛾𝑖𝑥⃗ 𝑝̇ 

Memory surface equations, including kinematic/isotropic hardening laws: 

𝜁𝑆 = 𝑎10 + 𝑎11 𝑒𝑥𝑝(𝑎12𝑞); 𝜁𝐻 = 𝑎13/(1 + 𝑎14 𝑒𝑥𝑝(−𝑎15𝑞)) 

𝜎̃0 = 𝜎0 + (𝜁𝐻 − 1)𝑎1𝑝 + (𝑄1 𝑒𝑥𝑝(−𝑏1𝑝))(1 − 𝑒𝑥𝑝(−𝜁𝑆𝑏1𝑝 + 𝑏1𝑝)) 

𝜑̃ = 𝜑̃𝑚𝑜𝑑 =  𝜑𝑚𝑜𝑑 + (𝜁𝐻  − 1)𝑎9𝑝 + (𝑎6 𝑒𝑥𝑝(−𝑎7𝑝))(1 − 𝑒𝑥𝑝(−𝜁𝑆𝑎7𝑝 + 𝑎7𝑝)) 

𝜑𝐾𝐻 = 𝑎16 + 𝑎17𝑒𝑥𝑝(𝑎18𝑞) ;  

𝑥⃗̇ = 𝜑𝐾𝐻 (𝜑̃
2

3
𝐶𝜀𝑝̇

⃗⃗ ⃗⃗ − 𝑥⃗  𝑝̇) 

Memory surface model: 

𝐹(𝑞) =√
2

3
(𝜀𝑝⃗⃗⃗⃗⃗ − 𝛼⃗): (𝜀𝑝⃗⃗⃗⃗⃗ − 𝛼⃗) − 𝑞 
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𝛼⃗̇ = (1 − 𝜂)𝐻(𝐹)〈𝑛⃗⃗: 𝑛∗⃗⃗⃗⃗⃗〉𝑛∗⃗⃗⃗⃗⃗𝑝̇ ; 𝑛∗⃗⃗⃗⃗⃗ = (𝜀𝑝⃗⃗⃗⃗⃗ − 𝛼⃗) √(𝜀𝑝⃗⃗⃗⃗⃗ − 𝛼⃗): (𝜀𝑝⃗⃗⃗⃗⃗ − 𝛼⃗)⁄  ; 

𝑛⃗⃗ = √
3

2
 (𝜎′⃗⃗ ⃗⃗ − 𝑥⃗) 𝐽2(𝜎⃗ − 𝑥⃗)⁄  

𝑞̇ = 𝜂𝐻(𝐹)𝑝̇ ; H(F) is Heaviside function 

4.4. Identification and calibration of material parameters 

In the literature, models are proposed with 23 to 40 parameters for simulating the 

LCF behavior of materials, e.g., Xu et al. [13] used 34, Xing et al. [125] considered 40, 

Zhou et al. [51] used 30, and Song et al. [13] used 23 material parameters. Although these 

models are interesting and make a significant contribution in understanding the complex 

LCF behavior of different materials, none has taken into account the significant secondary 

hardening behavior. Moreover, as Type-II non-Masing behavior was identified recently, no 

model in literature has demonstrated the capability of modeling of Type-II non-Masing 

behavior, as done in the current investigation. The proposed constitutive model uses a total 

of 31 material parameters. All parameters are required to be defined to simulate the initial 

hardening, softening, and secondary hardening behavior of 304L SS that exhibit Type-II 

non-Masing behavior. However, as 321 SS did not exhibit the initial hardening part, only 

21 parameters are required to be defined for simulating its Type-I non-Masing behavior. 

The material parameters are given in Table 4.5. 

Initially, all the material parameters of the constitutive model are determined as per 

the model description provided through Eq. (4.3) to Eq. (4.12). Then, the parameters have 

been calibrated as explained in the flowchart given in Figure. 4.13. In step-1, 𝐸 and 𝜎𝑦0 are 

determined from the initial loading part of the first cycle, as shown in Chapter 3: Section 

3.4, Figure. 3.9. In step-2, 𝐶1 and 𝛾1 are determined from the upper branch of the hysteresis 

loop (of 2nd cycle) obtained from the highest strain amplitude test. As these parameters are 

taken from the 2nd cycle, the loop shape of the 1st cycle cannot be compared with the 

experimental one. In step-3, 𝜑𝑚𝑜𝑑 is estimated as a function of 𝑝 (accumulated plastic 

strain) and the parameters 𝑎2 to 𝑎9 are determined using Eq. (4.4) for different strain 

amplitudes (as shown in  Figure. 4.6). The average values of the parameters determined at 

different strain amplitudes are used as the initial values for the material parameters 

calibration. In step-4, 𝜎0 is determined from the different hysteresis loops of a test and 

defined as a function of 𝑝. Fitting Eq. (4.3) to the 𝜎0 vs. 𝑝 data, the isotropic hardening 

parameters are determined for different strain amplitudes (as shown in Figure. 4.4), and the 
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average values are used as the initial parameters for calibration. It should be noted that only 

𝑄, 𝑏, 𝑄1, 𝑏1, 𝑎1 parameters are considered for calibration. The calibration is done stepwise 

for different regions of the cyclic hardening/softening curves (Figure. 4.2) by comparing 

the simulated and experimental peak stresses obtained at different strain amplitudes. As 

shown in Figure. 4.13(a) for 304L SS, the isotropic hardening parameters are calibrated by 

considering the reference point 1 in the initial hardening region (𝑅1). 

Then, in step 5, 𝜁𝑆 is estimated according to Eq. (3.14) and defined as a function of 

𝑞 in the form of Eq. (3.15) to determine the parameters 𝑎10 to 𝑎12 (shown in Figure. 3.7). 

In step-6, 𝜑𝐾𝐻 is estimated as explained in Section 4.3.3 and defined as a function of 𝑞 in 

the form of Eq. (3.19) to determine the parameters 𝑎16 to 𝑎18 (shown in Figure. 3.8).  As 

shown in Figure. 4.13(b) for 304L SS, the material parameters (𝑎10 to 𝑎12 and 𝑎16 to 𝑎18) 

are calibrated by considering the reference point 2 in the cyclic softening region (𝑅2). 

Finally, 𝜁𝐻 is estimated according to Eq. (3.14) and defined as a function of 𝑞 in the 

form of Eq. (4.7) to determine the parameters 𝑎13 to 𝑎15 (shown in Figure. 4.11). As shown 

in Figure. 4.13(c) for 304L SS, the material parameters (𝑎13 to 𝑎15) are calibrated by 

considering the reference point 3 in the secondary hardening region (𝑅3). 
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Figure. 4.13.  Flowchart for identification and calibration of material parameters 
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Table 4.5. Material parameters for 304L SS and 321 SS 

304L SS E = 187.60 GPa, 𝜈 = 0.3 

Isotropic 𝜎𝑦𝑜 = 170 MPa, 𝑄 = 54.81 MPa, 𝑏 = 12.96, 𝜎1 = 197.69 MPa, 

𝑄1 = −44.57 MPa, 𝑏1 = 1.33, 𝜎2 = −204.78 MPa, 𝑎1 = 5.233 

𝜁𝑆 𝑎10 = 1.592,  𝑎11 = −1.52035,  𝑎12 =  −538.265 

𝜁𝐻 𝑎13 = 3.003, 𝑎14 = 91535.51689, 𝑎15 =  10069.232 

Kinematic 𝐶 = 57345.81 MPa,  𝛾 = 378.9 

𝜑mod 𝑎2 = 1, 𝑎3 = 1.157, 𝑎4 = 3.326, 𝑎5 = 1.527, 𝑎6 = −1.057, 

𝑎7 = 1.654, 𝑎8 = −1.369, 𝑎9 = 0.106 

𝜑𝐾𝐻 𝑎16 = 0.505,  𝑎17 = 0.973,  𝑎18 =250.06577, 𝜂 = 0.95 

321 SS E = 165.6576 GPa, 𝜈 = 0.3 

Isotropic 𝜎𝑦𝑜 =248.604 MPa, 𝑄1 = −64.742 MPa, 𝑏1 = 0.984, 𝜎2 = 5.531 

MPa, 𝑎1 = 5.5435 

𝜁𝑆 𝑎10 = −11.53027, 𝑎11 = 8.2592, 𝑎12 = 971.49779 

𝜁𝐻 𝑎13 = 2.51506,  𝑎14 = 59.238, 𝑎15 = 7602.331 

Kinematic 𝐶 = 152681.2 MPa,  𝛾 = 436.7 

𝜑mod 𝑎2 = 1, 𝑎6 = −0.138, 𝑎7 = 0.526, 𝑎8 = 0.021, 𝑎9 = 0.018, 𝜂 =

0.95 

4.5. Comparison of experimental and simulation results 

The constitutive model, developed in Section 4.3, is implemented in ABAQUS 

with the help of a user material subroutine (UMAT). A three-dimensional model with 

35 mm × 35 mm × 35 mm dimensions, as shown in Figure. 4.14 (with boundary 

conditions), is used for simulations. A three-dimensional 8-noded linear brick element 

(C3D8) is considered for simulations. The model was subjected to cyclic strain with a 

triangular waveform. The accuracy and prediction capability of the proposed model is 

verified with the strain-controlled low-cycle fatigue test data of 304L SS and 321 SS at 

different strain amplitudes. 
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Figure. 4.14. 3D model used for the simulation. R denotes rotational degrees of 

freedom, and U denotes displacement. 

4.5.1. Accuracy of the model 

4.5.1.1. Cyclic peak stress 

The variation in cyclic peak stress with the number of cycles for the experimental 

and simulation results is shown in Figure. 4.15. As can be seen, the model predicts the 

variation in cyclic stress amplitude with high accuracy up to failure. The trend in the 

material behavior exhibited by the simulated and experimental results remains the same 

throughout the life of the material. 

 

Figure. 4.15. Comparison of peak stress variation with cycle number obtained by the 

proposed model for (a) 304L SS and (b) 321 SS. 

4.5.1.2. Hysteresis loop shape 

To verify the ability of the model to retain the ‘Type-I non-Masing’ behavior of 

321 SS and ‘Type-II non-Masing’ behavior of 304L SS in the simulated results, the half-

life hysteresis loops of the simulation and experimental results are plotted together in 

Figure. 4.16(a-b). As can be seen, the non-Masing behavior of both materials could be 
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captured well by the proposed constitutive model. It should also be noted that 304L SS 

shows Type-I non-Masing behavior up to ~10% life fraction, beyond which the behavior 

changes to Type-II non-Masing, as shown in the article [17]. This transition is also well 

captured by the proposed constitutive model. Figure. 4.17. shows the Type-I and Figure. 

4.16(a) shows Type-II non-Masing behaviors of 304L SS at 7% and 50% life fractions, 

respectively. Recently, Sanjeev et al. [126]  have shown that identifying Type-I and 

Type-II non-Masing behavior under fatigue is important for accurately estimating cyclic 

plastic strain energy density and subsequent fatigue life prediction. Thus, the 

constitutive model used for simulating the fatigue behavior of material (or component) 

must not lose the characteristics of the material's Type-I and Type-II non-Masing 

behavior. It should be noted that the conventional non-linear isotropic-kinematic 

hardening model, commonly available in commercial software like ABAQUS, is 

defined by a minimum of seven material parameters: 𝜎𝑦𝑜, 𝐸, 𝜈, 𝑄, 𝑏, 𝐶 and 𝛾, and 

inherently predict the Masing behavior of materials, as shown in article [17]. 

.     

Figure. 4.16. Comparison of half-life hysteresis loops obtained at different strain 

amplitudes for (a) 304L SS and (b) 321 SS. 

 

Figure. 4.17. Type-I non-Masing behavior of 304L SS at 7% life fraction. 
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To show that the hysteresis loop shape is predicted accurately throughout the 

life, the experimental and simulated loops are plotted together for different cycles at the 

minimum and maximum strain amplitudes of LCF testing, i.e., ±1.0% and ±0.4% for 

material 304L SS, as shown in Figure. 4.18 and Figure. 4.19, respectively, and ±0.8% 

and ±0.4% for material 321 SS, as shown in Figure. 4.20 and Figure. 4.21, respectively. 

As can be seen in Figure. 4.18 to Figure. 4.21, the hysteresis loop shape prediction for 

both 304L and 321 SS was consistently good throughout the life. 

 

Figure. 4.18. Comparison of experimental and simulated hysteresis loops for 304L SS 

at ±1.0% strain amplitude. 
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Figure. 4.19. Comparison of experimental and simulated hysteresis loops for 304L SS 

at ±0.4% strain amplitude. 
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Figure. 4.20. Comparison of experimental and simulated hysteresis loops for 321 SS at 

±0.8% strain amplitude. 
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Figure. 4.21. Comparison of experimental and simulated hysteresis loops for 321 SS at 

±0.4% strain amplitude. 

4.5.2. Prediction capability of the model 

The material parameters were identified and calibrated from the experimental 

data of the LCF tests conducted at strain amplitudes of ±0.4%, ±0.6%, ±0.8%, and 

±1.0% for 304L SS, and ±0.4%, ±0.5%, ±0.6%, and ±0.8% for 321 SS. To verify the 

prediction capability of the proposed model and validate the material parameters 

determined from the test data, additional LCF tests are conducted at random strain 

amplitudes: ±0.25% for 304L SS and ±0.45% for 321 SS. The strain amplitudes are 

chosen such that they are not the same strain amplitudes at which the material 

parameters were determined. Then, LCF simulations are also performed at the strain 

amplitudes of ±0.25% for 304L SS and ±0.45% for 321 SS with the previously 

determined material parameters (given in Table 4.5). The simulated results are then 

compared with the experimental results. As can be seen, the model provides an excellent 

prediction of the peak stress variation with the number of cycles for both materials, as 

shown in Figure. 4.22. Figure. 4.23 shows a comparison of the hysteresis loops, plotted 

for different cycles, for 304L SS at ±0.25% strain amplitude. Similarly, Figure. 4.24 

shows a comparison of the hysteresis loops, plotted for different cycles, for 321 SS at 
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±0.45% strain amplitude. As can be seen, the loop shape prediction is quite good for 

321 SS; however, some deviation in the loop shape can be noticed for 304L SS. The 

error is highlighted in Figure. 4.23 estimates the difference between the areas of the 

simulated and experimental hysteresis loops. Such error can be minimized by 

considering multiple components of back stress, which defines the loop shape. 

However, we have considered only a single component of back stress while calibrating 

the material parameters. Moreover, it should be noted that 304L SS exhibited a 

significantly different cyclic behavior at ±0.25% strain amplitude, as evident from the 

absence of secondary hardening behavior, which is considered while calibrating the 

material parameters.  The results presented in Figure. 4.22 to Figure. 4.24 highlight that 

to ensure consistent accuracy in the prediction, it is better to calibrate the material 

parameters within the minimum and maximum limits of strain amplitudes to which a 

component or structure would be subjected. 

 

Figure. 4.22. Comparison of simulated and experimental results for cyclic peak stress 

variation at strain amplitudes of ±0.25% for 304L SS and ±0.45% for 321 SS. 
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Figure. 4.23. Comparison of experimental and simulated hysteresis loops for 304L SS 

at ±0.25% strain amplitude. 
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Figure. 4.24. Comparison of experimental and simulated hysteresis loops for 321 SS at 

±0.45% strain amplitude. 

4.6. Conclusions 

Strain-controlled low-cycle fatigue tests performed at room temperature show 

that austenitic stainless steels 321 and 304L exhibit Type-I and Type-II non-Masing 

behaviors, respectively. The cyclic behavior of the material 321 SS exhibited initial 

softening followed by hardening, and 304L SS exhibited initial hardening followed by 

softening and secondary hardening. 

A constitutive model, based on Chaboche’s combined non-linear isotropic-

kinematic hardening, is proposed to simulate the cyclic elastoplastic behavior of the 

materials along with their characteristic Type-I and Type-II non-Masing behaviors. The 

proposed constitutive model modifies the isotropic and kinematic hardening laws to take 

into account the strain range memory effect in the cyclic softening and hardening 

regions of 321 SS and softening and secondary hardening regions of 304L SS, as 

observed experimentally. The proposed model is implemented in the finite element 

analysis tool ABAQUS and validated with the LCF test results of 321 and 304L SS. 

With the proposed modifications, the constitutive model is able to simulate the 

low cycle fatigue behavior, i.e., ‘peak stress’ and ‘hysteresis loop shape’ variation with 
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cycling, for the whole life of 321 and 304L SS at different strain amplitudes. Moreover, 

the model is also able to accurately capture the Type-I and Type-II non-Masing behavior 

of the materials. The simulated results show an excellent agreement with the 

experimental results. The methodology of material parameter determination and 

calibration has also been explained in detail. It is expected that the modified model and 

methodology can be used to predict the LCF behavior of various steels. 
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Chapter 5: Quantification of the creep, fatigue, and oxidation 

damage and life prediction 

 

Materials at high temperatures may undergo damage due to the interaction of 

creep, fatigue, and oxidation. Since the last decade, many methods have been developed 

to predict the life of the materials under creep-fatigue interaction (CFI) loading. 

However, oxidation damage is very rarely considered in such prediction models. 

Moreover, most of the methods available in the literature use a lot of testing and data 

acquisition from pure fatigue, creep-fatigue, and pure creep tests. To overcome these 

difficulties, this work investigates the net tensile hysteresis strain energy density method 

(THSED) available in the open literature. A modified THSED method that takes into 

account oxidation damage is proposed and implemented with four different materials 

for uniaxial CFI and hybrid CFI loading conditions. The proposed method could predict 

the CFI life of 304 SS, 304L SS, Mod. 9Cr-1Mo steel, and P92 steel within a scatter 

factor of ±2.0. The model parameter (𝛾𝑑), determined by the hit and trial method in the 

existing THSED method, is found to be dependent on the oxidation damage, strain rate, 

and hold time. The analytical expressions for the estimation of THSED for U-CFI 

(Uniaxial creep-fatigue interaction) and H-CFI (Hybrid creep-fatigue interaction) 

loading conditions have also been derived 

5.1. Introduction 

The structural components used in automobiles, aero-engines, and 

nuclear/thermal power plants are usually made of ferritic, austenitic, martensitic steels 

and superalloys (Ni/Ti/Fe/Co-based) [191–194]. The components, such as heat 

exchangers, pipes, engines, rotor shafts, turbines, etc., operate at high temperature and 

pressure. Therefore, they undergo creep during operation and fatigue during start-up and 

shutdown [191,195]. 

The component behavior in the laboratory is usually investigated by uniaxial 

creep-fatigue interaction (U-CFI) test, i.e., low cycle fatigue tests conducted with a hold 

time at tensile or compressive peak strain/stress. The U-CFI tests mainly focus on 

investigating the material’s cyclic response, microstructural evolution, and useful life 

[196]. Fatigue damage is generally associated with transgranular cracking, as reported 

in the literature for different structural materials such as austenitic [175,197], ferritic-
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martensitic [198], and Ni-based superalloy [199,200] materials. Whereas creep damage 

is generally associated with the formation of voids and intergranular cracking, as 

observed in the above mentioned materials [175,197–200]. However, the formation of 

voids and intergranular cracks are difficult to observe on the fracture surface of strain-

controlled U-CFI tested specimens, as reported by Tang et al. [198] for  martensitic and 

Wang et al. [201] for Ni-based superalloy materials. In a strain-controlled U-CFI test, 

the elastic strain energy stored in a material gets released during the period of strain 

hold, thereby, causing stress relaxation. Stress relaxation is associated with the 

transformation of elastic strain to creep strain. Thus, the introduction of strain hold 

during low cycle fatigue reduces the materials’ life due to the development of creep 

damage. However, as the stress relaxation drops very rapidly in the initial period of hold 

and gets saturated, with the increase in hold time (typically beyond a few hundred 

seconds), there is a marginal increase in creep damage [57,202]. Thus, it becomes 

difficult to induce a variable extent of creep damage in strain-controlled U-CFI testing, 

whereas the extent of fatigue damage can be easily varied by varying the cyclic strain 

amplitude. The limitation arises as the elastic strain converts into plastic strain; the 

extent of creep damage that can be induced is limited and very minimal. The short-

comings of strain-controlled U-CFI testing are overcome by performing the hybrid (i.e. 

strain-controlled fatigue with stress hold) creep-fatigue interaction tests (H-CFI) [203–

205]. Under H-CFI, the extent of both the creep and fatigue damages can be varied. 

During the hold time, creep damage occurs, which appears as intergranular or 

grain boundary cavitation [6]. While, during loading and unloading, fatigue damage 

occurs, which causes surface crack formation [6]. Also, the environment plays a critical 

role at high temperatures, as oxidation shortens the crack initiation period; as verified 

experimentally through microscopic observations [6,206,207]. The interaction of creep, 

fatigue, and oxidation damage promotes change from trans-granular cracking to 

intergranular cracking; thus, usually, a mixed-mode type damage occurs [208]. The 

synergetic interaction of the creep, fatigue, and oxidation at high temperatures leads to 

accelerated failure of the components [19–22]. The oxidation degrades the material's 

performance by diffusion of oxygen and subsequent chemical reactions with the parent 

material [209,210]. It is considered a surface and sub-surface phenomenon dependent 

on time and temperature [21,23–27]. Thus, accurate life prediction considering creep, 

fatigue, and oxidation under different loading conditions and strain paths is critical and 
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necessary for the successful operation of the real components at elevated temperatures 

for the desired lifetime. 

Until now, many efforts have been made to predict the damage mechanism and 

failure life using creep-fatigue testing. Most methods to predict fatigue life are based on 

the Coffin-Manson relationship and its modification [67–69]. The time fraction (TF) 

rule [70] and ductility exhaustion (DE) method [71–73] are used mainly for the 

calculation of creep damage. The recent methods  [76–78]  use the so-called strain 

energy density exhaustion (SEDE), i.e., a criterion based on the area of the hysteresis 

loop corresponding to the hold time, to accurately predict the creep damage as a 

proposed by Takahashi [74]. Further, Takahashi [75] modified the strain energy density 

exhaustion (SEDE) method based on the criterion that the high rate of inelastic 

deformation at the start of hold time is less harmful than the remaining period (i.e., 

before saturation in stress relaxation is achieved) and predicted the creep-fatigue life 

more accurately within the scatter factor of ±3 for various materials. Wang et al. [76,77] 

considered the effect of mean stress on creep damage accumulation and modified the 

creep damage calculation based on the modified SEDE model proposed by Takahashi 

[75] and predicted the creep-fatigue life within the scatter factor of ±2 for various 

materials. Zhu et al. [211,212] conducted systematic investigations to take into account 

the effects of mean stress, hold time, and waveform on the strain energy density 

exhaustion criterion and characterized different materials' low cycle fatigue-creep 

behaviors. 

For the tensile hold, Song et al. [78] considered the effect of mean stress on 

fatigue damage calculation and the effect of threshold stress on creep damage. The creep 

damage is found to accumulate significantly only when the applied stress is more than 

the threshold stress. They modified the creep and fatigue damage equations proposed 

by Wang et al. [76,77], to take into account the threshold stress and mean stress effect, 

respectively. The models mentioned above have the drawback that they require a large 

number of fatigue, creep-fatigue interaction, and creep test data to identify model 

parameters to predict the lifetime of the material. 

While investigating the effect of oxidation damage, Coffin [213] observed that 

oxidation damage is more when the frequency of cycling is low and vice-versa. Thus, 

to take into account the oxidation effect, he introduced a frequency factor in the Coffin-

Manson equation. Reuchet and Remy [25] studied the effect of fatigue loading on 
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oxidation kinetics and proposed oxidation damage based on the microstructure 

evaluation and propagation of the crack. Neu and Sehitoglu's [26,27] model contained 

separate components of creep, fatigue, and oxidation, in which the expression of 

oxidation damage was associated with strain range, strain rate, repeated micro-rupture 

of the oxide, and oxidation kinetics. Phasing term in the model, i.e., the ratio of thermal 

strain rate to mechanical strain rate, requires many tests. Takahashi [74] used a life 

reduction ratio to assess the effect of oxidation in ferritic steel during compressive hold 

fatigue. It predicts the lifetime of material within the scatter factor of ±2. The model 

does not explicitly consider the temperature dependence of oxidation damage. The type 

1 damage, only the surface of the material gets oxidized, while in type 2, the surface and 

subsurface regions are oxidized due to cracking of the oxide layer formed at the surface. 

They pointed out that compressive hold fatigue is more harmful than tensile hold fatigue 

for ferritic steels due to type 2 damage. They also predicted the lifetime of the material 

for compressive hold fatigue by considering the crack initiation and propagation lives. 

The drawback of this approach is that it requires a large number of parameters and the 

accurate measurement of crack density to predict a lifetime with the suggested model. 

Also, the procedure to obtain them is complex. Wang et al. [76] considered the oxidation 

effect by modifying Agatonovic’s [214] oxidation damage as surface and sub-surface 

phenomena for compression hold creep-fatigue test only for ferritic steel. They 

predicted that under the compression hold creep-fatigue test, the predicted life of the 

material lies within a scatter factor of ±1.5. The model predicts the lifetime of material 

with considerable accuracy. Lately, Song et al. [28] have taken into account the 

oxidation damage as surface and sub-surface phenomena in modified SEDE method by 

a non-linear interaction of the creep, fatigue, and oxidation damage to predict the life of 

the material undergoing U-CFI and H-CFI loading. They predicted the life of 304SS 

and Grade 91 steel within the scatter factor of ±3.0. 

Many methods are available in the open literature to predict material life at high 

temperatures depending on the loading, strain waveform, and environmental conditions. 

Most of the methods predict material life within a scatter factor of ±2.0 or more. 

Moreover, they use complicated fitting procedures with many model parameters. To 

reduce the number of model parameters, Wang et al. [30] recently proposed the so-

called net tensile hysteresis strain energy density (THSED) method for predicting the 

creep-fatigue life of materials. The model considers the synergistic interaction of fatigue 

and creep damages in terms of the plastic strain energy absorbed by the material during 
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loading-unloading and hold time, respectively. Creep-fatigue life exhibits the power-

law relation with total tensile hysteresis strain energy density. The co-relation contains 

the model parameter (𝛾𝑑), which is found by the hit and trial method by Wang et al. 

[30]. They did not explain the physical significance of the model parameter (𝛾𝑑). It has 

been used as a material constant. 

The present investigation focuses on analyzing creep, fatigue, and oxidation 

damages and their interactions to predict material life. The oxidation kinetics approach 

is considered for calculating the oxidation damage considering it as surface and sub-

surface phenomena. Interestingly, while analyzing the oxidation damage for different 

materials, it is observed that the model parameter (𝛾𝑑) used by Wang et al. [30] can be 

estimated as the ratio of oxidation damage (neglecting the time effect) to strain rate. 

Thus, we propose the modified THSED method, considering the (𝛾𝑑) as a physical 

parameter rather than a number found by the hit and trial method. The parameter is 

found to be dependent on the oxidation damage, strain rate, and hold time of the CFI 

test. The functional relationship between these parameters and 𝛾𝑑 has also been 

established. The proposed modified THSED method is extended to hybrid (H-CFI) 

stress-strain control loading conditions. The model is validated for the austenitic and 

ferritic stainless steel for different loading conditions. Experimental data for validating 

the modified THSED method is collected from various articles [215–217]. The 

prediction capability of the proposed modified-THSED model is compared with 

modified SEDE (oxidation damage) [28] and THSED [30] models available in the open 

literature. It is observed that the prediction accuracy lies in a scatter factor of ±3 for the 

modified SEDE and the THSED model, which is reduced to a scatter factor of ±2 for 

the proposed modified THSED model. 

5.2. Life prediction methods 

5.2.1. THSED method for axial loading 

The THSED method proposed in article [30] considers the fatigue damage stress 

(𝜎𝑑) and elastic strain energy density effect along with the plastic strain energy density 

and creep strain energy density for the estimation of total tensile hysteresis strain energy 

density. The plastic strain energy density takes into account of the fatigue damage 

caused during the loading-unloading duration. The creep strain energy density takes into 

account creep damage caused during the hold time. The plastic and creep energy 
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densities may lead to crack initiation and propagation. The tensile elastic strain energy 

density is introduced as it may facilitate crack propagation. 

 

Figure 5.1. Shaded area represents THSED for U-CFI loading (a) tension hold and (b) 

compression hold. 

Wang et al. [30] defined the fatigue damage stress 𝜎𝑑 as given by Eq. (5.1), based on 

the crack opening concept. 

𝜎𝑑 = 𝛾𝑑𝜎𝑚 (5.1) 

𝜎𝑚 = (𝜎𝑚𝑎𝑥 + 𝜎𝑚𝑖𝑛) 2⁄  (5.2) 

Here, 𝜎𝑚 is mean stress, 𝜎𝑚𝑎𝑥 is the tensile peak stress, 𝜎𝑚𝑖𝑛 is the 

compressive peak stress, and 𝛾𝑑 is a material parameter found by hit and trial method. 

Total tensile hysteresis strain energy density is the effective energy density that 

causes the crack to advance and is given as the area under the stress-strain hysteresis 

loop above the fatigue damage stress, 𝜎𝑑. It is dependent on the mean stress through the 

parameter 𝛾𝑑, as shown by the shaded area in Figure 5.1. and given by Eq. (5.3). 

∆𝑤𝑡 =  ∆𝑤𝑝 +  ∆𝑤𝑐 +  ∆𝑤𝑒 (5.3) 

The equation for the estimation of plastic strain energy density (∆𝑤𝑝) was 

originally proposed by Halford [218]. Skeleton [65,219] has further used it for U-CFI 

along with strain energy density due to creep (∆𝑤𝑐) and elastic recovery (∆𝑤𝑒). Wang 

et al. [43] further modified the equations used by Skeleton by considering the effect of 

the fatigue damage stress (𝜎𝑑), as shown by Eq. (5.4) to Eq. (5.9). Finally, used the well-

known power law [220] relationship, given by Eq. (5.9), for predicting the creep-fatigue 

life of the material. 
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∆𝑤𝑝 =
1−𝑛′

1+𝑛′  𝜎𝑚𝑎𝑥∆𝜀𝑝 − 𝜎𝑑∆𝜀𝑝 for tensile & compressive hold 
(5.4) 

∆𝑤𝑐 =
𝜎𝑚𝑎𝑥

2−𝜎𝑟
2

2𝐸
+ 𝜎𝑑(∆𝜀𝑖𝑛 − ∆𝜀𝑝) for tensile hold 

(5.5) 

∆𝑤𝑒+ =
(𝜎𝑟−𝜎𝑑)2

2𝐸
  for tensile hold 

(5.6) 

∆𝑤𝑐 =
(𝜎𝑚𝑎𝑥−𝜎𝑑)(∆𝜀𝑖𝑛−∆𝜀𝑝)

2
  for compressive hold 

(5.7) 

∆𝑤𝑒 =
(𝜎𝑚𝑎𝑥−𝜎𝑑)2

2𝐸
  for compressive hold 

(5.8) 

𝑁𝑝𝑟𝑒 = 𝑎(∆𝑤𝑡)𝑏 (5.9) 

5.2.2. THSED method extended to H-CFI 

The THSED method proposed by Wang et al. [30]  for U-CFI life prediction is 

extended to the hybrid creep-fatigue interaction (H-CFI). Figure 5.2 schematically 

represents the hysteresis loops for tension and compression stress hold H-CFI test, and 

the shaded area represents the tensile hysteresis strain energy density. The THSED for 

tension and compressive hold is calculated by using Eq. (5.3) to Eq. (5.8), but Eq. (5.10) 

is used instead of Eq. (5.5) to calculate the creep part of energy density ∆𝑤𝑐 and Eq. 

(5.11) is used instead of Eq. (5.6) for the elastic component of energy density  ∆𝑤𝑐. 

Once ∆𝑤𝑡 is calculated, the H-CFI life is predicted using Eq. (5.9). The model parameter 

(𝛾𝑑) is calculated using Eq. (5.27) and (5.28) (in the proposed in this article). The 

parameters 𝑎 and 𝑏 were obtained by fitting Eq. (5.9) to the experimental creep-fatigue 

life variation with total tensile strain energy density for various materials. 

 

Figure 5.2.  Shaded area represents THSED for H-CFI loading (a) tension stress hold 

and (b) compression stress hold. 
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∆𝑤𝑐 = (𝜎𝑟 − 𝜎𝑑)(∆𝜀𝑖𝑛 − ∆𝜀𝑝) for tensile stress hold (5.10) 

∆𝑤𝑒 =
(𝜎𝑚𝑎𝑥−𝜎𝑟)2

2𝐸
+

(𝜎𝑟−𝜎𝑑)2

2𝐸
  for tensile stress hold (5.11) 

5.2.3. Modified SEDE method 

The modified SEDE (strain energy density exhaustion) method proposed by 

Song et al. [28] is based on Eq. (5.12) proposed by Skeleton and Gandy  [66] to estimate 

the total damage by considering non-linear interaction of fatigue (𝐷𝑓), creep (𝐷𝑐), and 

oxidation (𝐷0) damage. The creep-fatigue life (𝑁𝑝𝑟𝑒) is predicted using Eq. (5.13). In 

existing literature, only this method takes oxidation damage into account to predict the 

creep-fatigue life of material under strain-controlled U-CFI and H-CFI loading 

conditions. Thus, in the current investigation, the creep-fatigue life is also predicted by 

using the 'modified SEDE method'. The values of the various material parameters 

required for the creep-fatigue life prediction are usually estimated from pure fatigue, 

creep-fatigue, and pure creep test data. The method is highlighted by the mathematical 

expressions in Eq. (5.12) to Eq. (5.20) [28] and is implemented in Section 5.4.2 to 

compare the creep-fatigue life prediction with the other two methods. 

𝐷𝑐𝑓 =  
𝐷𝑐

1 − 𝐷𝑓 − 𝐷𝑜
+

𝐷𝑓

1 − 𝐷𝑐 − 𝐷𝑜
+ 𝐷𝑜 (5.12) 

𝑁𝑝𝑟𝑒 =
1

𝐷𝑐𝑓
 (5.13) 

𝐷𝑓 = (
𝐶(1 + 𝑛′)

(1 − 𝑛′)𝜎𝑚𝑎𝑥∆𝜀𝑝 + 2𝑛′𝜎𝑚∆𝜀𝑝
)

𝛿

 
(5.14) 

𝑤𝑓 =
𝑤𝑓,𝑚𝑎𝑥 + 𝑤𝑓,𝑚𝑖𝑛(𝜎 𝜎𝑦0 +  𝐵⁄ )

−𝜅

(𝜎 𝜎𝑦0 +  𝐵⁄ )
−𝜅

+ 1
 (5.15) 

𝜎(𝑡) =
𝜎𝑚𝑎𝑥exp (−𝜀̇∗𝐸𝑡 𝜎∗⁄ )

(1 + (
𝜎
𝜎∗)

𝑚∗−1

(1 − exp (𝑡 − −𝜀̇∗𝐸𝑡 𝜎∗⁄ )))

(1 𝑚∗−1⁄ )
 

(5.16) 

𝜀𝑐̇𝑟 = −
𝜎̇

𝐸
= −

1

𝐸

𝑑𝜎

𝑑𝑡
 

(5.17) 

𝑤̇ = 𝜀̇(𝜎 − 𝜎𝑡ℎ) (5.18) 
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𝐷𝑐 = ∫
𝑤̇

𝑤𝑓(𝑤̇, 𝑇)

𝑡ℎ

0

−
𝑤̇

𝑤𝑓,𝑚𝑎𝑥(𝑤̇, 𝑇)
 𝑑𝑡 (5.19) 

𝐷𝑜 = (
𝑥𝑤 − 𝑥𝑖

𝑥𝑤
)

𝛽

∫ 0.5√𝑘𝑝

𝑡

𝑜

𝑡−0.5𝑑𝑡 (5.20) 

The mean stress effect on fatigue damage is considered by Eq. (5.14). To 

evaluate creep damage, the creep strain energy is calculated considering that the stress 

above the threshold stress only causes positive creep accumulation, as shown Eq. (5.18). 

It is supported by intermediate steps outlined in Eq. (5.15) through Eq. (5.17). Once the 

creep strain energy density is obtained, creep damage is calculated using Eq. (5.19). The 

oxidation damage that occurs in each cycle is determined using Eq. (5.20). 

5.3. Oxidation damage above  

The total damage from oxidation in a material is due to surface and subsurface 

oxidation phenomena. The overall oxidation damage (𝐷𝑜) as a function of exposure 

time can be represented by Eq. (5.21), as reported by Nikbin and Bilgari [23,24]. In Eq. 

(5.21) 𝑘𝑝 represents the oxidation constant. The 'damage index' (i.e. 𝐷𝑖𝑛𝑑𝑒𝑥  in Eq. 

(5.22)) represents the normalized distribution of oxidation damage from the surface to 

the sub-surface. The parameter 𝑥𝑖 represents the distance of any point in the material 

from the oxidized surface, while 𝑥𝑤 represents the geometric length of the material. The 

estimate of 𝑥𝑤 will depend on the geometry of the test specimen, e.g., to study the 

oxidation damage distribution for a cylindrical specimen, 𝑥𝑤 can be considered as the 

radius of the specimen. The exponent 𝛽 defines the shape of the damage profile, which 

depends on time, temperature, and material. 

𝐷𝑜 = 𝐷𝑖𝑛𝑑𝑒𝑥 ∫ 0.5√𝑘𝑝

𝑡

𝑜

𝑡−0.5𝑑𝑡 
(5.21) 

𝐷𝑖𝑛𝑑𝑒𝑥 = (
𝑥𝑤 − 𝑥𝑖

𝑥𝑤
)

𝛽

 
(5.22) 

5.3.1. Proposed damage index 

As the diffusion of oxygen causes oxidation damage, the present work considers 

the oxygen concentration variation with depth for the assessment of oxidation damage, 

as shown in Figure 5.3 for different steels. The data plotted in Figure 5.3 is extracted 
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from the literature [221–225]. Nikbin and Bilgari [23,24] considered the micro-hardness 

variation with depth for the assessment of oxidation damage or defining the damage 

index parameter, as diffusion of oxygen, which causes oxidation, also increases the 

hardness of a material. However, under low cycle fatigue, the hardness of a material in 

real components under service conditions may also increase due to various other 

reasons, e.g., deformation-induced phase transformation [226], diffusion of hydrogen 

or nitrogen [227], neutron irradiation [228], etc. Thus, this article proposes to use the 

oxygen concentration profile for the oxidation damage index. For P91 steel [229], 

Haynes 230 [230], and Alloy 617 [221], the oxygen concentration distribution with 

depth, as obtained from the oxidation experiment in air, is observed to have an 

exponential variation, as shown in Figure 5.3 and given by Eq. (5.23). 

𝐷 = 𝐷′ + 𝐴 exp(𝑟𝑥) (5.23) 

𝐷𝑖𝑛𝑑𝑒𝑥 =  
𝐷

𝐷𝑚𝑎𝑥
 

(5.24) 

Eq. (5.23), 𝑥 represents the depth along which oxygen concentration varies. In 

the current investigation, 𝐷𝑖𝑛𝑑𝑒𝑥 is calculated by using Eq. (5.24), where 𝐷𝑚𝑎𝑥 is the 

maximum value of the oxygen concentration at the surface. The constants 𝐷′, 𝐴, and 𝑟 

are material, temperature, and time dependent parameters. Mathematically, 𝐷′ and 𝐴 in 

Eq. (5.23) represent the maximum value and scaling factor, respectively. Thus, the value 

of 𝐷′ + 𝐴 gives an estimate of the maximum oxygen concentration at the surface (𝑥 =

0), and 𝑟 indicates the rate at which the concentration varies with depth. The values of 

𝐷0, 𝐴 and 𝑟 were found by fitting Eq. (5.24) to the oxygen concentration vs depth data, 

shown in Figure 5.3. The values are given in Table 5.1. 

 

Figure 5.3. Oxygen content (wt.%) variation with depth (mm) [221,229–231] (Note: 

for P91 steel, to determine the material parameters (𝐷′ and 𝐴), the saturated value of 

oxygen concentration is assumed to be 80% at the surface ). 
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Table 5.1: Estimated values of material parameters for damage index, Eq. (5.24) 

Material Temperature (°C) 𝑫′ (wt.%) 𝑨 (wt.%) 𝒓 (mm) 

Alloy 617 [221] 850 53.042 -0.299 3834.26 

Haynes 230 [230] 850 67.486 -9.711 4078.23 

P91 [229] 550 0.125 94.609 -13339.903 

Inconel 625 [232] 815 87.754 -1.227 144.1833 

5.4. Results and discussion 

5.4.1. Oxidation damage model 

In a material under creep-fatigue loading, oxidation damage occurs during the 

loading, unloading, and hold period. Moreover, as reported by Coffin [213], the severity 

of oxidation damage during fatigue increases with a decrease in the frequency of cyclic 

loading; thus making oxidation an important concern for creep-fatigue interaction life 

prediction as well. Motivated by the findings of Coffin [213], the overall oxidation 

damage in the present investigation is considered to be inversely proportional to the 

strain-rate (𝜀̇) of cyclic loading. Hence, Eq. (5.21) is redefined by Eq. (5.25) to take into 

account the strain rate effect. Further, if we neglect the effect of time, the overall 

oxidation damage represented by Eq. (5.25) can be rewritten as Eq. (5.26). 

𝐷0
𝑚𝑜𝑑 = 𝐷𝑂/𝜀̇ (5.25) 

𝐷0
′ = (𝐷𝑂/√𝑡)/𝜀̇ = √𝑘𝑝(𝐷𝑖𝑛𝑑𝑒𝑥/𝜀̇) 

(5.26) 

Based on the estimate of 𝐷0
′  corresponding to the geometrical extent of oxidation 

damage, the model parameter 𝛾𝑑 is found to be related to 𝐷0
′ , as shown in Eq. (5.27). 

The values of 𝛾𝑑 obtained by using Eq. (5.27) for different materials are compared with 

the values of 𝛾𝑑 as reported in article  [30] for different materials and is shown in Table 

5.2. 

𝛾𝑑 = 100 × 𝐷0
′  (5.27) 

Interestingly, the model parameter (𝛾𝑑) estimated by using Eq. (5.27) for 

different materials is very closer to the values reported by Wang et al. in   [30]. It should 

be noted that Wang et al. [30] estimated the values of 𝛾𝑑 by hit-and-trial method; 
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however, Eq. (5.27) phenomenologically describes its dependence on the oxidation 

damage and the strain rate of cyclic loading. 

Table 5.2: Estimated parameters of the oxidation damage equations and comparison of 

parameter 𝛾𝑑 

Material 
Temp. 

(°C) 

𝜺̇ 

(%/s) 
𝑫𝒐/𝒕𝟎.𝟓 

𝒌𝒑(mg2mm-

4s-1) 
𝑫𝟎

𝒎𝒐𝒅 

𝛾𝑑 

in  

[30] 

𝛾𝑑 from 

Eq. 

(5.27) 

Alloy 

617 
850 0.1 

1.27

× 10−4 
9.92 × 10−11 0.127 11.7 12.7 

Alloy 

617 
850 0.025 

7.67

× 10−5 
9.92 × 10−11 0.304 30 30.43 

Haynes 

230 
850 0.025 

3.35

× 10−7 
7.04 × 10−12 0.0013 0.1 0.13 

P91 550 0.1 
2.99

× 10−5 
6.89 × 10−9 -0.029 -2.2 -2.33 

Inconel 

625 
815 1.0 

3.52

× 10−5 
2.3 × 10−10 0.003 0.3 0.3 

As can be seen in Table 5.2, the value of 𝛾𝑑 is less for alloy 230 compared to the 

other materials, which indicates better oxidation resistance of alloy 230 compared to the 

other materials. The effect of creep and oxidation on Ni-based superalloys such as alloy 

617, Haynes 230, and Inconel 625 have been studied by many authors [8,232,233]. 

These studies report Alloy 230’s better creep-fatigue performance due to improved 

oxidation resistance under creep-fatigue loading. The better oxidation resistance is 

attributed to the formation of a duplex oxide layer (Outer MnCr2O4 and inner Cr2O3), 

which prevents the oxygen from penetrating further into the material, thus reducing the 

oxidation damage [8,233]. Further, the estimated values of 𝛾𝑑 (as seen in Table 5.2 for 

alloy 617 ) increase with a decrease in the strain rate, thus correctly explaining the 

detrimental effect of decreasing strain rate on oxidation damage, as experimentally 

observed by Coffin [213]. 
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The shaded areas in Figure 5.1 show the THSED for a positive value of 𝛾𝑑, 

indicating that tensile hold is more detrimental than compression hold, as the tensile 

hysteresis strain energy density is more in each cycle with tensile hold. Most of the 

austenitic stainless steels [234] and Ni-based superalloys [208] show similar behavior, 

which causes lower creep-fatigue interaction life with tension hold compared to 

compression hold. However, for ferritic-martensitic steel (P91), compression hold is 

reported to be more detrimental than tension hold during cyclic loading  [21,235]. Thus, 

the negative value of 𝛾𝑑 for P91 in Table 5.2 indicates the opposite behavior of P91 steel 

observed experimentally [21,235]. 

5.4.2. Implementation of modified THSED model and lifetime prediction 

In Section 5.4.1, the model parameter 𝛾𝑑 (defined by Eq. (5.27)) depends on the 

temperature and strain rate only, as the oxidation damage defined by Eq. (5.26) does not 

take into account the time effect. It was done to compare the values of 𝛾𝑑 estimated 

using Eq. (5.27) (proposed in the current study) with the values of 𝛾𝑑 given by Wang et 

al. in [30]. However, oxidation is a time-dependent phenomenon [23,24]. The oxidation 

effect in different materials such as Ni-based superalloys [199], austenitic steel [234], 

and ferritic-martensitic steel [21,235] under creep-fatigue loading is found to increase 

with an increase in hold time. Thus, in the case of creep-fatigue loading, the effect of 

time (especially the hold time) on oxidation damage cannot be avoided. Therefore, 

considering the oxidation damage as a time, temperature, and strain-rate dependent 

phenomenon, as defined by 𝐷0
𝑚𝑜𝑑 in Eq. (5.26), the parameter  𝛾𝑑 (of Eq. (5.27)) is 

redefined as 𝛾𝑚𝑜𝑑 given by Eq. (5.28). Similar to 𝐷0
′ , the 𝐷0

𝑚𝑜𝑑 corresponding to the 

geometrical extent of oxidation damage is considered for the estimation of 𝛾𝑚𝑜𝑑. 

𝛾𝑚𝑜𝑑 = 100 × 𝐷0
𝑚𝑜𝑑 (5.28) 

In the current investigation, the creep-fatigue life prediction is done by 

estimating the model parameter 𝛾𝑑 by Eq. (5.27) and also by Eq. (5.28). As the values 

of 𝛾𝑑 estimated using Eq. (5.27) are almost the same as given in article [50], as shown 

in Table 2, the creep-fatigue life prediction done by estimating the value of 𝛾𝑑 by Eq. 

(5.27) is termed in this investigation as 'THSED method'. While the creep-fatigue life 

prediction done by estimating the value of 𝛾𝑑 by Eq. (5.28) (i.e. 𝛾𝑚𝑜𝑑) is termed as the 

'modified THSED method'. 
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For the implementation of the proposed methods for CFI life prediction, the half-

life hysteresis loop data (i.e., ∆𝜀𝑖𝑛, ∆𝜀𝑝, 𝜎𝑚𝑎𝑥, 𝜎𝑟) and 𝑁𝑒𝑥𝑝, 𝑛′, and 𝐸 for 304SS [215], 

9Cr-1Mo steel [216] and P92 [217] were obtained from the literature, as given in Table 

3. For 304L SS, the test data were obtained by conducting U-CFI experiments on a BISS 

(UT-20-0100) 100 kN servo-electric fatigue testing machine. 

The implementation of the 'THSED method' for creep-fatigue life prediction is 

explained below: 

• Step-1: Determined the half-life hysteresis loop data (i.e., ∆𝜀𝑖𝑛, ∆𝜀𝑝, 𝜎𝑚𝑎𝑥, 𝜎𝑟) 

and  𝑁𝑒𝑥𝑝, 𝑛′, and 𝐸. 

• Step-2: Mean stress 𝜎𝑚 is calculated using Eq. (5.2). 

• Step-3: The material parameters 𝐷′, 𝐴 and 𝑟 are obtained by fitting Eq. (5.23) to 

the ‘oxidation data,’ as shown in Figure 5.3. The oxidation data (the oxygen 

concentration (wt.%) distribution with distance from the surface) and the values 

of oxidation rate constant (𝑘𝑝) were obtained from the literature [229]. 

• Step-4: 𝐷𝑖𝑛𝑑𝑒𝑥 is calculated using Eq. (5.24). For the calculation, 𝐷𝑚𝑎𝑥 (the 

maximum oxygen concentration) value is obtained at 𝑥 = 0 from Figure 5.3, 

and the value of 𝐷 is obtained using Eq. (5.23) with the estimated values of 𝐷′, 

𝐴 and 𝑟. 

• Step-5: 𝐷0
𝑚𝑜𝑑 is calculated using Eq. (5.25). 

• Step-6: 𝐷0
′  is calculated using Eq. (5.26). 

• Step-7: Model parameter 𝛾𝑑 is obtained using Eq. (5.27). 

• Step-8: Fatigue damage stress 𝜎𝑑 is obtained using Eq. (5.1). 

• Step-9: Tensile hysteresis strain energy density (∆𝑤𝑡) is calculated from the 

half-life hysteresis loops data using Eq. (5.3). The ∆𝑤𝑝, ∆𝑤𝑐, and ∆𝑤𝑒 are 

calculated as described in Section 5.2.1 for U-CFI and Section 5.2.2 for H-CFI 

loadings depending on the condition of tension hold and compression hold. 

• Step-10: The material parameters 𝑎 and 𝑏 are found by fitting Eq. (5.9) to the 

experimental creep-fatigue life (𝑁𝑒𝑥𝑝 ) (obtained in step-1) vs. ∆𝑤𝑡 data, as 

shown in Figure 5.4. 

• Step-11: Finally, the creep-fatigue life (𝑁𝑝𝑟𝑒) of the materials is predicted using 

Eq. (5.9) with the estimated values of ∆𝑤𝑡 and materials parameters 𝑎 and 𝑏. 
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 The implementation of the 'modified THSED method' for creep-fatigue life 

prediction will follow similar steps as mentioned above for the 'THSED method', 

except for the differences highlighted below. 

• Step-1 to Step-5: Similar to the THSED method. 

• Step-6: Not required. 

• Step-7: Estimate the model parameter 𝛾𝑚𝑜𝑑 using Eq. (5.28). 

• Step-8: Fatigue damage stress 𝜎𝑑 is obtained using 𝛾𝑚𝑜𝑑 instead of 𝛾𝑑 in Eq. 

(5.1). 

• Step-9 to Step-11: Similar to the THSED method. 

The material parameters used for the creep-fatigue life prediction of the materials 

by the THSED method and modified THSED method are given in Table 5.4 and Table 

5.5. 

 

Figure 5.4.  Experimental creep-fatigue life (𝑁𝑒𝑥𝑝 ) vs. ∆𝑤𝑡 
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Table 5.3: Creep-fatigue data of the materials 

Material 
Temp 

(°C) 

 𝜺̇ 

(%/s) 

E 

(GPa) 

TH 

(min) 

CH 

(min) 

H-CFI 

(MPa-

min) 

𝑵𝒆𝒙𝒑 𝒏′ 

304 SS 

[215] 
650 0.4 150 

0.1/10/30

/60/180/

600 

5.5/30 --------- 
59-

8640 
0.14 

304L SS 650 0.1 170 1/3/5 1/3 --------- 
600-

855 
0.39 

9Cr-

1Mo 

[216] 

550 0.2 175 3/10/30 
3/10/ 

30 
--------- 

670-

1973 
0.12 

P92 

[217] 
650 0.2 150 3/10 

-------

-- 

115-10/ 

140-3 

476-

1790  

&335-

1427 

0.04 

Table 5.4: Parameters used for the THSED method and modified THSED method 

Material 𝒌𝒑 𝑫′ (wt.%) 𝑨 (wt.%) 𝒓 (mm) 

304 SS [215] 3.66 × 10−12 0.683 85.497 -10614.14 

304L SS 1.66 × 10−12 0.683 85.497 -10614.14 

9Cr-1Mo [216] 6.89 × 10−9 0.125 94.609 -13339.903 

P92 [217] 4.44 × 10−10 0.125 94.609 -13339.903 

Table 5.5: Parameters used for the THSED method and modified THSED method 

Material Temp. (°C) 

THSED method Modified THSED method 

𝒂 𝒃 𝒂 𝒃 

304 SS 650 871.26 -1.129 1082.55 -1.023 

304L 650 4784.12 -3.537 12613.30 -5.242 

9Cr-1Mo 550 1085.58 -0.564 1135.65 -0.268 

P92 650 817.98 -0.778 1187.38 -0.927 
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The implementation of the 'modified SEDE method' for creep-fatigue life 

prediction is explained below. The articles by Song et al. [28,78] may be followed for a 

detailed description. The method is implemented with 304 SS [215], 9Cr-1Mo steel 

[216], and P92 [217] materials. The test data and material parameters were obtained 

from the literature, as highlighted in Table 5.3, Table 5.6 and Table 5.7, respectively. 

• Step-1: Mean stress 𝜎𝑚 is calculated from pure fatigue test data [215–217]. 

• Step-2: The fatigue parameters 𝐶 and 𝛿 are determined from pure fatigue test 

data of ∆𝜀𝑝 vs 𝑁𝑓. 

• Step-3: The fatigue damage (𝐷𝑓) is calculated by uing Eq. (5.12). The 

constants (𝑛′, 𝜎𝑚𝑎𝑥,  𝜎𝑚 and ∆𝜀𝑝) are directly taken from the literature 

([215–217]). 

• Step-4: Creep fracture strain energy density (𝑤𝑓) is determined using Eq. 

(15). The required constants (𝑤𝑓,𝑚𝑎𝑥, 𝑤𝑓,𝑚𝑖𝑛, 𝜎𝑦0, 𝐵, and 𝜅) are directly 

taken from the literature. [78]. 

• Step-5: Creep strain rate (𝑤̇) is determined using Eq. (5.18). The required 

constants (𝜀̇∗, 𝜎∗, 𝑚∗, 𝜎𝑡ℎ, and 𝐸) are obtained from the literature [28] using 

stress relaxation data. 

• Step-6: After determining the 𝑤𝑓 and 𝑤̇, he creep damage (𝐷𝑐) is calculated 

using Eq. (5.19) 

• Step-7: The oxidation damage (𝐷0) is calculated using Eq. (5.20). The 

required constants (𝑥𝑖, 𝑥𝑤, 𝛽, 𝑘𝑝,  and hold time) are obtained from the 

literature [28]. 

• Step-8: Total damage (𝐷𝑐𝑓) is calculated using Eq. (5.12). 

• Step-9: Creep-fatigue life (𝑁𝑝𝑟𝑒) of the material is predicted by using Eq. 

(5.13). 

Table 5.6: Parameters for modified SEDE method 

Material C 𝜹 𝝈𝒚𝟎 

304 SS [215] 580.02 1.25 173 

9Cr-1Mo [216] 3801.89 1.257 336 

P92 [217] 2018.75 0.93 283 
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Table 5.7: Parameters for modified SEDE method 

Material 𝒘𝒇,𝒎𝒂𝒙 𝒘𝒇,𝒎𝒊𝒏 𝑩 𝜿 𝝈𝒕𝒉 𝜺̇∗ 𝝈∗ 𝒎∗ 

304 SS 82 4.5 0.15 -4.5 41 5 × 10−3 74 11.8 

9Cr-1Mo 92 6.5 0.46 -8.5 145 2 × 10−3 90 11.5 

P92 92 6.5 0.46 -8.5 75 2 × 10−3 90 11.5 

As explained above, the creep-fatigue interaction lives of the materials for U-

CFI and H-CFI tests (as given in Table 5.3) have been estimated and compared in Figure 

5.5 and Figure 5.6. As can be seen, for all four materials, the prediction by the modified 

THSED method is always better than the other two methods. For 304 SS, the prediction 

accuracy of the modified SEDE and THSED method lie within a scatter factor ±3, which 

is reduced to a scatter factor ±2 for the modified THSED method. For 304L SS, mod. 

9Cr-1Mo steel and P92 steel, the prediction accuracy of the modified THSED method 

lies within a scatter factor of ±1.5; however, the other two methods yield a higher (> 

±1.5) scatter factor. 

 

Figure 5.5. Comparison between experimental and predicted life of austenitic steels: 

(a) 304SS and (b) 304L SS. 
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Figure 5.6. Comparison between experimental and predicted life of ferritic-martensitic 

steels: (a) Modified 9Cr-1Mo steel and (b) P92 steel. 

5.4.3. Life prediction factor 

The sensitivity of the modified THSED method to strain amplitude and hold 

time for creep-fatigue life prediction has been analyzed with the help of the life 

prediction factor (LPF), as defined by Eq. (5.29). The results are plotted in Figure 5.7. 

The value of LPF=1 is expected for all strain amplitudes and hold times. However, as 

can be seen, depending on strain amplitude and hold time, the LPF deviates from 1. For 

the test data considered in the current investigation, the LPF lies within ±2.0. 

LPF =
𝑁𝑝𝑟𝑒

𝑁𝑒𝑥𝑝
 

(5.29) 

 

Figure 5.7. Life prediction factor for different materials plotted with (a) strain 

amplitude (%) and (b) hold time (hrs.). 

5.5. Conclusion 

A modified tensile hysteresis strain energy density (THSED) method is proposed 

and implemented for life prediction under uniaxial creep-fatigue interaction and hybrid 
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creep-fatigue interaction loadings conditions. The life predicted by the modified 

THSED method is compared with the life predicted by the existing THSED and 

modified energy density exhaustion (SEDE) methods available in the literature for four 

different materials. The analytical expressions for the estimation of THSED for uniaxial 

creep-fatigue interaction and hybrid creep-fatigue interaction loadings have been 

derived and implemented for life prediction. The effect of oxidation damage is included 

in the estimate of THSED with the help of the parameter 𝛾𝑑, which is defined as the 

ratio of fatigue damage stress to the mean stress and found to improve the life prediction 

by the modified THSED method. In literature, the parameter 𝛾𝑑 is reported to be a 

numerical constant obtained by the hit-and-trial method. However, the current 

investigation suggests that 𝛾𝑑 depends on the oxidation damage, temperature, strain rate 

of cyclic loading, and hold time. 
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Chapter 6: Continuum damage mechanics based unified 

model for creep-fatigue-oxidation 

 

As discussed in Chapter 1: and Chapter 5: the combination of creep, fatigue, and 

oxidation damage causes accelerated failure in materials, and locating the damage 

becomes a challenging task. It can be managed by predicting the areas where the 

maximum stress development or strain accumulation occurs. Therefore, in this chapter, 

the continuum damage mechanics-based unified model is coupled with the proposed 

modified isotropic and kinematic hardening laws (in Chapter 3: and Chapter 4:), which 

are dependent on accumulated plastic, strain range memory, and transient back stress 

effect. The incremental damage variable is considered in the constitutive model. The 

damage variable consists of all three physical components, i.e., creep, fatigue, and 

oxidation damage, and predicts the experimentally observed materials’ mechanical state 

and behavior under creep-fatigue loading. Finally, the proposed continuum damage 

mechanics-based unified model is validated for the creep-fatigue interaction loading for 

304L SS material. 

6.1. Introduction 

The phenomenological constitutive models are used in engineering applications 

for routine design for practical predictions of fatigue response and life assessment of 

materials [18,80]. The phenomenological models for creep-fatigue loading are classified 

as unified and non-unified models. In unified theory, the viscoplastic potential function 

is used that considers the plastic and creep strain together as inelastic strain, i.e., the two 

strains exist in an inseparable form. Whereas, the non-unified theory considers the 

plastic (time-independent) and creep (time-dependent) strains separately [80]. Many 

authors have reported in the literature that creep and fatigue damage interaction causes 

the failure in a material [175,197–200] . Thus, the non-unified theory is considered 

disadvantageous as it considers the creep and plastic strain in separate forms without 

any interaction [32,62]. Also, implementing non-unified theory in the finite element 

method framework is difficult [236]. The unified theory increases simulation accuracy 

and can be used to predict the complex behavior of material [45]. Unified and non-

unified models are based upon the two hypotheses, i.e., isotropic hardening and 
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kinematic hardening laws for predicting the hardening behavior of material [80]. For 

simulating creep-fatigue behavior, modifications are made in the kinematic hardening 

rule to improve the numerical prediction of viscous effect, i.e., stress relaxation. Malinin 

and Khadjinsky [237] assumed that the static recovery is due to high temperature in 

kinematic hardening. They modified the kinematic hardening law by adding a static 

term to predict stress relaxation behavior accurately. Yaguchi and Takahashi [238] 

studied the behavior of Ni-based superalloys and observed that the mean stress increases 

with cycling. To incorporate the increase in mean stress with cycling, they introduced a 

new variable in the static recovery term of the back stress. Ahmed and Hasaan [56] 

modified the static recovery term to incorporate the mean stress effect. They showed 

that the incorporation leads to only a slight improvement in the prediction of stress 

relaxation behavior for isothermal creep-fatigue loading. Barrett et al. [239] used 

hyperbolic sine law to include the strain rate effect in stress relaxation. Benaarbia et al. 

[54] included the thermal effect in modeling stress relaxation behavior. Wu et al. [55] 

observed that cyclic softening decreases with a decrease in strain amplitude and a similar 

effect was observed on mean stress relaxation. Thus, they added a constant parameter 

in the static recovery term of kinematic hardening. Zhang and Xuan [57] observed that 

stress relaxation shows cyclic softening behavior and incorporated it by modifying the 

static recovery term of the kinematic hardening law. They replaced the constant term 

with a variable depending on the accumulated plastic strain. Wang et al. [62] modified 

the dynamic recovery part of kinematic hardening by adding a varied parameter to it 

and kept the static recovery term as given by Zhang and Xuan [57]. This is done to 

reduce the number of material parameters. The new modified variable takes care of 

cyclic softening and changes in loop shape with cycling. Chen et al. [240] found that 

the cyclic hardening during the creep-fatigue interaction test was due to kinematic 

hardening rather than isotropic. They also concluded that the static recovery term 

improves the prediction of stress relaxation, but during the stress holding periods, the 

inelastic strain rate evolution cannot be predicted. Thus, the creep-fatigue constitutive 

models to date are based on modifying the kinematic hardening rule without considering 

the effect of hold time and hold position on isotropic hardening. 

Further, as discussed in Chapter 1: Section 1.2 it is important to consider the 

damage state in the constitutive model to analyze the areas of maximum material 

degradation. Therefore, in the current investigation, the synergistic interaction of the 

creep, fatigue, and oxidation damage assessment is done by considering the incremental 
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damage variable based on the net tensile hysteresis energy density method, which 

considers oxidation damage as strain-rate, time (especially the hold-time) and 

temperature dependent parameter, as discussed in Chapter 5: Section 5.4.1 Thus, the 

continuum damage mechanics-based unified constitutive model is proposed here, 

considering the damage as an internal state variable. The proposed constitutive model 

is implemented in ABAQUS as a user-defined subroutine UMAT and validated with 

uniaxial strain-controlled creep-fatigue test data of 304L SS material. The comparison 

of experimental and simulated results shows good agreement for the creep-fatigue 

behavior of 304L SS, i.e., the variation of peak stress with cycle number, stress 

relaxation, and the entire stress-strain loops. 

6.2. Experimental details 

The strain-controlled creep-fatigue tests were conducted on 304L SS. The material's 

chemical composition (in % wt.) is shown in 0Section 3.2. The creep-fatigue samples 

were prepared with the axis of the specimen in the rolling direction. The M16 test 

specimens were prepared per ASTM standards, as shown in Figure. 6.1. The creep-

fatigue tests were conducted at 650 ºC, with a strain rate of 1×10-3s-1 and strain 

amplitude of ±0.6% with hold times of 60, 180, and 300 sec at peak tensile strain.  

Similar tests were also conducted with 60 and 300 sec hold times at peak compression 

strain. The tests were performed on a BISS (UT-20-0100) 100 kN servo-electric fatigue 

testing machine. 

 

Figure. 6.1 Creep-fatigue test specimen. 

6.2.1. Cyclic peak stress variation 

The cyclic stress amplitude of 304L SS shows initial hardening (𝑅1) followed 

by softening (𝑅2). For both peak tensile hold and peak compressive hold creep-fatigue 

interaction tests, as depicted in Figure. 6.2. In the creep-fatigue tests with tensile hold 

of 60, 180, and 300 sec, the life spent under the hardening|softening phases are 4%|96%, 
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14%|86%, and 7%|93%, respectively. Similarly, in the creep-fatigue tests with 

compression holds of 60 and 300 sec, the life spent under the hardening|softening phases 

are 6%|94% and 5%|95%, respectively. Thus, the softening phase dominates in both 

compression and tensile hold creep-fatigue tests. 

 

Figure. 6.2 Peak stress variation with the number of cycles normalized by failure 

cycles 

6.2.2. Yield surface expansion and translation with cycling, hold time and hold 

position 

The yield surface expansion/contraction in constitutive modeling is taken into 

account by considering peak effective stress (𝜎0), i.e., half of the linear stress of the 

loading branch of different stress-strain loops. It is observed that the peak effective 

stress (𝜎0) exhibits an initial hardening region (𝑅1) followed by a softening region (𝑅2) 

for both tensile hold and compression hold, i.e., behavior remains the same with hold 

position (tensile or compression hold)  under creep-fatigue tests, as shown in Figure. 

6.3(a). The loop shape variation with cycling is included in constitutive modeling by 

considering a non-dimensional parameter (𝜑mod), [159] which is defined as the ratio of 

'maximum back stress at any cycle' to the 'maximum back stress at first cycle', and is 

shown in Figure. 6.3(b). It (𝜑mod) shows initial hardening followed by almost 

saturation. 

For the pure fatigue experiments in Chapter 4: Section 4.2.2, it is observed that 

the variation of the 𝜑mod with accumulated plastic strain (𝑝) follows the variation of 

peak stress with accumulated plastic strain (𝑝) for materials 304L SS and 321 SS. 

However, under creep-fatigue loading of material 304L SS, the variation of the 𝜑mod 

with 𝑝 shows initial hardening and saturation, whereas peak stress with accumulated 

plastic strain shows initial hardening followed by softening region. 
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From Figure. 6.3 (a) and (b), the value of peak effective stress and 𝜑mod is found 

to increase with an increase in hold time and achieves the maximum value with almost 

the same amount of accumulation of plastic strain for different hold times. For the 

softening region (𝑅2) the peak effective stress is observed to decrease with hold time 

and achieves the minimum value at failure. However, the amount of accumulated plastic 

strain remains almost the same in the case of peak tensile hold and peak compressive 

hold, irrespective of hold time. 

 

Figure. 6.3 (a) Peak effective stress variation with accumulated inelastic strain (𝑝) (b) 

Variation of 𝜑mod with accumulated inelastic strain (𝑝) at different hold times and 

hold position. 

6.2.3. Stress relaxation with cycling 

The stress relaxation is plotted with cycle number and is shown in Figure. 6.4 it 

can be observed that stress relaxation increases with an increase in cycling for both peak 

tensile hold and peak compression hold time for the region (𝑅1) and attains the 

maximum value, and then it remains almost constant with cycling for both peak tensile 

and peak compression hold positions. It can be concluded that the stress relaxation 

curves show almost similar behavior to that of the non-dimensional parameter (𝜑mod) 

with accumulated plastic, i.e., initial increase almost like hardening (𝑅1) followed by 

the saturation region (𝑅2). 
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Figure. 6.4 Stress relaxation with cycle number 

6.2.4. Damage accumulation and creep-fatigue life 

Figure 6.5 shows that under compression hold the creep-fatigue life of the 

material is more than tensile hold, similar to as reported for austenitic steel in literature 

[234,241]. Also, it is observed that as the peak tensile hold time increases from 60 to 

300 sec, the creep-fatigue life of the material increases by 85 cycles. Similarly, under 

peak compression hold, an increase in creep-fatigue life of 90 cycles is observed with 

an increase in hold time from 60 to 180 sec. 

In literature, an increase in the creep-fatigue life of material with hold time is 

reported for austenitic 316LN SS [242–244]. It is attributed to dislocation annihilation 

that occurs as the longer hold times at high temperatures cause the edge dislocations to 

climb up and screw dislocations to cross-slip. Another factor that contributes to the 

increase in creep-fatigue life with hold time is thermal aging, i.e., with increased hold 

time, the recovery in a material that causes the development of a grain structure 

refinement, i.e., grains of a similar size are formed [243,245,246]. 

 

Figure 6.5 Creep-fatigue life with hold time 
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The increment in damage in 𝑁𝑡ℎ cycle is calculated as given by Eq. (6.1). A 

similar estimation of damage is used by other researchers [99–101,109,110]  for pure 

fatigue and creep-fatigue condition considering the inelastic strain energy density. 

However, in Eq. (6.1), ∆𝑤𝑡 is the modified total tensile hysteresis strain energy density, 

which is calculated as the summation of plastic, creep, and elastic strain energy density 

components, as discussed in Chapter 5: Section 5.2.1.   

It should be noted that ∆𝑤𝑡 in Eq. (6.1) takes into account the material parameter  

𝛾𝑚𝑜𝑑, which is proportional to oxidation damage,  as shown by Eq. (5.28) in Chapter 5: 

Section 5.4.1. The parameter 𝑤𝑡𝑜𝑡𝑎𝑙 in Eq. (6.1) represents the accumulated tensile 

hysteresis strain energy density at failure. 

∆𝑑𝑁 =
∆𝑤𝑡

∑ ∆𝑤𝑡
=

∆𝑤𝑡

𝑤𝑡𝑜𝑡𝑎𝑙
 (6.1) 

It is important to note that the value of 𝑤𝑡𝑜𝑡𝑎𝑙 for a material varies with 

temperature and loading conditions, i.e., different values of 𝑤𝑡𝑜𝑡𝑎𝑙  are obtained when 

the material is subjected to different tensile hold times and compression hold times. The 

variation can be incorporated into the constitutive model by considering the maximum 

plastic strain range memory effect. For this purpose, the 𝑤𝑡𝑜𝑡𝑎𝑙 is plotted with maximum 

plastic strain range (%), as shown in Figure 6.6, which shows a power-law relationship 

and is given by Eq. (6.2). Therefore, instead of using a fixed value of 𝑤𝑡𝑜𝑡𝑎𝑙, Eq. (6.2) 

can be used in the constitutive model, along with the plastic strain memorization 

equations proposed by Chaboche et al. [116]. However, to keep the damage evolution 

model simple, a constant value of 𝑤𝑡𝑜𝑡𝑎𝑙 has been assumed in this study. Accordingly, 

the model has been validated for tensile, and compression hold time of 60 seconds, and 

the implementation of the co-relation remains the scope of future work. 

𝑤𝑡𝑜𝑡𝑎𝑙 = 𝑎(𝑞)𝑏 (6.2) 

 



116 

 

 

Figure 6.6 Accumulated tensile strain energy density (𝑤𝑡𝑜𝑡𝑎𝑙) with maximum plastic 

strain range (%). 

6.3. Damage coupled unified constitutive model 

6.3.1. Main equations 

The proposed modified damage-coupled unified model is based on the basic 

framework of the Chaboche unified viscoplastic [32] model. The total strain is 

decomposed in elastic and plastic strain, as shown by Eq.  

𝜺 = 𝜺𝒆 +  𝜺𝒊𝒏 (6.3) 

The trial stress is calculated as given by Eq. (6.4). 

𝝈𝑵+𝟏
𝒕𝒓 = 𝝈𝑵 + (1 − 𝐷)𝑪: 𝜺𝒆 (6.4) 

The inelastic strain rate is given by Eq. (6.5) (6.4) 

𝑝̇ =
𝜆

1 − 𝐷
〈
𝑓

𝐾
〉𝑚 

(6.5) 

Where 𝐾 and 𝑚 are rate-dependent viscous material parameters. 𝑓 is the yield criteria 

and is given by Eq. (6.6). 

𝑓 = 𝐽2(
𝝈′

1 − 𝐷
− 𝒙)  − 𝑟(𝑝) − 𝜎𝑦0 

(6.6) 

Here (𝒙) represents the yield surface translation and (𝑟(𝑝) + 𝜎𝑦0) represents 

the yield surface expansion, i.e., peak effective stress (𝜎0). The equations for yield 

surface expansion and translation are modified (as discussed in Section 6.3.2 to 6.3.3) 

and are used. 
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6.3.2. Modeling yield surface expansion and translation with cycling 

The evolution of peak effective stress (𝜎0) and non-dimensional parameter 

(𝜑mod) with cycling, as shown in Figure. 6.3(a) and (b), respectively, are modeled as 

additive decomposition of two terms, as given by Eq. (6.7) and Eq. (6.8). The 1st term 

takes into account the cyclic hardening behavior, and the 2nd term takes into account of 

the softening/saturation behavior. 

𝜎0 = [𝜎𝑦0 + 𝑄(1 − 𝑒𝑥𝑝(−𝑏𝑝))] + [𝜎1 + 𝑄1(1 − 𝑒𝑥𝑝 (−𝑏1𝑝)] 

1st term                                2nd term 

(6.7) 

𝜑mod = [𝑎2 + 𝑎3(1 − 𝑒𝑥𝑝(−𝑎4𝑝))] + [𝑎5 + 𝑎6𝑝] 

                       1st term                              2nd term 

(6.8) 

(Note: the detailed formulation of Eq. (6.7) and Eq. (6.8) can be found under 0Section  

3.3.1 and 3.3.2, respectively). 

6.3.3. Modification in kinematic hardening rule due to variation in stress 

relaxation behavior with cycling 

In literature articles [57,62], the variation of decaying stress relaxation behavior 

with cycling is modeled by modifying the non-linear kinematic hardening rule shown 

by Eq. (6.9) to Eq. (6.10), i.e., by adding the static recovery term. It should be noted that 

the static recovery term (written in the box in Eq. (6.10)) contains a variable 𝜏 with 

accumulated plastic strain, and material parameter 𝑟 is proposed for 9-12 Cr- 1Mo steel 

by Wang et al. in article [62] which shows continuous softening feature in stress 

relaxation and is given by Eq. (6.11).  

The stress relaxation of 304L SS shows an initial increase followed by saturation 

for different hold times, as shown in Figure. 6.4 in Section 6.2.3. Similar to Eq. (3.11) 

proposed in Chapter 3: Section 3.4.2 to model cyclic hardening/softening behavior, the 

stress relaxation behavior is modeled by Eq. (6.15), where 𝑏1 to 𝑏5 are material 

parameters. 

Further, fitting Eq. (6.11) and Eq. (6.12) to the stress relaxation vs. accumulated 

plastic strain data, it is observed that Eq. (6.12) fits better, as shown by Figure 6.7. 
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Figure 6.7 Stress relaxation vs. accumulated inelastic strain 

In the present approach, the change in loop shape is modeled by considering the 

non-dimensional parameter 𝜑𝑚𝑜𝑑. Thus, the overall equation for backstress evolution 

is given by Eq. (6.13). In Eq. (6.13), the 𝐶 and 𝛾 are simple kinematic hardening 

parameters, 𝑟 and 𝜏(𝑝) controls the amount of static recovery and 𝐽(𝑥) represents the 

second invariant of back stress. 

𝒙̇ =
2

3
𝐶𝜺̇𝒑 − 𝛾𝒙 𝑝̇ 

(6.9) 

𝒙̇ =
2

3
𝐶𝜺̇𝒑 − 𝛾𝒙 𝑝̇ − 𝜏(𝑝)[𝐽(𝒙)]𝑟−1𝒙  

(6.10) 

𝜏(𝑝) = 𝜏0[∅ + (1 − ∅) exp(−𝜔𝑝)] (6.11) 

𝜏(𝑝)  =  𝑏1 + 𝑏2(1 − exp(−𝑏3𝑝)) + 𝑏4 + 𝑏5𝑝 (6.12) 

𝒙̇ = 𝜑
𝑚𝑜𝑑

2

3
𝐶𝜺̇𝒑 − 𝛾𝒙 𝑝̇ − 𝜏(𝑝)[𝐽(𝒙)]𝑟−1𝒙  (6.13) 

𝐽(𝒙) = (
3

2
(𝒙: 𝒙))

1/2

 (6.14) 

6.3.4. Damage evolution 

The incremental damage per cycle (∆𝑑𝑁) is calculated as shown by Eq. (6.1). 

Thus, the total damage accumulation (𝐷) after 𝑁𝑡ℎ cycle is calculated as given by Eq. 

(6.15). 

𝐷𝑁 = ∆𝑑𝑁 + 𝐷𝑁−1 (6.15) 

It is to be noted that the linear damage accumulation models are inadequate for 

accurate damage prediction under cyclic loading [97,247–249], as damage 

accumulation does not occur evenly in each cycle. Initially, the material would undergo 

deformation without damage. However, accumulation of deformation with cycling leads 

to damage initiation and propagation. Hence, damage under cyclic loading initially 
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increases slowly, followed by exponential growth [65,97,249,250]. Therefore, in the 

current investigation, the non-linear damage accumulation model proposed by Aeran et 

al. [250], as described by Eq. (6.16) and Eq. (6.17), is used with the modification 

highlighted in Eq. (6.18) and Eq. (6.19). The model parameter 𝑆 in Eq. (6.16) is obtained 

from the damage (𝐷) versus fatigue life (𝑁𝑓) curve, and the exponent –1.25 provides the 

best fit for C45 steel in the referred article [250]. The Eq. (6.16) is modified to co-relate 

damage (𝐷) with total tensile hysteresis strain energy density (𝑤𝑡𝑜𝑡𝑎𝑙), as given by Eq. 

(6.18). In Eq. (6.18), the factor of 0.75 is applied for 304L stainless steel. It ensures non-

linear damage propagation from 0 to 1 with cycling for various hold times, as illustrated 

in Figure 6.8. Accordingly, the modified damage model used in the current investigation 

is given by Eq. (6.19).  

𝑆 =
−1.25

𝑙𝑛(𝑁𝑓)
 (6.16) 

𝐷 = 𝑎𝑏𝑠(1 − (1 − 𝐷𝑁)𝑠) (6.17) 

𝑆′ =
−0.75

𝑙𝑛(𝑤𝑡𝑜𝑡𝑎𝑙)
 (6.18) 

𝐷 = 𝑎𝑏𝑠(1 − (1 − 𝐷𝑁)𝑠′
) 

(6.19) 

 

Figure 6.8 Damage evolution with normalized cycle number 

6.4. Identification and calibration of material parameters 

The yield stress (𝜎𝑦0) and elastic modulus (𝐸) are calculated from the first cycle 

of the stress-strain hysteresis loops, as shown schematically in Figure 6.9. The peak 

effective stress (𝜎0) for each cycle is estimated from the linear portion of the stress-

strain hysteresis loops. The peak back stress (𝑥𝑚𝑎𝑥) is calculated from the peak stress 

(𝜎𝑚𝑎𝑥) by subtracting the peak effective stress (𝜎0) and viscous stress (𝜎𝑣). The yield 
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surface expansion in the constitutive model is modeled by considering the peak effective 

stress (𝜎0), i.e., half of the linear stress of the loading branch of different stress-strain 

loops. 

 
Figure 6.9. Schematic diagram showing the determination of elastic modulus (𝐸), 

yield stress (𝜎𝑦0), peak effective stress (𝜎0), peak back stress (𝑥𝑚𝑎𝑥), and viscous 

stress (𝜎𝑣). 

Initially, all the material parameters of the constitutive model are determined as 

per the model description provided through Eq. (6.1) to Eq. (6.15). Then, the parameters 

and calibrated as explained in the stepwise details given below: 

1. Step-1: The yield stress (𝜎𝑦0) and elastic modulus (𝐸) are calculated from the 

first cycle of the stress-strain hysteresis loops, as shown schematically in Figure 

6.9. 

2. Step-2: The back stress parameters 𝐶1 and 𝛾1 are determined from the upper 

branch of the hysteresis loop (of the second cycle) obtained from the highest 

strain amplitude test. 

3. Step-3: The rate-dependent viscous parameters, i.e., the 𝐾 and 𝑚 are calculated 

from the second cycle’s stress relaxation with time. 

4. Step-4: 𝜑𝑚𝑜𝑑 is estimated as a function of 𝑝 (accumulated plastic strain) for the 

lowest tensile hold time, i.e., 60 sec, as shown in Figure. 6.3(b), and the 

parameters 𝑎2 to 𝑎9 are determined by fitting Eq. (6.8). 

5. Step-5: The parameters 𝑏1 to 𝑏5 are determined from stress relaxation vs. 

accumulated inelastic strain data, as shown by Eq. (6.12) for 60sec tensile hold 

data, as shown by Figure 6.7 

6. Step-6: 𝜎0 is determined from the different hysteresis loops of a test and defined 

as a function of 𝑝. Fitting Eq. (6.7) to the 𝜎0 vs. 𝑝 data for lowest tensile hold 
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(i.e., 60 sec) test, as shown in Figure. 6.3(a), the isotropic hardening parameters 

are determined. 

7. Step-7: The damage is calculated using Eq. (6.19) and is used in the constitutive 

equations. The input parameter 𝑤𝑡𝑜𝑡𝑎𝑙 is assumed to be constant and is directly 

taken from the experimental result for a tensile hold of 60 sec. 

Table 6.1 Material parameters required for creep-fatigue simulations for 304L SS at 

650º C. 

304L SS E = 153.359 GPa, 𝜈 = 0.3 

Isotropic 𝜎𝑦𝑜 = 41.28 MPa, 𝑄 = 105.28 MPa, 𝑏 = 6.982, 𝜎1 = 35.40 MPa, 

𝑄1 = −3.417 MPa, 𝑏1 = −0.000201 

Kinematic 𝐶 = 20400.1 MPa,  𝛾 = 636.36 

Viscous  𝐾 = 1664.7, 𝑚 = 1.48 

𝜑mod 𝑎2 = 1, 𝑎3 = 14.919, 𝑎4 = 41.736, 𝑎5 = −1.688, 𝑎6 =
−0.00364 

𝜏(𝑝) 𝑏1 = 3.743 × 10−5, 𝑏2 = 37.697 × 10−5, 𝑏3 = 12.177 × 10−5, 

𝑏4 = 3.743 × 10−5, 𝑏5 = −0.63963× 10−5 

Damage 

parameters 
𝑤𝑡𝑜𝑡𝑎𝑙 = 2531.91945 MJ/m3.  

6.5. Comparison of experimental and simulation results 

The proposed constitutive model is implemented in ABAQUS with the help of 

a user material subroutine (UMAT) written in Fortran language. A three-dimensional 

model with 35 mm × 35 mm × 35 mm dimensions, as shown in Fig. 16 (with boundary 

conditions), is used for simulations. A three-dimensional 8-noded linear brick element 

(C3D8) is considered for simulations. According to the experimental CFI test 

parameters, the model was subjected to constant strain rate controlled cyclic loading 

with hold time at tensile or compressive peak strain. The material parameters are 

identified and calibrated from strain-controlled low cycle fatigue-creep test data of 304L 

SS at the tensile hold of 60 sec. 
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Figure 6.10 3-D model for creep-fatigue simulation. R denotes rotational degrees of 

freedom, and U denotes displacement. 

6.5.1. Validation of model accuracy  

The proposed constitutive model is validated with the material parameters 

obtained from the creep-fatigue interaction test conducted with a peak tensile hold time 

of 60 sec. The cyclic peak stress variation with the number of cycles obtained from the 

simulation is compared with that obtained from the creep-fatigue experiment, as shown 

in Figure 6.11(a). It is evident that the model incorporating damage could capture the 

cyclic peak stress variation with sufficient accuracy. This also validates the material 

parameters obtained from the test data. The analysis indicates that peak stress can be 

predicted with reasonable accuracy up to approximately 80% of the material’s fatigue 

life when damage is not included in the model. However, incorporating the damage 

variable allows to capture the sudden peak stress drop due to damage accumulation. 

Like other researchers in the literature [251–253], the simulation was carried out until 

the damage parameter reaches a critical threshold value of 0.5. The comparison of stress 

relaxation behavior is demonstrated by the second and half-life cycles, as shown in 

Figure 6.11(b). It can be seen that stress relaxation behavior could also be captured well 

by the proposed model. 

The evolution of the simulated and experimental hysteresis stress-strain loops 

for different regions, i.e., cyclic hardening (𝑅1) and softening (𝑅2) exhibited by the 

material under creep-fatigue interaction loading, are compared in Figure 6.12. It is 

observed that simulated and experimental results show good agreement.  
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Figure 6.11. Comparison of experimental and simulated results (a) Peak stress 

variation with normalized cycle number (b) Stress relaxation with hold time for 2nd 

and half-life cycle  

 

Figure 6.12. Comparison of experimental and simulated hysteresis loops of 304L SS 

under creep-fatigue interaction loading with peak tensile hold of 60 sec. Plotted for (a) 

5th cycle and (b) 500th cycle. 

6.5.2. Prediction capability of the model  

The prediction capability of the proposed model can be verified by comparing 

the simulated results with the experimental results, especially for the test data with 

different hold times, which were not used for material parameter identification. Thus, 

this section compares the simulation results with the experimental data obtained from 

the creep-fatigue interaction test with a peak compressive hold time of 60 sec. From 

Figure 6.13(a, b) and  Figure 6.14, it can be observed that the simulated and 

experimental results show considerable agreement for cyclic peak stress response, 

evolution of hysteresis stress-strain loops, and stress-relaxation behavior, respectively. 
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Figure 6.13. Comparison of experimental and simulated results: (a) Peak stress with 

cycle number (b) Stress relaxation with hold time for 2nd and half-life cycle 

 

Figure 6.14. Comparison of experimental and simulated hysteresis loops for 304L SS 

at peak compression hold 60sec 

6.6. Conclusions 

Strain-controlled creep-fatigue interaction tests were performed on 304L SS at 

650 ºC and ±0.6% of strain amplitude with peak tensile hold time of 60, 180, and 300 

sec and peak compressive hold time of 60 and 180 sec. The creep-fatigue interaction 

life is found to improve with an increase in threshold duration in tension and 

compression. 

The influence of hold time and hold position on peak effective stress (𝜎0) and 

back stress has been analyzed. It is observed that the cyclic peak stress and peak 

effective stress exhibit initial hardening followed by softening behavior. In contrast, 

peak back stress shows initial hardening followed by saturation behavior. Thus, unlike 

the low cycle fatigue test, where both peak effective stress and peak back stress follow 

the trend of peak stress, in the creep-fatigue test, the peak back stress does not follow 

the trend of peak stress. 
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The continuum damage mechanics-based unified constitutive model is 

proposed, considering the cyclic evolution of stress relaxation behavior consisting of 

stages, i.e., initial rise followed by saturation. A new damage parameter is defined using 

the estimate of modified tensile hysteresis strain energy density and implemented in the 

proposed constitutive model to take into account the oxidation damage in creep-fatigue 

interaction modeling. 

The model's accuracy is predicted by comparing the simulated results with the 

experimental results of the creep-fatigue interaction test conducted with a peak tensile 

hold of 60 sec. Further, the model's prediction capability is analyzed by comparing the 

simulated results with the experimental results obtained from the creep-fatigue 

interaction test conducted with a peak compressive hold of 60 sec, i.e., with the test data 

not used for material parameter identification and calibration. The comparison of results 

for stress relaxation behavior, hysteresis loop shape, and cyclic peak stress evolution 

over multiple cycles show considerable accuracy and predictability at various hold 

times. 
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Chapter 7: Conclusions and scope of future work 

 

The conclusions derived from the investigations carried out to accomplish each of the 

thesis objectives are presented in each chapter. However, the key findings are 

highlighted below for the sake of readers. 

7.1. Conclusions 

The present study aimed to develop a robust constitutive model to predict the cyclic 

deformation behavior of material under strain-controlled loading that consists of either 

cyclic hardening, softening, saturation, and secondary hardening, or a combination of 

any of these. The developed constitutive model proposes modified isotropic and 

kinematic hardening equations. The modified isotropic hardening equation additively 

decomposes the various cyclic hardening and softening behaviors. The cyclic hardening 

and softening behaviors could be represented by exponential relationships, and the 

secondary hardening behavior could be represented by a linear relationship. The 

modified kinematic hardening equations can take into account hysteresis loop shape 

change with cycling and strain amplitude. The proposed model is implemented in the 

finite element analysis software ABAQUS with a user-defined material subroutine 

(UMAT) and validated with the low cycle fatigue test data of 304L SS. 

  Efforts have been made to apply the constitutive model to simulate the low cycle 

fatigue behavior of other materials, e.g., 321 SS. Strain-controlled low cycle fatigue 

tests were conducted on 321 SS, which is found to exhibit Type-I non-Masing behavior, 

contrary to Type-II non-Masing behaviors of 304L SS. Thus, the proposed constitutive 

laws are further modified to capture the non-Masing Type-I and Type-II behavior 

exhibited by different materials at different strain amplitudes. This is accomplished by 

taking into account the strain range memory effect in both isotropic and kinematic 

hardening. The proposed model with the modifications has been implemented in 

ABAQUS with a UMAT and validated with the low cycle fatigue test data of 304L SS 

and 321 SS. The model could accurately predict the hysteresis loops, cyclic peak stress 

variation with cycling, and the non-Masing behaviors of both materials. It may be 

concluded that the proposed model is very versatile and can be applied to different 

structural steels to simulate their low-cycle fatigue behavior. 
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The current study further aimed to apply the developed constitutive model for 

simulating the creep-fatigue interaction behavior of materials and life prediction. Thus, 

the hardening laws developed for modeling the low cycle fatigue behavior are modified 

to take into account the time-dependent effect to simulate the creep-fatigue interaction 

behavior. This is done by modifying the kinematic hardening equation to take into 

account the stress relaxation behavior during strain hold. The model also considers 

damage in an incremental form based on the proposed modified tensile hysteresis strain 

energy density method, thus taking into account the oxidation damage. The continuum 

damage mechanics-based unified constitutive model developed for this purpose has 

been validated by uniaxial creep-fatigue interaction test data of 304L SS for different 

tension and compression hold times. 

For the life prediction, tensile strain energy density based methods have been 

investigated. A modified tensile hysteresis strain energy density (modified THSED) 

method is proposed to predict the creep-fatigue interaction (CFI) life of materials by 

taking into account oxidation damage. The oxidation kinetics approach is considered 

for estimating the oxidation damage. The oxidation damage is taken into account with 

the help of a model parameter 𝛾𝑑, which is found by hit and trial in the literature, is 

found to be dependent on the oxidation damage, strain rate, and hold time of cyclic 

loading. The proposed modified THSED method could predict the life of different 

materials under uniaxial and hybrid creep-fatigue loading conditions within a scatter 

factor of ±2. 

7.2. Future scope 

1. The proposed model is validated for uniaxial strain-controlled low cycle fatigue 

behavior of materials, which exhibit Type-I and Type-II non-Masing behavior. 

However, the model's applicability should be validated for complex loading, 

such as multiaxial-loading conditions. 

2. The strain rate and temperature variation are important factors that affect the 

cyclic hardening/softening and Type-I/Type-II Masing behaviors of material, 

which are not considered in the study. Thus, the effect of strain-rate may be 

investigated and incorporated into the constitutive model. 

3. The modified THSED method may be verified with more materials data and also 

for complex loading conditions such as multi-axial loading. 

4. The strain rate effect may be studied experimentally and incorporated into the 
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proposed unified creep-fatigue damage mechanics-based model. Moreover, due 

to limited time, the proposed model could not be verified for creep-fatigue 

interaction tests at different strain amplitudes. Such a study may be conducted. 

5. The accumulated  tensile strain energy density for a material varies with 

temperature, strain-rate and, complex loading condition such as tensile hold, 

compression hold creep-fatigue loading. Thus, the variation in accumulated 

tensile hysterisis strain energy density must be studied and included in the 

continuum damage mechanics-based unified constitutive model.  
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